Optimization in Chemical Engineering
Prof. Debasis Sarkar
Department of Chemical Engineering
Indian Institute of Technology, Kharagpur

Lecture — 32
Unconstrained Multivariable Optimization: Gradient Based Methods (Contd.)

Welcome to lecture 32. This is week 7 and we are talking about Gradient Based Methods
for Unconstrained Multivariable Optimization. In the previous week, we have talked
above Cauchy's Steepest Descent Method. In this week, we will talk about another
gradient based methods name as Fletcher Reeves Conjugate Gradient Method, but before

that we will make some comments about Cauchy's Steepest Descent Method.
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Cauchy's Steepest Descent Method

The steepest descent method zigzags its way towards the optimum point.

Each step is orthogonal to previous step.
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Cauchy’s Steepest Descent method zigzags its way towards the optimum point. If you
look at the figure, it will be clear that when you start from x 0 and go to x 1, then go to x
2 and then, go to x 3, you take zigzag path. This is because each step is orthogonal to

previous step. In other words, each step is perpendicular to the previous step.

So, the entire sequence of paths will look like a zigzag way. This can be very easily
shown that Steepest Descent method zigzag its way towards the optimum point.
Remember, the update rule of Steepest Descent method which is x k plus 1 equal to x k
plus alpha k s k, where alpha is the step length and s k is the search direction that is

gradient of the function at current estimate x k.



Alpha k is obtained by minimizing the function f x k plus 1 which is f x k plus alpha k x
k and you know that to determine this alpha will say df d alpha equal to 0 and solve the
resulting equation. Now, upon differentiation we get gradient of f at xk plus 1 into s k is

equal to 0. Note that x k plus 1 plus alpha k x k is same as x k plus 1.

So, upon differentiation we get that gradient of f at x k plus 1 into s k equal to 0. That
means the search direction which is a vector, so the product of search direction vector at
k-th step and the gradient vector at k plus 1 step is equal to 0. That means they are

perpendicular to each other.

Now, the search direction at k plus 1th iteration is nothing, but the minus of the gradient
vector at k plus 1. This is what we know from Steepest Descent Method. So, we can
write the search direction vector at k plus 1 into such direction at k-th step is equal to 0.
That means two consecutive search directions are orthogonal to each other. So, that is
why you see that the Steepest Descent method zigzags its way towards the optimum

point.

Remember, this result is true only if the line search is performed exactly. That means the

value of the alpha k is determined exactly.
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Gradient Based Methods: Role of Step Length

The update rule of a Gradient Based Method requires a step length controlling the
amount of gradient updated to the current point at each iteration. A too large step
length can lead to divergence. A too small step length takes longer time to converge.
Backtracking line search and exact line search are two methods to find step length.

' NPTEL ONLINE

IITKHARAGPUR CERTIFICATION COURSES
3 9 YW

So, what is the role of step length in Gradient based methods. The update rule of a

Gradient based method requires a step length controlling the amount of gradient updated



to the current point at each iteration because we have seen that x k plus 1 is x k plus

alpha k and s k. So, this is the gradient and this is the step length.

So, the step length decides how much will move in the direction of search direction
vector. A too large step length can lead to divergence; a too small step length will take
much longer time to converge. That is why we need an optimum step length, so that we
get convergence and we get convergence in minimum time. There are two methods to
find the step length which are commonly used; the backtracking line search and the exact
line search. The big backtracking line search is an in exact line search and the exact line
search finds the alpha k exactly, whereas backtracking or in exact line search finds an

approximate value of the step length.
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Gradient Based Methods: Role of Step Length

The update rule of a Gradient Based Method requires a step length controlling the
amount of gradient updated to the current point at each iteration. A too large step
length can lead to divergence. A too small step length takes longer time to converge.
Backtracking line search and exact line search are two methods to find step length.
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Too large step size
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So, this is what happens when I use a step length that is too large. You see the search
direction starts oscillating when you take too small step size. It takes too long time to hit
the minimum. The minimum is shown by this term and we are showing a two
dimensional functions contours. Similarly when you find an appropriate step size or step

length, you will get convergence and you will get convergence in not so many iterations.
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Cauchy'’s Steepest Descent Method: Scaling

