Optimization in Chemical Engineering
Prof. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology, Kharagpur

Lecture — 45
Linear Programming: The Simplex Method (Contd.)

Welcome to lecture 45. So, this is the last lecture of week 9. In this week, we have talked
about Simplex Method. As of now, we have started with the assumption that an initial
basic feasible solution is readily available. So, today we learn what happens if an initial
basic feasible solution is not readily available. So, how do I start the simplex procedures,

when readily an initial basic feasible solution is not obtain.
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So, in this context, we will talk about interruption of artificial variables. So, we will talk
about use of artificial variables. We will talk about two phase method. And finally, we

will conclude with a brief discussion on MATLAB for linear programming problems.
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] Simplex Method: Summary of Computational

Steps: Maximization Problem

1. Express problem in standard form.
—'-‘:\,2. Start with an initial BFS in canonical form and set up the initial Tableau.
3. Use the Inner Product Rule to find the relative-profit coefficients ¢,
4, Ifallthe EJ <0, then the current BFS is optimal. Otherwise select the nonbasic
variable with most positive ¢ value to enter the basis as basic variable.
5. Apply the Minimum Ratio Rule to determine the basic variable that will leave the basis
and become nonbasic variable.
6. Perform the pivot operation to get new Tableau and new BFS.
7. Check if the current BFS is optimal by calculating the relative-profit oeﬁ'\je ts far al|
nonbasic variables and go to Step-4. Repeat the cycle until optimality conditions are
reached.
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So, let us review our steps for linear programming problem solution using simplex
method. First express the problem in standard form. We start with an initial basic feasible
solution in canonical form and set up the initial Tableau. Use the inner product rule to
find the relative-profit coefficients for all non-basic variables, for basic variables this
value is 0. If all relative-profit coefficients are less or equal to 0, then the current basic
feasible solution is optimal. Otherwise, select the non-basic variable with most positive

relative-profit coefficient and that will enter the basis as basic variable.

Next, we apply the minimum ratio rule to determine the basic variable that we leave the
basis and become non-basic variable. Now, perform the pivot operations to get new
Tableau and new basic feasible solution. We check if the current basic feasible solution is
optimal by calculating the relative-profit coefficients for all non-basic variables, and this

cycle is repeated until optimality conditions are reached.
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Initial BFS Not Available: Use of Artificial Variable

If initial BFS is not readily available, the Simplex Tableau can not be formed.
When initial BFS is not available follow these steps:

1. Convert the LPP in its standard form (constraints are equations, nonnegative
variables, nonnegative RHS).

2. Examine each constraint for existence of a basic variable.

3. If a basic variable is not available, a new variable is added to act as basic variable.

4. Finally, all constraints will have a basic variable and the system will be in canonical
form. A BFS can now easily be obtained.

The added variables are called artificial variables. They have no meaning to the
original problem and they are used only to get the canonical form. As a part of
Simplex procedure, these artificial variables will be forced to zero i
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So, if you look at the second step, we say that start with an initial basic feasible solution
in canonical form and set up the initial Tableau. But, if an initial basic feasible solution is
not readily available, the simplex Tableau cannot be form. So, you cannot start with
simplex procedures until we can find a basic feasible solution. So, when initial basic

feasible solution is not available, we have to follow the following steps.

Convert the linear programming problem in its standard form that means constraints are
all equations, non-negative variables, and non-negative right hand side constants.
Examine each constraint for existence of a basic variable. If a basic variable is not
available, a new variable is added to act as basic variable. Finally, all constraints will
have a basic variable and the system will be in canonical form. A basic feasible solution

can now easily be obtained.

