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Lecture — 03
Introduction to Optimization
(Contd.)

Welcome to lecture 3 week 1. In week 1 we are talking about Introduction to
Optimization. In today’s class we will talk about examples of optimization in various
engineering applications. So, basically we will go through some engineering applications

where optimizations can be applied or are applied.

So, we will try to find out or we will try to understand what is the scope of optimization
in such problems. In today’s lecture we will not go into the details of problem
formulations, we will do that in the next week. But in today’s lecture we will take
different engineering applications and I will try to understand the scope of optimization

technique for these engineering applications.
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So, today’s topic is examples of optimization or examples of engineering applications

optimization in engineering applications.
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Applications of Optimization in Engineering

Theory of optimization finds applications in all branches of engineering. The areas of
applications may be broadly divided as follows:

1. Design of system component or entire system

2. Planning and analysis of existing operations

3. Engineering analysis and data reduction

4. Control of dynamic systems: Optimal control/dynamic optimization
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Theory of optimization finds applications in all branches of engineering. Various of
applications may be broadly divided into four categories as follows, design of system
components or entire systems. So, there are applications which will lie under the

category of design of system components or the optimal design of the entire system.

Planning and analysis of existing operations engineering analysis and data reduction; So,
engineering analysis of data and data reduction, control of dynamic systems, which leads
to problems known as optimal control problems or dynamic optimization. This is another

important class of problems in chemical engineering.

So, although this classification is not unique, all the possible engineering applications of
optimization can be broadly classified or broadly categorized in these four different
areas. So, design of system component or entire system, planning and analysis of
existing operations, engineering analysis and data reduction, control of dynamic systems

which is optimal control or dynamic optimization.
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Optimal Design of a Can

Design a can which will hold at least 500 ml of liquid. Height = [7 12] cm, Radius =
[3 7]cm

What dimensions for the cylindrical can will use the least amount
of material?

We can minimize the material by minimizing the area, A

Objective function: Constraint:
A=2 : +27rh 2
/v‘l peild 2EER Vo=arih > 500ml
areaof lateral Bounds:
twoends area 3<r<T, T<h<10
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So, let us now take few examples and let us try to understand the scope of optimization

or how the optimization can be applied in such problems or in such applications.

First let us take a simple example of optimal design of a can. So, we want to design a
can. So, there are 2 decision variables, which we can vary and which we can find
optimally. One is the diameter or radius of the can another is height of the can is a

cylindrical can.

We are told that the height of the can be 7 centimetre to 12 centimetre and the radius may
be anywhere between 3 centimetre to 7 centimetre. Here is a restriction on the design; we
have to design the cylindrical can such that it will hold at least 500 m 1 of liquid. So,

what is the scope of optimization, how the optimization will help.

So, the question that we are asking is what dimensions for the cylindrical can will use the
least amount of material. And we can minimize the amount of material by minimizing
the area. Because may be a metal sheet will be used to make the can to fabricate the can.
So, what dimensions of the cylindrical can will be used which will hold at least 500 ml

of liquid and will use minimum quantity of material so, that cost is minimum.

So, basically we want to find out the optimal values for the radius r and the height h that
holds at least 500 ml of liquid; that means, the volume of the can is at least 500 ml and

the cost is minimum. So, there is scope of optimization because we can find out



minimum we can find out optimal values of r and h, which will minimize the cost. And

to minimize the cost we can make use of the criterion that we have to minimize the area.

So, there are 2 areas curved area curve surface area as well as area of both the ends. So,
we can find out the total area as follows. So, the objective function can be written as area
which will minimize. So, area is a function of see a both r and h how. Area of 2 ends are
both pi r square. So, 2 pi r square. So, this is the area of 2 ends and the lateral area or the

curved surface area is 2 pir h.

So, the objective function is A equal to 2 pi r square plus 2 pir h. So, we have to find out
the optimal value of r and h. So, that a is minimum, but we have a constraint; that means,
the restriction on the design which says that the can must hold at least 500 ml of liquid.
So, we calculate volume V as pi r square h and p i pi r square h must be greater or equal

to 500. So, that is the constraint.