Consider the two quadratic functions:

Larger is the value of the parameter a, b .
more elongated are the contours of the ro
function £, and slower is the
convergence rate.

f=x+x f=x+ag

Speed of convergence is related to the condition number of Hessian matrix. The condition
number of a symmetric positive definite matrix is the ratio of largest to smallest
eigenvalues. For a well conditioned Hessian matrix, the condition number is close to unity.
Then the contours become more circular and the steepest descent method works best.
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We want to make another comment on Steepest Descent method. This is about scaling.
Let us consider two quadratic functions as shown in the figure. The first one is x 1 square
plus ax 2 square and you can see the contours are all perfectly circular. Now, if I consider
the second function which is x 1 square plus ax 2 square then depending on the value of
the parameter, the contours may be circular or may be elongated. If a equal to 1, this
equation reduces to the first equation and the contours becomes circular, but if I take

large value of a, the contours will be elongated as shown.

Now, you can note down that the first function x 1 square plus x 2 square if I start let us
say from this point, you see that the search direction directly points to the minimum is a
two-dimensional function and x 1 square plus x 2 square. So, the minimum is 0, but for
the second function x 1 square plus ax2 square you see that it takes longer time for
Steepest Descent Method to go and hit the minimum at x 1 equal to 0, x 2 equal to 0.
Hey sorry the function value equal to 0.

So, what we learn is that for a quadratic function whose contours are circular, the search
direction in case of steepest method will directly point towards the minimum, but if the
contours are elongated. Then, the convergence will be slow because in that case such
direction does not directly point to the minimum starting from any arbitrary point. Speed
of convergence is related to the condition number of the Hessian matrix, the condition
number of a symmetric positive definite matrix is the ratio of largest to smallest

eigenvalues.



The condition number of a symmetric positive definite matrix is the ratio of largest to
smallest eigenvalues, condition number may generally be defined as the ratio of this
singular values, but in case of symmetric positive definite matrix, the eigenvalues and the
single value, singular values are same. So, the condition number of a symmetric positive
definite matrix is the ratio of largest to smallest eigenvalues for a well conditioned
Hessian matrix. The condition number is close to unity. If the condition number is close
to unity, the contours will become more circular and the steepest descent method will
work very well because in that case, the search direction will directly point towards the

minimum.

(Refer Slide Time: 12:22)
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Cauchy'’s Steepest Descent Method: Scaling

Forthe function /=%+% we have: . ’/

2 0
i) :[0 2&}

| [ [erva
Eigenvalues are 2 and 2a.

Thus, the condition number = a

Convergence is fastest when a = 1
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Consider the function x 1 square plus ax 2 square. Compute the Hessian and you get the
matrix 2 0, 0 2a. So, the eigenvalues are 2 and 2a. So, the condition number is 2a by 2
equal to a. So, when the condition number is 1. That means a equal to 1, the convergence

is fastest.

(Refer Slide Time: 12:59)



Cauchy'’s Steepest Descent Method: Scaling

For the function f=x*+m? we can define new variables y, and y, as follows:

e

y=n, =/

Then redefine fas: g =13/ +);  The condition number of the Hessian of this new
~__ _~ matrixwill be 1. Then the contours become circular

\\’ and e steepest descent method works best.
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So now, again consider the function x 1 square plus ax 2 square. So, now if I perform
appropriate scaling and if it is possible for me to redefine the function x 1 square plus ax
2 square as y 1 square plus y 2 square in terms of new variable y 1 and y 2. Then the
contours of this new function y 1 square plus y 2 square will be circular and Steepest

Descent method will work very well.

(Refer Slide Time: 14:55)

Cauchy'’s Steepest Descent Method: Scaling

For the function f=1*+a? we can define new variables y, and y, as follows:
=% " =‘/ax2

Then redefine fas: g =y +y;  The condition number of the Hessian of this new
matrix will be 1, Then the contours become circular
and the steepest descent method works best.