The added variables are called artificial variables. They have no meaning to the original
problem and they are used only to get the canonical form. As a part of simplex
procedure, these artificial variables will be forced to zero in later steps. So, what will you
do is, if initial basic feasible solution is not readily available, we will introduce artificial
variables to each constant, which does not contain a basic variable. After that we will see
that we can find the initial basic feasible solution to start with. And since these variables
so called artificial variables have no meaning to the original problem. This should be

forced to 0 in the later stages of the simplex procedure.
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inear Programfﬁing Problem: Artificial Variables

Maximize Z = 3x, - x, - x,

Maximize Z =3x, - x, - x,

Subjectto: x, - 2x, +x, +§ =11
Subject to: x, = 2x, +x, <11 e e G

=4y, +x,+2x,-§,=3

—4x +x,+2x,23
: =2x +x, =1
2 5=l & } 335 .
5 o B
1> 722 32%1272
X, 0,520

LPP in standard form
S, = slack variable

§, = surplus variabh/

Given LPP /
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Let us consider an example. So, we are maximize an objective function subject to 3
constants. Now, note the first constant is less or equal to type, second constraint is
greater or equal to type, and the third constraint is an equation equality type. We have
already stated that if you have a linear programming problem with all constraints are of
inequality type and less or equality type, and the right hand side constraints are positive,
then we will always get an initial basic feasible solution, because the introduction of the
slack variables will give you an initial basic feasible solution. In this example, shown we
have a lesser equal to constant, a greater or equal to constant. And for one constraint the

right hand side is negative, and that one is equality type constraint.

So, first let us introduce the slack variables, surplus variables. The first constant is an less
or equal to type, so it needs a slack variable S 1. The second constraint is greater or equal
to type, so it requires S 2, a surplus variable. So, after introduction of S 1 and S 2, my
linear programming problem is in standard form. Note that the 3rd equation does not

need any slack or surplus variable that is already an equation.
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Linear Programming Problem: Attificial Variables

1}
o Maximize Z =3x, - x, - x
Maximize Z =3x, - x, - x, i 21 2 39 .
ectto: x, —2x, +x, +8 =
Subject to: x, - 2x, +x; <11 bt ‘: 2 ;3 ; :
—4x, +x,+2x,-8§, =
—4y +x,4+2x, 23 e T

—-2)6] -I-X%:l
2.\'] ~x3=—] SS )

e by i

X, %, %20 1 42: 43,9159,
Given LPP LPP in standard form

S, = slack variable
§, = surplus variable

There are no basic variables for constraints 2 and 3. Note that S, can not be a basic
variable. Because if we consider x,, X,, X; as non-basic variables, S, will be
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But, since the right hand side was negative, we have multiplied throughout by minus 1 to
make the right hand side positive. So, this problem now is in standard form, but we do
not have a basic feasible solution to start with. So, what do you do, we add artificial
variables. Note that constraint 2 and 3 does not have any basic variables. In the constraint
2, we cannot consider S 2 as a basic variable. Because, if we consider x 1, x 2, X 3 as
non-basic variable, minus S 2 will be equal to 3 that means S 2 will be equal to minus 3,
so that will violate the constraint on non-negativity on S 2. So, you do not have a basic

feasible solution. So, we have to introduce artificial variables.
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inear Programming Problem: Attificial Variables

Maximize Z = 3x, - x, - x,
Subject to: x, - 2x, +x; +8, =11
—4x +x,+2x,-§,=3
=2 tx =l
X, X, x,,8,5, 20
LPP in standard form

S, = slack variable
S, = surplus variable
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(W Maximize Z = 3x, - x, - X,

Subject to +§ =11
—@r ) jgb @Hll(j/

=M 5 +R, =1
X, Xy, X5,8,8,, R, R, 20

“Artificial LPP” in canonical form. Note we have

added two Artificial variables-—R;a

BFS for the “artificial LPP/: x, = x, =x; =5, =0,
$,=11,R;=3,R;=1

This is not BFS for original LPP-as-R,,-R,-are-ne

equal to zero. How to make R, and R, zero?
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So, let us introduce two artificial variables R 1 and R 2. We introduce R 1 to constraint
number 2; we introduce R 2 to constraint number 3. And now the set of constraints that
we get for the given linear programming problem, basically gives us an artificial linear
programming problem and this one is in canonical form. Artificial, because R 1 and R 2
has no meaning to the problem, but introduction of R 1 and R 2 helps me to find a basic

feasible solution.