We have bounds on decision variables r and h. So, r will lie between 3 and 7 the height h
will lie between 7 and 10. So, we have been able to identify the objective function the
constraint as well as the bounds. So, thus the optimization techniques can be found out to
find out the values of r and h that minimizes the total area a. So, there is scope for

optimization.

(Refer Slide Time: 08:37)

m

The Optimal Insulation Thickness

Economic criterion:

Total cost curve
The addition of insulation should save money
through reduced heat losses.

Cost
But the insulation material can be expensive.

Cost of insulation

The optimal amount of insulation needed can

be determined by an optimization technique.
Cost of lost energy
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Next let us talk about optimal insulation thickness. You are familiar with this optimal
insulation thickness; you have started this in your heat transfer course. Let us first talk
about economic criterion. You know that addition of insulation will lead to reduced heat

loss.

Loss of heat is equivalent to loss of money. So, the addition of insulation should save
money through reduced heat loss, but the insulation material is expensive. So, we can go
on adding insulation and by doing so, we will be reducing the heat loss and saving
money on that, but at the same time we will be spending more because you have to buy

more and more amount of insulation.

So, if you make a plot of cost versus insulation thickness as shown in this figure, you
will see that as you increase the insulation thickness, the cost of lost energy will reduce
because you will be reducing heat loss, but the cost of insulation will increase. So, if we
add this 2 you will get the total cost curve and that total cost curve will show a thickness
at which the total cost is minimum. So, at X star, at x star the cost is minimum. So, x star

is the insulation thickness. So, there is scope of optimization.

(Refer Slide Time: 11:02)

The Ciritical Insulation Thickness

Technical criterion:
8
f : ,\&{ Lo h
@ W
E Air

The conduction resistance (fl) increases W|th

the addition of insulation. But the convection
resistance (second term) decreases due to increasing
outer surface area.

o
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Let us now talk about the critical insulation thickness. Again you are familiar with this
you have started this in your heat transfer course consider insulation is being added
around a cylindrical tube and you want to reduce the heat loss. So, what you do is, you

add insulation around the cylindrical surface. So, if you go on adding the insulation



around the cylindrical surface, two things are happening. Look at this schematic; the
inside circle corresponds to the inner pi and this is the insulation. So, let us consider r i as

the radius of the pi and r is the radius of the pi after you have put insulation.

So, centre of the pi to the outer surface of the insulation that is r. So, as you go on
increasing the insulation r increases. Now, to reduce heat loss we have to reduce we have
to increase the total resistance. To reduce heat loss we have to increase the resistance
assume increase. As we increase the insulation thickness as we increase the insulation
thickness, the conduction resistance increases the conduction resistance is given by this

you are adding more material. So, the conduction resistance increases.

But as you go on increasing the insulation material, you are also increasing the surface
area the outer surface area. So, the convection resistance is decreasing. So, with
increasing r, the conduction resistance is increasing, but the convection resistance is

decreasing.

So, the conduction resistance increases with increasing thickness of insulation, but the
convection resistance decreases with increasing insulation thickness. So, if you add up
we will get how the total resistance changes with change in insulation thickness, and you

see that there is a minimum at let us say r ¢ which I call as critical insulation thickness.

So, up to critical insulation thickness between O to r ¢ up to critical insulation thickness if
you go on increasing the insulation, your resistance decreases. Beyond critical insulation
if you add insulation the resistance increases. So, there is a good scope of optimization

here, you need to know what is the critical insulation thickness.

So, up to critical insulation thickness, when I am adding the insulation my resistance
decreases. So, heat loss increases. Say it may be desired for electrical wires, where you
would like to dissipate the heat. But beyond critical insulation if you go on adding
insulation, the total resistance increases. So, heat loss decreases. So, it may be desired for

let us say putting insulation around steam pipes.