In general, if for a function f{x), we scale the variables as: x = Ty, then the new function is

g(y)=f(T.y); Gradient: Vg =T'Vf; Hessian: V'g=T'V'/T
S L. .
Usually T is chosen as a diagonal matrix such that Hessian of g has condition number close
to unity.
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So, it is possible to do it here. Note that if [ redefine y 1 equal to x 1 and y 2 equal to root
a into x 2, then the function f equal to x 1 square plus x 2 square can be written as g
equal to y 1 square plus y 2 square. Note that, for this function, the condition number of

the Hessian matrix will be 1, because for this function, the Hessian will be 2 0 0 2. So,



condition number is the positive symmetric definite matrix, symmetric positive definite
matrix. So, the condition number will be 2 by 2 equal to 1 and the contours will become

perfectly circular and the Steepest Descent method will work very well.

In general how do I perform scaling? So, to perform scaling we define the new variable y
and take a diagonal matrix T and scale, the variable as x equal to T y. So, in terms of new
variable y, I can scale the variables as x equal to T y where T i1 have to choose as a
diagonal matrix. So, the new function will be now say g of y equal to function of T and y.
So, the gradient of this new function gradient g can be computed as transpose of T into

gradient of old function f.

Similarly, the Hessian of the new function can be computed as Hessian of g equal to
transpose of T into Hessian of old function f into matrix T. So, you have to choose the
matrix T as a diagonal matrix, such that the Hessian of the new function g has condition

number close to unity.
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Cauchy's Steepest Descent Method: Comments
Cauchy’s steepest descent method works well when we start far from optimal point.
It has linear convergence.

If an exact search direction is made at each iteration, two consecutive search directions
will be orthogonal to each other.

In most implementations, the search directions are scaled such that the length of the
search vector s is 1. For minimizing a function, we can achieve this by defining:

V")
b7

If the objective function is not convex, we can find local minima.
We may also get stuck at a saddle point.
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Let us now make some more comments about Steepest Descent Method because Steepest
Descent method works very well. When we start far from optimal point, it has linear
convergence. If an exact search direction is made at each iteration, two consecutive
search directions will be orthogonal to each other and the Steepest Descent method will

zigzag its way towards the optimum.



In most implementations, the search directions are scaled such that the length of the
search vector is 1. So, for minimizing a function we can scale the search direction by
dividing the gradient by the norm of the gradient. So, instead of taking the search
direction s at k-th iteration as minus gradient of f at x k, we take s k equal to minus
gradient of f at x k divided by norm of the gradient of f at x k. If the objective function is
not convex, we can find local minima while minimizing, but if the objective function is
convex, you know that local minima is also a global minimum. We may also get stuck at

a saddle point, but these are the characteristic feature of any Gradient based method.
Now, we will talk about Conjugate Gradient Method.

(Refer Slide Time: 18:41)
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The Conjugate Gradient Method

The steepest descent method works well when we start far from the optimal point. But the
convergence becomes very slow as the optimal point is approached. The convergence
characteristics of the steepest descent method can be improved greatly by modifying it into
a conjugate gradient method. This was first proposed by Fletcher and Reeves (1964).

The conjugate gradient method can be considered as a conjugate directions method that
uses the gradient of the objective function.

Any minimization method that uses the conjugate directions is quadratically convergent.
Such methods will minimize a quadratic function of n variables in n steps or less.

; Iz ;
f(x):Ex A+DX Here s positive defigisad
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The Steepest Descent method works well when you start far from the optimal point, but
the convergence becomes very slow. As the optimal point is approached, the convergence
characteristics of the Steepest Descent method can be improved greatly by modifying it
into a conjugate gradient method. This was first proposed by Fletcher and Reeves in

1964.

The Conjugate Gradient method can be considered as a conjugate directions method that
uses the gradient of the objective function. Any minimization method that uses the
conjugate directions is quadratically convergent. Such methods will minimize a quadratic

function of n variables in n steps or less.
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The Conjugate Gradient Method

Powell’s conjugate direction method requires n single-variable search per iteration.