Now, look let us look at this artificial linear programming problem. Let us consider x 1, x
2, x 3 as non-basic variable as well as x 2. So, I consider x 1, x 2, x 3 as well as S 2 as
non-basic variables, and set their values to 0. So, S 1, R 1, and R 2 are my basic
variables. And the solution S 1 equal to 11, R 1 equal to 3, and R 2 equal to 1 so, we get
a basic feasible solution for the artificial problem, but for the original problem R 1 and R
2 must be 0. So, this basic feasible solution is only for the artificial linear programming
problem. This basic feasible solution is not a basic feasible solution for the original linear
programming problem, because in the original linear programming problem R 1 and R 2

must be 0. So, how do I make R 1 and R 2, 0?
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pproach-1: Big M Method: Artificial Variables

Ma:flrmz M To force the artificial variables R, and R, to
Subjectto: - 2x, + %, + 5, =11 become zero, we penalize them in the
—4x +x,+2x, -8, +R =3 objective function.
=B dr +R, =1

Here M is taken as a large number (say 100
or above). Thus to maximize the objective
function R, and R, should be zero,

X, Xy, 3,8, 8, R, R, 20

“Artificial LPP” in canonical form
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There are two approaches to handle these artificial variables R 1 and R 2. The first one,
we talk about is known as Big M method. So, to force the artificial variables and R 1 and
R 2 to become 0, we penalize them in the objective function. So, look at the formulation

of the objective function. This was the original objective function Z equal to 3 x 1 minus



x 2 minus x 3. Now, I have included minus MR 1 minus MR 2, I am solving a
maximization problem. So, values of R 1 equal to 0, and R 2 equal to 0, given M a

positive large number will maximize the objective function.

(Refer Slide Time: 12:43)

A_xi_

pproach-1: Big M Method: Artificial Variables

Maximize Z = 3x, - x, - x, - MR - MR,

To force the artificial variables R, and R, to
Subjectto: x, = 2x,+x, + 8, =11

become zero, we penalize them in the

—4x +x,+2x, -8, +R =3 objective function.

=dn AR +R, =1

%2y %Sy SR R, 20 Here M is taken as a |ar.ge'number (.say.100
: o or above). Thus to maximize the objective

“Artificial LPP” in canonical form function R, and R, should be zer!

- 100
W%z—.gi\"ll‘iB m
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Note that the value of M is usually taken a large number say 100 or above. Then the
objective function can be written as Z equal to 3 x 1 minus x 2 minus X 3 minus 100 R 1
minus 100 R 2. Let us say for example, we have taken M equal to 100. Now, if [ want to
maximize Z, since these artificial variables times 100 are being subtracted from Z to
maximize Z, we must say R 1 and R 2 to 0. So, if I solve a linear programming problem
with this objective function, I expect that at the final solution I will get R 1 and R 2 equal

to 0. And then that will be a solution to the original linear programming problem.
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Approach-2: Two-Phase Simplex Method

We have assumed that a feasible basis is always given. But in practice, it may not be
always easy to spot a feasible basis.

Two-phase method is an approach to handle artificial variables whenever they are
added. Here LPP is solved in two phases as follows.

Phase 1: We solve an auxiliary LPP to either get a feasible basis or conclude that
the given LPP is infeasible.

Phase 2: We solve the original LPP starting from the feasible basis found in Phase 1.
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Approach-2 is known as two-phase simplest method. Two-phase simplex method is an
approach to handle artificial variables, whenever they are added. In this case, the linear
programming problem is solved in two phases. Note that we have assumed as of now
that a feasible basis is always given. But, in practice, it may not always be easy to spot a

feasible solution.

So, introduction of artificial variables will be necessary. Once we introduce the artificial
variables, these variables must be force to 0 during the steps of simplex method, so that
you solve the original linear programming problem, where the artificial variables has no
meaning. So, you have seen the Big M method, where you penalize these artificial
variables in the objective function. In the two- phase method, these artificial variables are

handled in two phases.