So, the knowledge of critical insulation thickness is extremely important and that can be

found out by optimization technique.
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hemical Reactor Design: Series Reaction
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Let us talk about chemical reactor design a series reaction. So, this shows a typical batch
reactor this also shows a typical batch reactor, but here, here we do not have a jacket
around it, here we have a cooling water jacket around it by can by that you can control

the temperature of the reactor.

Let us say inside this reactor, a series reaction takes place where the reactant A goes to B
and B goes to C the reaction depth constants are given. The material balances on
concentration of A B C are given they are simple mass balance equations. If we consider
non isothermal operation, we have to write an energy balance equation non isothermal of
if you have non isothermal operation; that means, we are also considering the

temperature changes.

So, you have a cooling water jacket around the batch reactor and you can write the
energy balance equation. The reactions may be exothermic so, you want to maintain a
temperature within the reactor. So, the heat needs to be taken away and that can be done

by circulating cooling water around the jacket.

So, the rate of term change of temperature inside the reactor can be written as heat
generated due to reaction A to B, heat generated due to reaction B to C and heat removed
by the cooling water. So, T J is the temperature of the cooling water in the jacket and T is

the temperature of the reactor. So, these red constants these mass balance equation these



energy balance equation constitute the process model. I want to maximize the amount of

B at final time why is optimization required.

Let us try to understand intuitively, how the concentration of A B and C will change. So,
I plot concentration versus time A goes to B. So, A only decreases C only forms. So, C
increases, but what about B? If you look at a time at very early time, there will be little
amount of B because not much of A has been converted to B, but if you wait for very

long again you will get less amount of B, because most of the B has now converted to C.

So, the concentration of B will vary as it will increase reach maximum and there
decrease. So, there will be a batch time corresponding to which there will be maximum
amount of B. So, T star is that optimal time which can be found out optimally. So, again

there is a good scope of optimization here.

(Refer Slide Time: 20:50)
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Chemical Reactor: Parallel Reaction

Let's look af a reactant, which can form a desired product D, and an A/D \5/
undesired side-product U in parallel reactions. ]

undesired side-product usually needs to be separated

D
|

'
Reactor Cost \V u

Higher conversion to D will reduce the
N separation cost, but increases the cost of
W1 Conversion (X) reactor. What is the optimum conversion?

Total Cost

Cost

Separations Cost
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Another example from chemical reactor; this time instead of series reaction let us
consider there is parallel reaction. Let us look at a reactant, which can form a desired
product D, and an undesired side product U in parallel reactions like this, undesired side

product usually needs to be separated.

Now, higher conversion of A to D will reduce the separation cost, but higher conversion
of A to D will require increased cost of reactor. So, as the conversion increases the

separation cost decreases because you need to separate less, but as the conversion



increases the reactor cost also increases. So, if you add this up, you have the total cost
and total cost shows a minimum corresponding to a conversion, which is optimum
conversion. So, you can find out optimally the optimum conversion at which the total
cost is minimum. So, we have to see that there are conflicting natures. So, while you are
increasing conversion your separation cost decreases, but reactor cost increases. So, there

will be an optimal conversion at which the total cost will be minimum.
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Pramium 2 P Petrol” and how much
of “Regular Petrol”
fegllan I 74 = ~ shouldgbe produced to
maximize the profit?
Octane Rating Price (INR/liter) | Availability (kilo
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1 70 40 200
2 80 / 50 450
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Let us next talk about a blending problem, a refinery blending problem. There is a
refinery, which makes two types of petrol’s premium petrol and regular petrol by mixing
5 different types of crude oil or raw oil. The premium petrol and the regular petrol have
octane rating. So, the octane rating must not exceed 93 for premium petrol and 85 for
regular petrol their prices are given. Similarly each of this crude oils octane rating are
specified, their price also specified and also in how much quantity these crude oils are

available that are also specified.

So, the question is, how much of premium petrol and how much of regular petrol should
be produced so, that the profit is maximized. So, this is an important problem important
real life problem, which can be solved using optimization techniques and later on you
will see that these class of problems leads to linear programming problem, where all your

objective function will be linear and all the constants will also be linear.
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Refinery Blending Problem

i Octane Rating Price (IR liter) How much of “Premium
|1}
Premium (' 93 g5 Petrol” and how much
of “Regular Petrol”

Regular ") & g should be produced to
maximize the profit?

