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Lecture — 31
Unconstrained Multivariable Optimization: Gradient Based Methods

Welcome to lecture 31. This is the first lecture of week 7. In week 6 we have discussed
direct search methods for Unconstrained Multivariable Optimization. In this week 7 we
will talk about gradient based methods for Unconstrained Multivariable Optimization. In
case of direct search methods you have seen that the optimization methods do not use
information on gradient, they were only on the information of value of the objective

functions.

The gradient method based methods make use of informations on gradients, and when
this gradient information is available the gradient mesh methods are much faster in terms
of convergence compared to direct search methods. There are some methods which
makes use of only gradient information, there are some methods which makes use of
gradient information as well as hessian information that means, first partial derivative as
well as second derivatives are required. Accordingly we call them first order methods or

second order methods.
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So, what we will plan to cover in this week is Cauchy’s method, Newton’s method,
Marquardt method and Conjugate gradient method. So, today after giving a general
concept of gradient based methods, we will talk about Cauchy’s steepest descent method.

So, Cauchy’s method is also known as steepest descent method.

(Refer Slide Time: 02:16)
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Gradient of a Function

The gradient of a function is an n-component vector given by:

[gr]  Important property of gradient:

ox, If we move along the gradient direction from any point in n dimensional
of space, the function value increases at the fastest rate. Hence the gradient
Vf =| ox, direction is called the direction of the steepest ascent. However, the

direction of steepest ascent is a local property not a global one.

Gradient-based methods use derivative information of the function to
determine the search direction. When derivative information are
available, these methods are much faster compared to the Direct Search
methods.
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A quick review of gradient of a function, the gradient of a function is an n component
vector given by del f del x 1, del f del x 2, del f del x 3 up to del f del x n. So, given an
invariable function or objective function you have to take the partial derivative of the
objective function with respect to each variable, and the vector thus obtained is the

gradient of the function.

Now, there is an important property of gradient if we move along the gradient direction
from any point in n dimensional space the function value increases at the fastest rate. So,
gradient always points to the direction in which objective function value is changing at
the fastest rate. Hence the gradient direction is called the direction of the steepest ascent
however; the direction of steepest ascent is the local property and not a global property.
Gradient based methods use derivative information of the function to determine the
search direction, when derivative informations are available these methods are much

faster compared to the direct search methods.
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Gradient Based Methods

First order methods:

First order methods use only gradient of the objective function to determine the search
direction. For example: Cauchy's Steepest Descent Method.

Second order methods:

Second order methods use both gradient and Hessian of the objective function to
determine the search direction. For example: Newton's method
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So, you can classify the gradient based methods as first order methods or second order
methods. First order methods use only gradient of the objective function to determine the

search direction for example, Cauchy’s steepest descent method.

Second order methods use both gradient and hessian of the objective function to
determine the search direction. For example, Newton’s method is a second order method.
So, the overall classification of the unconstrained multivariable optimization methods are
direct search methods and gradient based methods. Sometimes you also call gradient
based methods as indirect methods. So, all the techniques available for unconstrained
multivariable optimization that we have discussed in this course are categorized into two.
For example, direct search methods and indirect search methods or gradient based

methods.

The gradient based methods are again categorized as first order methods and second
order methods. First order methods use only gradient information, second order methods

use gradient information as well as hessian information.
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Numerlcal Computahon of Derivatives

The first and second deriv A-becomp ted using the central difference formula as

given below:
Ff _ flxi+hn)-2f(x)+ f(x; - Av;)
o’ A
Jf =[ f+ A, x, + )= f(x, +A,, ;- A, Numerical computation of
dvid; ' gradient is often required.

- flx;-Ax;,x i Avy)+ flx; - A, x; - A\‘j )];(m,m i)

The computation of first derivative requires two function evaluations with respect to each
variable. So for an n variable problem, 2n function evaluations are required for computing
the gradient vector.
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Now, it may not be always possible to have analytical derivatives of the objective
function, and you often have to use numerical methods to compute gradient of the
objective function. If the objective function is a simple mathematical expression most
likely we will be able to compute the derivatives and gradients analytically, but suppose
the value of the objective function is available to you after doing some simulations. The
simulations may involve the solution of model equations it may be a large number of set
of equations and after the simulations of all the equations you are able to compute the

objective function value.