In the first phase, we solve an auxiliary linear programming problem to either get a
feasible basis or conclude that the given linear programming problem is infeasible. So,
the phase one is solved either to get a feasible basis or we conclude that the given linear
programming problem is infeasible. In this case, we solve an auxiliary linear
programming problem. We do not solve the original linear programming problem, but we
solve a linear programming problem related to the original programming problem, we
call that an auxiliary linear programming problem. And the solution to this auxiliary

linear programming problem will give me a feasible basis for the original linear



programming problem. And if I do not get a solution for the auxiliary linear
programming problem, we conclude that the original linear programming problem is

infeasible.

In the phase 2, we solve the original linear programming problem starting from the
feasible basis found in phase 1. So, in the phase 1, we solve an auxiliary linear
programming problem related to the original linear programming problem to get a
feasible basis, so that we can start phase 2. In the phase 1, if we do not get a solution to
the auxiliary linear programming problem, we conclude that the given Ilinear
programming problem, original linear programming problem is infeasible. And we stop
our algorithm here, phase 2 will not be necessary then. But, if we get a feasible basis in
the phase 1, we start phase 2 with this feasible basis and continue with the steps that we

have demonstrated so far.
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Two-Phase Simplex Method: Example

Phase - 1: Objective is to get a BFS to the given LPP.

Given LPP: Augiliary LPP in Standard Form:
Maximize Z = 3x, - x, - x, é/ ﬁ, Minimize f = R+ R,
Subjectto: x,~2x, +x, +5, =11 Subjectto: x ~2x +1 +5, =11 J
—4x +x, 425, -8, =3 —dnta +2x-5,+R =3
=2 4y =1 Sy oy +4 ’“]ﬂ

X, Xy, X3,8,,8, 20 X, %, 43,88, R, R, 20
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So, just to give you an example, let us consider the linear programming problem as
shown. So, in the phase 1 objective is to get a basic feasible solution to the given linear
programming problem. So, in this case, we first introduce two artificial variables R 1 and
R 2, two constants number 2 and 3 respectively. And then solve and auxiliary linear
programming problem. So, what is the difference in the auxiliary linear programming

problem, the difference is in objective function.



While the given linear programming problem, the objective function is maximized Z
equal to 3 x 1 minus x 2 minus x 3. In case of auxiliary linear programming problem, I
consider the objective function as minimize f equal to R 1 plus R 2. So, I minimize the
sum of artificial variables. Since, artificial variables are constant to be greater or equal to
0 in the auxiliary problem. You will get the minimum f when both R 1 equal to 0 and R 2
equal to 0, because R 1 is greater or equal to 0, R 2 is greater or equal to 0, both are

constant to be non-negative.

So, the sum R 1 plus R 2 will be minimum, when R 1 and R 2 are individually 0. So, the
solution of the auxiliary linear programming problem will give me a solution for which
R 1 equal to 0 and R 2 equal to 0, so that will be a feasible basic solution for original
linear programming problem. So, the solution for this will be a feasible basic feasible

solution for the given linear programming problem.
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Two-Phase Simplex Method: Example

Phase - 1: Objective is to get a BFS for the given LPP.

Auxiliary LPP in Standard Form:
Note the objective function f. If the minimum s
d f Minimize f =R +R,

value of the artificial problem is zero, then both

artificial variables are zero and we will have a Subjectto: 5, =21, +, +5; =11

BFS to the original problem. - tx,+25 -5+ R =3
=ME i +R, =1
If the minimum value of artificial problem is not X, Xy, 63,5, 50, R Ry 20

zero, then at |east one of the artificial variables
is positive. This means that the original problem
is infeasible and we stop.
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So, note the objective function f if the minimum value of the artificial problem is 0, then
both artificial variables are 0. And we will have basic feasible solution to the original
problem. If the minimum value of artificial problem is not 0, then at least one of the
artificial variables is positive, because artificial variables can take only 0 and positive
values. So, if their sum is not 0, it means at least one of the artificial variables is positive.

This means that the original problem is infeasible and we will stop.