Price (INR/liter) | Availability (kilo .
liter) X;; = liter of type i raw

Raw Oil Octane Rating

. 10 % 200 oil to make type

2 50 450 petrol

3 60 450 This is an example of
4 70 500 Linear Programming
5 75 Problem.
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This is an example of linear programming problem. It will be clear to you later, but let us

say you start thinking along the following direction.

You consider X 1j litre of type i crude oil to make type j petrol. So, there are 2 types of
petrol premium petrol and regular petrol. Let us call premium petrol as let say one
regular petrol 2. So, X i j represents litre of type i raw oil to make type j petrol. So, x 11
x12,x1xx11I,x21,x 31, x41, x 51 these are the quantities of the crude oils, which
will make premium one petrol. So, 70 times x 11, 80 times x 21, 85 times x 31, 90 times
x 41, 99 times x 51 divided by x 11 plus x 21 plus x 31 plus x 41 plus x 51 will not

exceed 93 this is a constraint.

Similarly, you can find out all the constraints you see all that constraints are becoming
linear in nature. Now, once you have these amounts, you can also have similar amounts
for regular petrol type. Since the prices are given you can find out the profit. So, that will
also be a linear equation. So, this will be an example of linear programming problem

later on we will see how to solve it.
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Diet Problem

Calories | Mi Vitamin | Cost
(per 100 | (unit per | (unit Prepare a food mix so that daily
g) requirement is satisfied.

Oat 400 5 5 10 How many gm of Oat and Corn

should be fed to minimize the cost?
Corn 100 100 20 \./

2, @O @)

minimum
Requirem
ent
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Another linear programming problem, which is of real life interest is the diet problem let
us say you have to prepare a food mix so, that the daily requirement is satisfied and let us

consider a very simple example, we are considering only 2 feed oat and corn.

The calories per 100 gram for oat and corn are given, minerals that are present in oat and
corn are given, vitamin per unit vitamin in unit per 100 gram for both the feed are given,
the cost are also given. And the daily minimum requirement is specified; that means,
2000 calorie per day is required, 1000 unit of mineral is required per day and 5000 unit
of vitamin is required per day. Let us say this is this will be used as a cattle feed and the

cattle’s required these calories per day, these minerals per day, these vitamin per day.

So, the question I ask is how many gram of oat and how many gram of corn should be
fed to minimize the cost. In the previous blending problem it was maximization of the

profit, here it is the minimization of the cost.

So, you want to optimally, you want to find out optimal amount of oat and corn, which
when mixed will minimize the cost, but at the same time the daily minimum requirement
for the cattle as specified will be fulfilled. So, this is a diet problem again, this is a linear

programming problem and important linear programming problem.
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Nonlinear Regression

Redlich-Kwong equation:

From a series of available experimental P-V-T datafor a particular gas, find the
unknown constants a and b by nonlinear regression for that gas.

Minimize the objective function

tofind a and b:
N 2

Error = Z(R,expl ’flf,calc)

i=l

273
325
373
370

= W N~ e

* . NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

7 9 o WETF

Next we will talk about non-linear regression. You know the ideal gas law P v equal to
RT, you are also familiar with Redlich-Kwong equation, which is given as P equal to RT
by v minus b minus a by T to the power half v into v plus b. In this equation there are 2
parameters a and b. From a series of available experimental pressure versus volume
versus temperature data for a particular gas, we can find the unknown constants a and b

by non-linear regression for that gas.

So, what is a scope for optimization? So, we do series of experiments 1 2 3 and then up
to n. At different temperature and volume we have the pressures. So, these are
experimental data and this pressure can also be calculated at these temperature and these
volumes using this Redlich-Kwong equation. So, the difference between the

experimental pressure and the calculated pressure is the error.