We then find new conjugate direction at the end of each iteration.

Therefore, to find the minimum of a quadratic function, in general, Powell’s

method requires n? single-variable search.

But if we use the gradients of the objective function, we can set up a new
conjugate direction after every single-variable search, and hence we can achieve

faster convergence.

' NPTEL ONLINE

IITKHARAGPUR CERTIFICATION COURSES

Powell's Conjugate Direction method requires n single variable search per iteration. We
then find new conjugate direction at the end of each iteration. Therefore, to find the
minimum of a quadratic function in general, Powell's method requires n square single
variable search. But if, we use gradients of the objective function, we can set up a new
conjugate direction after every single variable search and hence, we can achieve faster

convergence.

(Refer Slide Time: 20:13)
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The Conjugate Gradient Method

The conjugate gradient method combines current information about the gradient vector
with that of gradient vectors from previous iterations to obtain the new search direction.

The proposed search direction for this method is a linear combination of the current
gradient and the previous search direction.

ST D
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Note that conjugate gradient method is a first-order method. This method represents a
major improvement over steepest descent method with only a marginal increase in
computational effort.
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The Conjugate Gradient method combines current information about the gradient vector
with that of gradient vectors from previous iterations to obtain the new search direction.
The proposed search direction for this method is a linear combination of the current
gradient and the previous search direction. So, the search direction becomes a linear

combination of the current gradient and the previous search direction.

So, the search direction S at k plus 1th iteration is minus gradient f at k plus 1 plus norm
square of gradient at k plus 1 divided by norm square of gradient f at k-th iteration into
search direction at k-th iteration. So, basically the search direction at the current step is a
combination of the current gradient and the previous search direction. So, this can also
be written as minus gradient f plus gradient transpose into gradient f divided by gradient
f transpose into gradient f. The numerator 1 is evaluated at k plus 1th iteration that is x k
plus 1 and the denominator is evaluated at x k and the search direction is evaluated at x

k, that means search direction from the previous step.

So, in case of Conjugate Gradient method, the current search direction is always a linear
combination of the current gradient and the previous search direction. So, the difference
with the Steepest Descent method is this that in case of Steepest Descent method, the
search direction is the current gradient direction negative of the current gradient
direction, but we add this information from the previous step in case of Conjugate

Gradient method.

Note that the Conjugate Gradient method is a first order method. We are still using first
order informations only. First partial derivatives are involved. This method represents a
major improvement over Steepest Descent method with only a marginal increase in the
computational effort? Note that only this information above the previous search direction
is included in the current gradient information. So, there is a marginal increase in the

computational effort, but there is a major improvement over steepest descent method.

(Refer Slide Time: 24:02)



The Conjugate Gradient Method: Algorithm

Step-1: Start with an arbitrary initial point X,
Step-2: Set the first search direction §°=-V f(X")= -V £,
‘ tep-3: Find the point X! according to the relation X' =X’ + 48’
where )" is the optimal step length in the direction S. Set k=2 and go to next step.

Step-4: Find V f,= V f{X¥), and set S =f 4 Vi H g
A
Step-5: Compute the optimum step length 1, in the direction Sk and find the new point

XM =XV 280 g

Step-6: If convergence (small value of gradient) is achieved, stop.

Otherwise set the value of k=11 and go to step 4.
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So, where is the algorithm for Conjugate Gradient method? In the step 1, we start with an
arbitrary initial point X 0. Step 2 who said the first search direction as s 0 equal to minus
gradient of F at X 0 which is same as Steepest Descent method. In the step 3, we find the
point X 1 according to the usual relation X 1 equal to X 0 plus lambda 0 into s 0. So, at
lambda 0 is the optimal step length in the direction s 0. That means we need to perform

the line search.

We set k equal to 2 and go to the next step. In the step 4, we find the gradient of F. Let us
consider this is k-th step. So, you find the gradient of F at X k and set the search
direction for k plus one step as s k plus 1 equal to minus gradient at X k plus 1 plus norm
square of gradient evaluated at X k plus 1 divided by norm square of gradient F
evaluated at k into search direction at X k. So, such direction at X k plus 1 is the linear

combination of the gradient at X k plus 1 and the search direction at X k.