So, if the solution of the auxiliary linear programming problem is such that we have R 1
equal to 0 and R 2 equal to 0, then we have a feasible basic solution for the original
linear programming problem. If the solution of the auxiliary linear programming
problem is such that R 1 and R 2 are not both 0, then at least one of them is positive. And
we conclude that original linear programming problem is infeasible. So, he stop our

algorithm at this stage, phase 2 will not be necessary.
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wo-Phase Simplex Method: Example

Phase - 2: Objective is to solve Fhe original LPP with the BFS obtained in Phase-1.

BT F B = 22 The final Tableau of Phase-1 becomes

Subjectto: x, - 2x, +; +§, =11 the initial Tableau for Phase-2, but the
—4x +x,+2x,-§,+a, =3 objective function is now changed to the
-2x  +x, +a,=1 original form.

X, X%, x.8,.5,.a.a,20 )
BRI Rl The Simplex method can now be

followed to find the optimal solution.
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But, if the solution to the auxiliary linear programming problem is such that both R 1
equal to 0 and R 2 equal to 0, then the final Tableau of phase one becomes the initial
Tableau of S 2. Because, we will start now with the basic feasible solution obtained as a
solution of linear programming problem, auxiliary linear programming problem where R
1 equal to 0, R 2 equal to 0. But, we have to now change the objective function I will

now consider the original objective function.

So, once we have obtained the basic feasible solution for phase 1 that means, R 1 equal
to 0 and R 2 equal to 0 in the final solution that solution gives me the initial basic
feasible solution for phase 2. So, the final Tableau of phase one becomes the initial
Tableau for phase 2, but the objective function is now changed to the original form,
which is Z maximize z equal to 3 x 1 minus x 2 minus x 3. So, the simplex method can

now be followed using our regular procedure to find the optimal solution.
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Simplex Method: Handling Unrestricted Variables

In the standard form of LPP, all the variables must be non-negative. A variable which is
free in sign may be replaced by difference of two non-negative variables.

Maximize Z =3x, - x, - x, Maximize Z =3x, - x, - x, - x;

Replace.x;as: x; =x, - x;

Subject to: x, - x, +x, <9 Subject to: x, = x, +x, - x; +8,=9

where, x,,.x, 20
4x,-x,+2x, 25 A =3y 420 =2, = 8, =5

g_/u.
=M Ay == % g =@ =2
X, X, 20, x; freeinsign B ')(_1) T e 21
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In the standard form of linear programming problem, all the variables must be non-
negative. In certain situations will find that we may have variables, which are free in
sign, but in the standard form the variables must be non-negative. When you formulate a
linear programming problem from the statement of the problem or analysis of the
physical problem, you can find that there are certain variables, which can take both

positive and negative values that means, there free in sign.

But, in the standard form of the linear programming problem, all the variables must be
non-negative. So, these variables, which are free in sign must be replaced by variables,
which are only non-negative. We call such variables as unrestricted variables. The
variables, which are free in sign are known as unrestricted variables. So, the way to
handle these unrestricted variables or free variables is to express them as a difference of

two non-negative variables.

Say, a variable x 1 is free in sign. Now, I can replace x 1 as difference of let us say x 2
minus X 3, where both x 2 and x 3 are greater or equal to 0. So, there will be suitable
values of x 2 and x 3 such that x 1 can take both positive values and negative values. So,
a variable which is free or unrestricted in sign can always be replaced by difference of
two non-negative variables, so that is what we will do in the standard form of the linear

programming problem for variables, which are free in sign.



(Refer Slide Time: 26:13)

m

Simplex Method: Handling Unrestricted Variables

In the standard form of LPP, all the variables must be non-negative. A variable which is
free in sign may be replaced by difference of two non-negative variables.

e

Maximize Z =3x, - x, - x, Maximize Z =3x, - x, - x, - x;
2 2

Replace xas: x; =x, - x,

Subject to: x, - x, +x, <9 where, 1,,, 20 Subject to: x,—x, +x,-x; +§,=9
4o —x, +21, 25 dn =x, +2x, =20, -8, =5

==) 2y =Hri =4

X, X, 20, x; frecinsign 7/ D T e e 21

=M B
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For example, let us look at the problem shown. In this case x 1 and x 2 are greater or
equal to 0, but x 3 is free in sign. X 3 appears in objective function, x 3 appears in first
constraint, second constraint, and third constraint, so x 3 appears everywhere. So, let us
now introduce two new non-negative variables x 4 and x 5. So, both x 4 and x 5 are

greater or equal to 0 type. So, then x 3 is replaced as x 4 minus x 5.