Analytical computation of the gradient it is not possible under such circumstances, and
under such circumstances you have to make use of numerical computation of gradient.
So, the slide shows you how you can compute first partial derivative as well as second
partial derivatives of a function using central difference formula. There are several other
formulas also to compute numerically, these first partial derivatives as well as second

partial derivatives what is show here is central difference formula.

Note, del f del x 1 equal to f x 1 plus delta x 1 minus f x 1 minus delta x 1 by 2 delta x 1. So,
we can realize that for computation of first derivative it is necessary that we evaluate the
function twice. So, the computation of first derivative requires two function evaluations

with respect to each variable. So, with respect to each variable we need to evaluate the



objective function twice. So, for n variable objective functions we will require 2 n

function evaluations for computing the gradient vector.
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General Steps of Gradient Based Methods

Step—1:Estimate reasonablestarting point x'”.

Setiteration counterk =0

Step-2: Computesearch direction s Different methods

) Cheek § determine the step length
Step -3 :Check for convergence. e e e
Step—4: Computestepsizea in thedirection s differently.

k+1)

Step-5: Update: ¥ = x® +¢®5®

Step-6: GotoStep-2
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Now, here is the general step of any gradient based method. So, all the gradient based
methods can be represented by a sequence of general steps as shown on the slides. So, in
the first step we start with a reasonable estimate of optimal point, say I am minimizing a
function. So, I start with a reasonable guess of the minimum point that is x 0 for me that

is my starting point. So, we set the iteration counter k equal to 0.

In step 2, we compute search direction s. So, we need to find out the direction in which x
will change. Step 3 we check for convergence if convergence is achieved we stop else we
go to step 4. In step 4 we compute step size alpha in the direction s. Once I have the step
size in the direction s I can update x as, x k plus 1 equal to x k plus alpha k s k that
means, the improved guess for the minimum point is equal to the current estimate of the

minimum point plus step size into the direction vector.

After this you again go to step 2 where we further find the search direction for the next
step, then we proceed until we reach convergence. Now, this is a general steps for all
gradient based methods. So, we have different methods which makes use of gradient
information, they differ in determining the step length alpha and the search direction s.

So, different methods determine the step length, alpha and the direction s differently.
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Descent Direction
Consider the following unconstrained optimization problem: rpegl f(x)
At any k-th iteration the next point is given by: ¢ = ) 4 (¥ th)
Here s* is a search direction and a* is the step length (positive).

If st is a descent direction: f(x*")< f(x*) = f(x¥ +a®sW)< f(x¥)
E——

B
—
BX Taylor series expansion: m .

®)) 1y ®) ®)y, o®) ®)
SO +a®(Vf () s7) < f(x) Dot product is less than zero.
= V()5 <0 ——— Thisis the condition for the
descent direction.
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We have talked about descent direction before let us quickly review one more time what
do you understand by descent direction. Consider an unconstrained optimization problem
minimization of f x, x can take any real value. At any kth iteration the next point that
means, at iteration number k plus 1 is obtained as x k plus 1 equal to x k plus alpha k into
s k, where s k is the search direction and alpha k is the step length and we choose a

positive step length.

If the direction s k is a descent direction the function value at k plus 1th iteration will be
less than the function value at kth iteration. So, if s k is descent direction f of x k plus 1
must be less than f of x k. We know x k plus 1 is x k plus alpha k s k. So, you can
substitute this here and we write as f of x k plus alpha k s k is less than fof s k, if sk is a
descent direction. Now, I can perform a Taylor series expansion for f of x k plus alpha k s
k and if I retain only the first order terms I write f of s k plus alpha k gradient of f at x k

into s k that must be less then f of s k which is same as this.

So, this part comes from Taylor series expansion of this. Now, look at this expression
you have on both sides the function value at x k. So, this inequality says you must have
gradient f at x k into s k must be less than 0. Note that alpha the step length is positive.
So, if s k is the descent direction the dot product of the function at x k with the s k must

be less than 0.
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Descent Direction
Candition for descent direction: Since the gradient vector represents the
direction of steepest ascent, the negative of
V() s® <0 the gradient vector denotes the direction of

the steepest descent

The magnitude of the vector ~ V/(x“’)-5“) for a descent direction s® specifies
how descent the search direction is.