Now, compute the optimal step length lambda k in the direction s k by doing line search
and find the new point as X k plus 1 equal to X k plus lambda k sk. If the convergence is
achieved, we will stop. To understand the convergence is achieved or not, we have to
check the magnitude of the gradient. So, if the norm of the gradient is very small, we will
assume that the convergence is achieved will stop otherwise we will set the value of k
equal to k plus 1 and go to again step 4, where we find the gradient and then, the search

direction and proceed.



(Refer Slide Time: 26:36)
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The Conjugate Gradient Method Vs Steepest
Descent Method

C

Steepest descent Conjugate gradient
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So, this figure schematically shows the functioning of Steepest Descent method and
Conjugate Gradient method. Note that, the Steepest method takes zigzag path to the

optimal point and takes many more iterations compared to Conjugate Gradient method.

(Refer Slide Time: 26:57)
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The Conjugate Gradient Method: Example

Minimize ~ f(x,,%,) =X, =X, +2% +2x%,+ 1,

0
starting from the point X" = M

Solution: Vf: Of/(?xl B l+4x,+2x3
Of 1ox, | |-1+2x+2x,

Iteration - 1: The gradient of /is given by: 17

-1
0 __yr_
Therefore, 8" = Vfu_{1 }F

' NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

7 o MW

Now, let us take an example. We are considering a quadratic function two variables and
we will solve, that means we will minimize this function using Conjugate Gradient
method starting from the point X 0 which is 0 0. So, in the iteration 1, the gradient of the
objective function is evaluated first. So, you take the del f del x 1 and del f del x 2. They



are evaluated as 1 plus 4 x one plus two x two which is del f del x 1 and minus 1 plus 2 x

1 plus 2 x 2 which is del f del x 2.

So, put the value of x 1 equal to 0 and x 2 equal to 0 and we get the value of the gradient
at X 0 as 1 minus 1. So, initially the search direction is minus of gradient at X 0. So, the
search direction is minus 1 1. Note that the gradient is 1 minus 1. So, the search direction

is minus of the gradient, so minus 1 1.

(Refer Slide Time: 28:26)
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The Conjugate Gradient Method: Example

To find X, we need to find the optimal step length 4,*. For this, we minimize /(X" +48")

with respect fo A,

. M9 = -~
Now, f-(X(tl)Jr/lUS("l):jH:o}r/'LuL D:f(lo,ﬂ,u) ’VL\ o] -’X i
Bralate /(-4 4) =~ T 724 -2+ 4 == _ SSIERAN

' . 0 [-1] [-1
i LT get 2, =1. Thus, XV =X"+2,89=| |+1| "|=
di, o/ 1 | |1

Now, Vf =Vf(X")= H

We proceed to the next iteration.
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To find X 1, we now need to find the optimal step length lambda 0. For this we minimize

f of X 0 plus lambda 0 into S 0 with respect to lambda 0.

So, let us now evaluate f of X 0 plus lambda 0 S 0. You know X 0 equal to 0 0 and S 0 is
minus 1 1. So, this becomes f of minus lambda 0 lambda 0. So, we evaluate f of minus
lambda 0 lambda 0 by putting X 1 equal to minus lambda 0 and X 2 equal to lambda 0 in

the original expression for f and we get that as lambda 0 square minus 2 lambda 0.
So, f of minus lambda 0 lambda 0 equal to lambda 0 square minus 2 lambda O.

(Refer Slide Time: 29:50)
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The Conjugate Gradient Method: Example

To find X%, we need to find the optimal step length J*. For this, we minimize /(X" +4S")

with respect to A,
: 0] .- 4 O\D ),X) =0
Now, /'(X‘"’%S‘"’):I(H%{ D:f(&.,ﬂn) ™
0 I A)\D o8 =0
Evaluate f(-4y,4y) =~ — Ay + 20y -2+ Ay = &5 =24y 1>\ o~
a I- L
Selﬂzoandwcgcu,;:l Thus, X =X+ 48" = o] 5
e R S T e

Now, Vf :Vf(X‘”){::}- N4 F() Jt T K

We proceed to the next iteration.
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So, to find out the optimal lambda 0, we will set d d lambda O of f which is lambda 0
squared minus 2 lambda 0 is equal to 0. So, you get as 2 lambda 0 minus 2 equal to 0 and

then, we get lambda 0 optimal is 2 by 2 equal to 1.