So, everywhere the objective function in the first constraint, in the second constraint, and
in the third constraint, we replace x 3 as x 4 minus x 5. Also to put it in standard form,
we have introduced slack variables S 1, we have introduced surplus variable S 2. We
have also multiplied the third constraint throughout by minus 1, so the right hand side is
positive. And then the non-negativity restrictions apply on x 1, x 2, x 4, and x 5. Note
that x 3 has been replaced as x 4 minus x 5. So, this is how we can handle the

unrestricted variables.
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MATLAB for Linear Programming problem

es 3 linear programming problem: PIYL Z_ B

Minimize f'x
Such that; A-x<b
AWI = b“‘[
LB<x<UB

(VAN
£, b, by, Ib, and ub are vectors, and PS

Aand A,, are matrices, P\ Q,v
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So, now we will briefly talk about how to use MATLAB function linprog for solution of
linear programming problem. So, MATLAB solves a linear programming problem of the
form shown. It solves a minimization problem so, if you have a maximization problem,
take minus of the objective function. So, MATLAB solves minimize f transpose x such
that A x less or equal to b, A equality equal to b equality, and x is bounded between lower

bound and upper bound.

So, f is a vector, x is a vector, b is a vector, b equality is a vector, A is matrix, and A
equalities matrix. So, A x less or equal to b is our usual inequality constraints. And if you
have equality constraints in the linear programming problem that taken care of e equality
equal to b equality also if I know my decision variables are bounded between lower
bound and upper bound that can be specified. So, MATLAB solves a linear programming

problem in this form.
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MATLAB for Linear Programming problem

% = linprog(f,A,b) /{' -
X = 1inprog(f,A,b,Aeq,beq) \ \,'*}
x = linprog(f,A,b,2eq,beq, 1b, ub) ep(_\ kLM
x = linprog(f,A,b,RAeq,beq, 1b,ub, options) - = iy
\/\\\'\ 2 _ ‘/\) ‘1’
A~ -
% = linprog(f,A,b) solves min £'*x such that A*x £ b. ’ﬁ) —:l
e <
% = linprog(f,A,b,Aeq,beg) includes equality constraints Aeg*x = beq. Set
A =[] and b = [] if no inequalities exist.

% = linprog(f,A,b,Req,beg, 1b,ub) defines a set of lower and upper bounds
on the design variables, X, so that the solution is always in the range
lb £ x S ub. Set Reg = [] and beq = [] if no equalities exist.
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So, these are the typical syntax. So, the minimum syntax that is required is x equal to
linprog f, A, b. What is f? F, if the vector for the coefficient is the objective function. So,
if the objective function Z equal to a solving a minimization problem, let us say
minimize Z equal to 3 x 1 plus 2 x 2 plus x 3, then fis 3, 2, 1 vector. If you want to
maximize it, what I will write is for maximization, I will write as minus 3, minus 2,
minus 1. A is the matrix in A x less or equal to b, and b is the constants on the right hand
side. So, b is a vector, where elements at the constants for each constant that appear on

the right hand side.
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MATLAB for Linear Programming problem

x = linprog(f,A,b) 6—97—’_ - b

X = linprog(f,A,b,Aeq,beq?/é'/ A i e,L

x = linprog(f,A,b,Aeq,beq, 1b,ub) &

x = linprog(f,A,b,Req,beq, 1b, ub, options) &—

% = linprog(f,A,b) solves min f'*x such that A*x < b. Q'/"_’ LU‘E
—  — £ XS

% = linprog(f,A,b,Aeq,beg) includes equality constraints Aegq*x = beq. Set

A =[] and b = [] if no inequalities exist.