If @ ~Vf (x'") is used, the quantit

Thus, the search direction s = -Vf(x") i

s maximally negative.

ed steepest descent direction.
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Now, since the gradient vector represents the direction of steepest ascent the negative of
the gradient vector denotes the direction of steepest descent. So, we discussed few slides
back that the gradient vector always points to the direction in which the function value is

changing at the fastest rate. So, that is why it is known as direction of steepest ascent.

So, now, if I take the negative of the gradient vector that must point to the direction in
which the function value is decreasing at the fastest rate. So, the direction of negative
gradient is the direction of steepest descent now. The magnitude of the vector gradient of
f dot s for a descent direction s specifies how descent the search direction is if the
magnitude is high is more decent. Now, if I said the search direction s as negative of the
gradient of the objective function the dot product of the gradient with the search
direction s will be maximally negative thus the search direction s equal to minus of

gradient is called steepest descent direction.
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Cauchy'’s Steepest Descent Method

In Cauchy’s method, the search direction at any point is the negative of the gradient of
the objective function: 50— —Vf(x‘”)

(k+1

At each iteration, we update: ) = y(F) . (R ¢(H

We determine oa® such that f{x1) is minimum along Vf(x'¥) using an appropriate
unidirectional search method. This minimum point becomes the current point and the
search is continued from this point.

Algorithm stops when the magnitude of the gradient vector becomes very small. Note
that improvement at every iteration is guaranteed due to descent property.
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Now, let us talk about Cauchy’s steepest descent method. So, this is the first gradient
based method that we will discuss. It is one of the simplest method, and this method is
very efficient when I start my search away from the minimum point. But as we get closer
and closer to the minimum point the rate of convergence decreases. So, as we discussed
that all the gradient based methods differ in determination of the search direction and in
the determination of step length, otherwise the general structure is more or less same for
all the gradient based methods. So, in case of Cauchy’s steepest descent method we take

the negative of the gradient as the search direction.

So, the search direction at any point is the negative of the gradient of the objective
function. So, search direction at any point is the negative of the gradient of the objective
function. At each iteration we will update the guess values for minimum using usual
expression x k plus 1 equal to x k plus alpha k s k, where s k is set as negative of the
gradient of the objective function at that point. Now, how to determine the step size
alpha? We determine alpha such that f of x k plus 1 is minimum along gradient direction

using an appropriate unidirectional search method.

This minimum point becomes the current point and the search is continued from this
point. So, alpha k is determined such that f of x k plus 1 is minimum in the search
direction and we can find this out using an appropriate unidirectional search method. So,

once this minimum point along the search direction is obtained the minimum point



becomes the current point and the search is continued from this point. So, what you do is
at this point again you find out the gradient and update using the usual equation x k plus

1 equal to x k plus alpha k s k.

The algorithm will stop when the magnitude of the gradient vector becomes very small
or there is no improvement in the objective function value. Note that improvement at
every iteration is guaranteed this is because we are talking about a decent method. So,
when the search direction is a descent direction the objective function value will keep on
decreasing with each iteration, but when I say that we can stop the algorithm when there
is no appreciable change in the objective function value. As long as we are using decent
direction there will be changes in the objective function value the objective function
value will keep on decreasing. But the amount by which it will decrease will be
extremely small when the magnitude of the gradient becomes very very small and that is

what happens when we approach the minimum point.
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Cauchy's Steepest Descent Method: Algorithm

Step1:Estimate reasonablestarting point x*'; Maximum number of iterations, K, ;
Termination parameter &; Set iteration counter k = 0

Step -2 Compute Vf (x*)

Step —3:Check for convergence: if HVf(xm )H <g, Stop
Eleseif k> K , Stop;  ElscgotoStep—4

Step—4: Computeer” such that f(x* ") = £(x"¥) =™V (x")))is minimum

‘xcmn 7me

Step-5: lfW

<eg,Stop;  Elsesetk =k +1andgotoStep -2
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So, this is the algorithm for steepest descent method. In the step 1 we start with a
reasonable guess of the minimum point we call it x 0, set the maximum number of
iterations k max, set the termination parameter epsilon a small value, set the iteration

counter k equal to 0.