So, we get lambda 0 star as 1. So, once we get that, we can find X 1 as X 0 plus lambda 0
into S 0. So, X 0 is 0 0 lambda 0 have obtained as 1 s 0 is minus 1 1. So, X 1 is obtained
as minus 1 1. So, find out the gradient of f at X 1 and we can find the gradient s minus 1

minus 1. So, now we proceed to the next iterations. So, you obtain gradient of f at X 1 as

minus 1 minus 1.

(Refer Slide Time: 31:03)

] The Conjugate Gradient Method: Example
Iteration - 2:
1 |\f\| 0. L _ '2__]r_]_
50~ Vf+HVf()H s HeeU4f | || =2 w2
\____‘__r___/
Therefore, $" =V, +|V}r” SEE {I}FGJLI}M \)(/
0 2 v ~
Tominimize f(X"+48")= f(-L1424) =447 =2/, -1 [k b)( ‘-ZX lﬁD 0
we set :—Q:O. This gives 4 =025, and hence (/\7\ \ E
: % L
X(Z):X(l)+lll‘s(|) _L ]} +0 25{2} L_‘IJ \)U =::) ?\ 1 o 0
_.-———————._‘\__\-___-_‘_’_’_
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So, in the iteration 2, we first now find the search direction S 1 which can be obtained as
a linear combination of the gradient at X 1 and the search direction at X 0. So, let us first
find out the norm square at of f. The norm square of gradient of f at X 0 and norm square
of gradient f at X 1 which are obtained as 2 and 2. So, you can now find such direction at
X 1 which is obtained as 0 2. So, again minimize f of X 1 plus lambda 1 s 1 because you
have to find out the optimal lambda 1. Now, this is obtained as 4 lambda 1 square minus

2 lambda 1 minus 1.

So, we have to now take dd lambda 1 of 4 lambda 1 square minus 2 lambda 1 minus 1

equal to 0 and if we do that, we will get lambda 1 star is equal to point 2 5 or 1 by 4.

(Refer Slide Time: 32:49)

] The Conjugate Gradient Method: Example

Iteration - 2:

VAl = LN 2 [T
50—+ [AL 1O Here,|V —[ } =2 and [Vf|'= =
./I+vauH. eIt H -/0” |ll=1 an H -le =1 (=i \W

Thercfore, 8 =~V + MSM ) {]}{2][]} ) H el m

HanH7 1| (2)[1 2
To minimize j'(X“’ +ﬂ,,S“’) = f(-11+24)= 411,2 -24-1 HV]}W =2k HVf,H 1=
i . (2) _
we set g _ 0. This gives 4, =0.25, and hence M
dA No search direction to reduce f

further.

X0 Z X0 4250 - r} (].25{(1 —[_l}
‘ 1 2] [L5] Thisisthe optimum.
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So, X 2 is obtained as X 1 plus lambda 1 into S 1 and it is obtained as minus 1 1.5. In
fact, X 2 equal to minus 1 1.5 is the optimal solution. To check that this is the optimal
solution let us find out the gradient at this value X 2 and we find that the gradient is 0 0.

So, gradient 0 is the first order optimality criteria if you remember. Also find out the
norm of the gradient of f at X 2 which is 0. So, S 2 will be 0. So, there is no search
direction to reduce the function value further. So, it shows that x to minus 1 1.5, that
means X | equal to minus 1 and X 2 equal to 1.5 is the optimal solution. So, this is how
the Conjugate Gradient method works and you see that we had a two variable quadratic

function and we could get the optimal point in exactly two iterations.



With this we stop our discussion on Conjugate Gadient Method here.