% = linprog(f,A,b,Aeq,beq, 1b,ub) defines a set of lower and upper bounds

on the design variables, x, so that the solution is always in the range
lb £ x £ ub. Set Reg = [] and beq = [] if no equalities exist.
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So, this is the minimum syntax. And this solves a problem f transpose minimization f
transpose x such that A x less or equal to b. If you also have constants like A equal to b
equality, then you also use these two as arguments to linprog. So, linprog is the function
responsible for solving linear programming problem. In this calling syntax, you can

mention about lower bound and upper bound for x.

So, if you know x is bounded between lower bound and upper bound, you can mention it
here. Through options, you can tell linprog, what kind of algorithm it has to be it can use.
So, linprog implements various algorithms such as interior point algorithm, dual simplex
algorithm etcetera. So, you can specify using option structure, which algorithm you one

MATLAB to use.

(Refer Slide Time: 32:39)

MATLAB for Linear Programming problem

x = linprog(f,A,Db)

x = linprog(f,A,b,RAeq, beq)

x = linprog(f,A,b,Aeq, beg, 1b, ub) é’/’j‘)ﬁ E \9
x = linprog(f,A,b,Req, beq, lb,ub, options)

% = linprog(f,A,b) solves min f'*x such that A*x < b. \0 —_— =
x = linprog(f,A,b,Aeq,beq) includes equality constraints Aegq*x = beq. Set
3=

and b = [] if’Z:anequalities exist,

x = linprog(f,A,b,Aeq,beq,1b,ub) defines a set of lower and upper bounds

on the design variables, x, so that the solution is always in the range
1b € x € ub. Set Aeq = [] and beq = [] if no equalities exist.

N
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Let us look at this syntax. So, we have A x less or equal to b type, and you know x will
lie between let us say 10 and 100. You do not have any constants, which are of equality

type. So, what you can do is, you can put these two as null matrix.
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linprog (£, A,b) ,j'1

linprog(f,A,b,Aeq, beq) )( e

linprog(f,A,b,Req, beg, 1b, ub) ~&1/
(

linprog(£f,A,b,Req, beq, lb, ub, options)
% = linprog(f,A,b) solves min £'*x such that A*x < b.

% = linprog(f,A,b,Aeq,beg) includes equality constraints Aeg*x = beq. Set
A =[] and b = [] if no inequalities exist.

% = linprog(f,A,b,Req, beg, 1b,ub) defines a set of lower and upper bounds
on the design variables, X, so that the solution is always in the range
lb £ x £ ub. Set Reg = [] and beq = [] if no equalities exist.

NPTEL ONLINE
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Similarly, here this x is the solution to the problem. So, the x is a vector, which contains
all the decision variables as components of the vector. So, x is the solution vector. So, if
you have a linear programming problem with two variables x 1 and x 2, so x will be a

vector with component x 1 x 2.

(Refer Slide Time: 34:07)
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MATLAB for Linear Programming problem

[x,fval] =glinprog(_ )
[x,fval,exitflag, output] H inprog(_ )
[x,fval,exitflag, output,lambda] = linprog( )

[%,fval] = linprog(__ ), for any input arguments, returns the value of the
objective function fun at the solution x: fval = f£'*x.

[%, fval,exitflag, output,lambda] = linprog(__ ) additionally returns a
structure lambda whose fields contain the Lagrange multipliers at the
solution x.

exitflag that describes the exit condition, and a structure cutput that
contains information about the optimization process.

NPTEL ONLINE
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Now, along with this solution vector MATLAB may also return the value of the objective

function for the optimal values of x 1 and x 2 etcetera, decision variables. If you



introduce include exit flag, exitflag will describe the exit conditions, and the structure

output that contains information about the optimization process.

(Refer Slide Time: 35:25)
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é MATLAB for Linear Programming problem
x ¥ linprog(f,A,b) O—r

% = linprog(f,A,b,Req, beq)

x = linprog(f,A,b,Req,beq, b, ub)

% = linprog(f,A,b,Req, beq, 1b, ub, options)

n

% = linprog(f,A,b) solves min f'*x such that A*x < b.
% = linprog(f,A,b,Aeq,beg) includes equality constraints Aegq*x = beq. Set
A =[] and b = [] if no inequalities exist.