Compute the gradient of the objective function at the given point let us say I am at k th

iteration. So, this x k we check for convergence by checking if the magnitude of the



gradient vector is less than the tolerance then the small termination parameter epsilon or
not. So, the gradient vector is very small we stop, otherwise else you check whether the
number of iteration has exceeded the maximum allowable number of iterations k max or
not. So, if the number of iterations exceeds the maximum allowable number of iterations

we stop, otherwise we go to next step which is step 4.

In step 4, we compute the search direction alpha k such that f of x k plus 1 which is f of x
k minus alpha k and gradient of f at x k is minimum and this you can do using any
unidirectional search technique. Now, again we can check if the guess value is not
changing much we can stop, otherwise we set k equal to k plus 1 and go to step 2 where
for the new or for the current estimate of the minimum point we again compute the

gradient and continue with the procedure.
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Cauchy's Steepest Descent Method: Features

Improvement at every iteration is guaranteed.

Cauchy’s method works very well when the starting point X% is far away from the
optimum point x*.

As the current point becomes close to the optimal point, the magnitude of the
gradient vector becomes very small. Thus the new point created becomes very close
to the current point. This slows down the rate of convergence.
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These are some interesting features of Cauchy’s steepest descent method, improvement
at every iteration is guaranteed because we are talking about a decent method. Cauchy’s
method works well when the starting point x 0 is far away from the optimum point. As
the current point becomes close to the optimal point the magnitude of the gradient vector
becomes very small. Thus, the new point created becomes very close to the current point.

This slows down the rate of convergence.
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Cauchy’s Steepest Descent Method: Example
Minimize ~f(x,x,)=x, —x, +2x +2x,+ X, b—

0
starting from the point X" = M

Solution: Vi = foﬁxl g 1+4X| +2X2 O—
of 10, | | =142x42x, 4—
Iteration - 1: The gradient of fis given by: |
=l

Vf, = Vf(X")= { } »(\/

-1
Therefore, 8" =-Vf, = L
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Now, let us take an example to understand how Cauchy’s steepest descent method works.
So, we have taken a two variable function x 1 minus x 2 plus 2 x 1 square plus 2 x 1, x 2
plus x 2 square we want to minimize it starting from the point 0 0. So, x 1 equal to 0, x 2

equal to 0.

So, let us start iteration number 1. At this step you can define the termination parameter
epsilon which is a very small quantity may be 10 to the power minus 4, the starting point
is given you can also define the maximum number of iterations that we wish to perform.
So, next we calculate the gradient of the objective function at the given point 0 0. So, this

is the objective function.

So, the gradient vector will be del fdel x 1 del fdel x 2. So, there computed as 1 plus 4 x
1 plus 2 x 2 which is del f del x 1 and minus 1 plus 2 x 1 plus 2 x 2 which is del f del x 2.
So, find out the value of the objective function at 0 0 so set x 1 equal to 0 x 2 equal to 0
and you get 1 minus 1 as the gradient vector. So, negative of this vector will be
considered as the search direction. So, s 0 is minus del f 0 is minus 1 1; compare this

two. So, I have the search direction.
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Cauchy’s Steepest Descent Method: Example

To find X, we need to find the optimal step length A,¥. For this, we minimize

JXO+ ~S(01)_/Hg}r;{ﬁln—/(_iﬂjﬂ)—jﬁ - 24, with respect to 4.

——— e —

. df :H-___-_— | o . gath_| 0 -1 |-l
Since ——=0at 4, =1, weobtain: X" =X"+48"=| |+]| |=
di, of |1
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So, once I have the search direction I can find out the estimate of the minimum in the
next iteration that is iteration number 1. So, I can find out x 1. So, how do I found out X
1?7 X 1 will be found out as X 0 plus step length into S 0. So, this is our scheme to update

the estimate for the minimum point.