So, we want to minimize the error square. So, objective function will be the error square
summed over all experimental data. Why square otherwise if you do not take square, you
will get a wrong impression because some error may be positive some errors may be

negative they can cancel each other out and they will not reflect the reality.

So, the better estimate will be you take error square. So, error square summed over all
experimental data that is the total error, that must be minimized. So, you find out the

optimal values of small a and small b which are the parameters of these, by minimizing



this. So, this is there is a good scope of optimization and this is our non-linear regression

can be done.
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The Material Balance Reconciliation

Suppose the flow rates entering
and leaving a process are

measured periodically. 4 . Kg/h
Determine the best value for PRY
stream A in kg/h from the three :
hourly measurements of B and C.

Steady-state
operation
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A close related problem is the material balance reconciliation. Suppose the flow rates
entering and leaving a process are measured periodically, we want to determine the best
value for the stream A in kilogram per hour, from the three hourly measurements of B

and C is a steady state operation.

So, A and C stream enters, B stream leaves we have three hourly measured data. So, |
want to estimate A, you know A plus C is equal to B because it is a steady state
operation. So, we can make use of this to formulate an objective function and then

optimization techniques can be used. So, let us see how.
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The Material Balance Reconciliation

Suppose the flow rates entering
and leaving a process are
measured periodically. ) B Kg/h

— > 1 1014

Determine the best value for PRT
stream A in kg/h from the three Lo
hourly measurements of B and C.
Minimize the objective function to Steady-state .
find M,; operation i zu.sE‘_

C 2 a1

SM,)=(M, 420610147 +
(M 420610147+

= M,+211-97) +

(M, +199-1006)
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So, if the estimate of A is mass flow rate is M A. So, M A plus 20.6 will be equal to
101.4, similarly M A plus 21.1 minus 99.7 plus again similarly for the third data. So,
ideally this would be 0. So, you have to minimize these objective function. So, that will

be the best estimate for A mass flow rate of A.
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] Control of Dynamic Systems: Optimal Control

Problem/Dynamic Optimization: Optimal Reactor
Temperature

Consider a well-mixed batch reactor where species A and B react to form a product C.
The reaction is depends on the reactor tempetgture which can be varied with time.

What should be the temperature profile 2
(temperature versus time functign] which 'J(._\V‘\L
maximizes the product congéntration a
the final time?

'+ NPTEL ONLINE
IITKHARAGPUR CERTIFICATION COURSES

3 ) o W

Now, will briefly talk about 2 special class of problems, known as optimal control

problems or dynamic optimization problems.



First let us talk about optimal reactor temperature. Consider a well mixed batch reactor
where species A and B react to form a product C. The reaction is dependent on the
reactor temperature, and let us say you can vary the temperature at our will. So, the
temperature influences the outcome of the reaction. So, the product how much of product

will be formed will be depending on the temperature and the temperature can be varied.

So, the question we ask is, what should be the temperature of the reactor temperature will
the temperature be constant or we have to follow of specific particular temperature
profile. So, if I plot temperature versus time, will the temperature be constant throughout
or maybe we can take let us say some kind of temperature profile, which will maximize

the amount of C.

So, here basically the optimal solution is a function of time, you are finding out
temperature versus time function, which maximizes the product concentration at final

time, such problems are known as dynamic optimization problems.
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Problem/Dynamic Optimization: Batch Distillation

3\&“ Column = {A(,t)

iy
Product

Maximize the production of distillate
of a desired purity over a fixed time
duration by controlling the distillate
production rate with time.

Steam
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Still another example from batch distillation column; you can maximize the production
of distillate of a desired purity over a fixed time duration, by controlling the distillate
production rate with time. So, let us say the distillate production rate is say u t. So, u the

production rate is the function of time.



So, how the production rate has to be changed with time so, that we can maximize the
production of distillate of a desired purity over a fixed duration of time; this is also a
dynamic optimization problem or optimal control problem. Such problems also appears
in plug flow reactors, such optimization problems can also be formulated in fed batch

fermentation processes so on and so forth.

With this we will conclude our lecture 3 here.