% = linprog(f,A,b,Aeqg,beq, 1b,ub) defines a set of lower and upper bounds

on the design variables, x, so that the solution is always in the range
1b £ x < ub. Set Req = [] and beq = [] if no equalities exist.
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If you introduce lambda, it will contain the Lagrange multipliers at the solution x. So, all
these possibilities are there. There are various ways of calling the linprog and the bare
minimum is this or you can include the function value here like this. So, here you can put
f, a, b, so that will be the minimum sentence required for a problem with only A x less or
equal to b type constraints. Otherwise, you go on adding the arguments as per the

requirement of your problem.
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] MATLAB for Linear Programming problem:
Example ,
A= (7 11; 10 8]; L)<::///

aximize Z =150x, +175x,

Subject to: b= [77 80];
Tt il iy, S/ i = =150 =179 5
101, +8x, <80 1o =0 01
x <9 ub = !9 6],
x = linprog(f, &, b, [],[],1b,ub)

X <6 .
X, %20 Optimal solution found. 4.8889

3.8889

Try this: Same solution will be obtained: x = linprog(f, 2, b)
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Now, let us take a very simple example and try to explain this. Consider this linear
programming problem. You want to maximize 150 want to maximize an objective
function objective function is Z equal to 150 x 1 plus 175 x 2, constants as 7 x 1 plus 11
x 2 less or equal to 77, 10 x 1 plus 8 x 2 less or equal to 8. So, look at these two, it is also
said as x 1 less or equal to 9, x 2 less or equal to 6, but you know x 1 and x 2 are also
greater or equal to 0. So, we know that x 1 will lie between 0 and 9, x 2 will also lie

between 0 and 6. So, we can we can include this information in the calling syntax.

(Refer Slide Time: 37:11)

] MATLAB for Linear Programming problem:

_ v ¥ Example J/

A=[7 11; 10 8]; )
b-m s o (b,
f = [-150 -175];
b = [0 0]; E/
ub = [9 6]; D'/
% = linprog(f, A, b, [1,[],1b,ub) &
i : X =
Optimal solution found. 4.8889
3.8889

Try this: Same solution will be obtained: x = linprog(f, 2, b)
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So, A is defined as 7, 11 and 10, 8 look at here. So, 7 11 and 10 &, so that is how the
matrix A is defined. The b vector is the right hand side vector 77 and 80. Objective
function f objective function coefficients 150 and 175, but since I want to maximize, |
will take minus f. So, f equal to minus 150 minus 175. Lower bound is a vector for lower
bound for x 1 lower bound for x 2, so 0 0. And upper bound is x 1 upper bound x 2 upper
bound, which is 9 and 6. So, now I use this to call linprog. So, note that I do not have any

equality constants so, these two null matrixes are kept there.
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] MATLAB for Linear Programming problem:

Example

Maximize Z =150x, +175x, A=[7 11; 10 8];

Subject to: b= [77 80];

Tx +11x, <77 f = [-150 -175];

10, +8x, <80 b = [0 0]

% €9 ub = !9 6]
x = linprog(f, A, b, [1,[],1b,ub)

X, <6

X, 4,20 Optimal solution found.

: % Try this: Same solution will be obtained: x = linprog(f, A, b)
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So, now if you right this, these statements on MATLAB command window or you create
M file and run, it we will get optimal solution. So, you will get a command that optimal
solution is found and x equal to 4.8889, 3.8889. So, this is the optimal solution to this
problem. You do not have to supply the lower bound and upper bound. So, you can also

try x equal to linprog f, A, b. And if you do that, you will get the same solution.

So, this will conclude our discussion on linear programming problem here. There are
several other interesting topics related to linear programming problems, but because of
time restrictions we will not be able to discuss everything. So, we have chosen the
graphical method of solution, and the basic simplex methods that can be used to solve a
linear programming problem. We have also seen briefly how MATLAB can used to solve

linear programming problem. You can now takes exercises and can also use the



MATLAB solver linprog to solve linear programming problems. With this would like to

conclude lecture 45 and week 9 here.