So, this is same as x k plus 1 equal to x k plus alpha k s k. So, that alpha which is the step
length has to be found out and we need to find out the optimal step length. Let us call we
call the step length lambda, the optimal step length let us call lambda O star. So, what we
do is we have to minimize the function f X 0 plus lambda 0 star S 0. So, this function
becomes this put X 0 equal to 0 0, lambda 0 star and s 0 is minus 1 1. So, this becomes

minus lambda 0 lambda 0.

So, after putting X 1 equal to minus lambda 0 X 2 equal to lambda 0 in the given
objective function we get f equal to or the function equal to lambda 0 square minus 2
lambda 0. So, this has to be made minimum with respect to lambda 0. So, by for that
what we have to do is I have to take the derivative of the function with respect to lambda
0 and set that equal to 0. So, d f d lambda 0 is d lambda 0 and f at lambda is minus
lambda 0 lambda 0 is nothing, but lambda 0 square minus 2 lambda 0. So, this will be
equal to 0. So, this gives you 2 lambda 0 minus 2 equal to 0 which gives you lambda 0
equal to 1. So, the optimal value of lambda 0 which is being represented at lambda 0 star

is equal to 1. So, once you have this we can find out X 1 easily, X 1 equal to X 0 plus



lambda O star is 0 so 0 0, plus lambda O star is obtained as 1, S 0 was minus 1 1. So, X 1

is obtained as minus 1 1.
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Cauchy’s Steepest Descent Method: Example

To find X, we need to find the optimal step length A,¥. For this, we minimize

7(X +%S(n)):f(m”n'L‘ﬂ:ﬂ_ﬂmﬁu) = 47 =2/, with respect to 4,.

Sinoe 2 =0t 4 =1, we obtin: XV =X+ 480 = =
di, o] 1 | |1

-1 [0
Now, Vf, =Vj’(x‘”)=[ I}#M, Thus X" is not optimum.

We proceed to the next iteration.
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So, now, let us take the gradient of the function at this value X 1 minus 1 1, we see that
the gradient evaluated at X 1 is minus 1 minus 1. So, it is not 0 0. So, thus X 1 is not

optimum and we must proceed to the next iteration.
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Cauchy’s Steepest Descent Method: Example

fon - 2: 0.2
Iteration - 2; Now, Vf, = Vf(x?) =
1 =02
m__vf_ .
S Vfl'H Since the components of the
i T T L e gradient at X are not zero,
To mmn;nzc SAO+AST)= f(14 A1+ 2) =54 - 24 -1 we must proceed to the next
we set ﬁ = (. This gives 4 =0.2, and hence iteration.
iy 1 =08 Repeat this process until the
X®=X"+28" =[] }M)_ZH = L 5 } optimum point x* is found.
' . |10
X =
I3
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So, in the iteration 2 we will set the search direction as negative of the gradient at X 1.
So, note the gradient was the gradient at X 1 is minus 1 minus 1. So, the search direction

will be minus of this gradient so which will be 1 1.

Again | have to minimize f of X 1 plus lambda 1, S of 1 which becomes equivalent to
minimizing 5 lambda 1 square minus 2 lambda 1 minus 1 with respect to lambda 1. So,
again take the derivative with respect to lambda 1 set that equal to 0 and you get lambda
1 star as 0.2 the optimal value of the step length. Once I have that I can update X as X 2
equal to X 1 plus lambda 1 star into S 1. So, put X 1 which is minus 1 1 lambda 1 star is
obtained as 0.2 and S 1is 1 1. So, X 2 is obtained as minus 0.8, 1.2.

Now, again evaluate the gradient at this point X 2 and we check that the gradient is 0.2
minus 0.2. Note that the gradient is not 0. So, you must proceed to the next iteration, you
remember at stationary point, the gradient vector will be O the first order necessary
condition for optimality. So, gradient is not 0 neither very very small. So, you repeat this
process go to iteration number 3 and check if the gradient is 0 or very close to 0. So, you
need to repeat this process until the optimal point minus 1, 1.5 is obtained. But this two
iterations shows you how to compute in each steps. So, each step is repetition of these

steps.
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Optimization in Chemical Engineering
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Thank You
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With this we stop lecture 31 here.



