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Lecture -31
Solid - Liquid Equilibrium - 2

Welcome to the MOOCs course, Advanced Thermodynamics the title of this lecture is solid-liquid
equilibrium part 2. Since it is a continuation of our previous lecture on solid liquid equilibrium
will be having a kind of recapitulation of what we have studied in the previous lecture. So in the
previous lecture we have taken different SLE problems where a pure solids in equilibrium with
liquid then what is the corresponding phase diagram that is what we have seen.

And then corresponding equilibrium relation in order to find out the equilibrium composition for
such case of pure solids in equilibrium with liquid those things also we have develop, and then
analogously phase diagram of partially miscible solids in equilibrium with liquid those things we
have seen and then for such case also we have seen what are the equilibrium relation that can be
used to obtain the equilibrium composition for the case of partially miscible solids in equilibrium
with liquid as well. Those two cases we have seen.
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Recapitulation

Phase diagram of pure solids and solid solutions have been discussed
have also been established
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So that is phase diagram of pure solids and in solid solutions in equilibrium with liquid have been

discussed, then corresponding equilibrium equations have also been established for pure solids we

Ahfysion ASfusion
RT R

H - H H Agfusion H - -
have obtained this information that is In X; yi = WTthat IS but in general this

Ahsusion and Asrusion are available at standard temperature something like at melting temperature etc.

So but we need at certain in temperature any temperature T so what we have to do we have to
construct a thermodynamic pathway and then obtain this information at any other temperature T
as well that is what we have done. So when we have done that one then we got this expression in

. . h 5t
the previous lecture that is In X; yi =Aﬂ‘TS‘T"‘ {% - Ti} - % fTT ACY’,’ aT + R—leTT ACSHdT.

So if you assume this Acglas a constant and then do integration substitute the limits and then do

some kind of simplification then for i the component we got this relation, that is In % = A“‘TS'T"‘

sl T L. .. .
{% - Ti} + AZ” {1 - —t—In (i)} This is what we have seen this is for the pure solids.

That is even the solids are being transferred into the liquids, liquids are now transferring into the
solid phase, so even during the course of species transfer solid species remaining pure that is capital
Xi is remaining 1 maybe then weight may be decreasing our amount may be decreasing because
they are transferring to the liquid phase. We have seen in the previous lecture capital X; we have
indicated for the mole fraction of component i in the solid phase.

And then small x; as usual we have taken the mole fraction of component i in the liquid phase so
in the case of pure solids we have this x; = 1 always. So that is what we have then but in general
there may be a kind of partial miscible solutions also. Then this x; cannot be equal to 1.
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* For partially miscible solid solutions:
L N
fi = = XU = xyf;

* For the RIIS of above equation, by applying similar approach
as in the case of pure solid solutio;

) T

So for such conditions also we have developed these relations for partially miscible solid solutions

we have f;°= f''then we have capital X capital I; £°= xi yi f;'capital Xi is nothing but the mole
fraction of component a in the solid phase and then capital I; is nothing but that indicate or display
the non-ideality in the solid phase and then f;*is nothing but the fugacity of that component i in

the solid phase at certain different conditions.

Whereas small xi is nothing but the mole fraction of that component i in the liquid phase yi is
nothing but the activity coefficient of that particular component in the liquid phase which indicated
the non ideality of the system and then this £}'is nothing but the fugacity of component i in the

xyi_ ff

liquid phase at certain reference conditions. So, now this we can write it as X T
iti i

And then for this one also in the case of pure solids in equilibrium with liquids whatever the way
that we have followed for the derivation of equilibrium relation; if you follow entirely the same

pathway here also and do the simplification, then you get this In of this then you get this relation

v: Ah AcSt T,
In leL: fusTm {l _ L} + P {1 _ % —In (L)}

X;T; R T Tm, R T,




So only difference compared to the pure solids case is this this additional thing is coming here
capital X; and capital I; are coming into the picture. In the case of partially miscible solution
whereas in the case of pure solid solutions in equilibrium with liquids then this capital X; = 1 and

then if it is a pure solid then it is a kind of ideal solid so then capital T; is also equal to 1.

Remember ideality in the case of a solid is defined in the similar way as in the case of liquids that
is if the component is pure then or if the component is almost pure then we can say that is a kind
of ideal system. So if the solids are partially miscible so then they are not pure solids so then
obviously they are not ideal so there would be some capital T; information as well and then X

cannot be 1.

So they what is that X; that we have to find out in general so this is what we have seen and then
corresponding phase diagrams for whether of the cases also we have seen in the previous lecture
now what we do we take a few example problem based on the discussions that we had in previous
lecture. So, that we can find out the equilibrium composition or a eutectic composition etc. or how
we can make use of these relations to get other kind of information? Those things we are going to
see in the form of a few example problems.
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Example - 1

* The excess Gibbs energy for a binary mixture of liquid ‘4’ and
liquid b’ is given by:

9" = 6000x,x,(1 = 00005 T) -, whereT is in Kelvin.

* The solids of these species are completely immiscible. The
enthalpies of fusion and melting temperatures are as follows

¢ 9 By = ~12 L5 T, = 1000K
¢ %' By = —10 m"—’l T, = 800K

* Determine the temperature and the composition at the
eutectic point, Neglect AC3',

So example 1 the excess Gibbs energy for a binary mixture of liquid a and liquid b is given by g&

= 6000 Xaxp (1 - 0.0005 T) Joule per mole where T is in Kelvin. The solids are completely



immiscible the enthalpies of fusion and melting temperatures for either of the components are
given for component a Ahsusion iS - 12 kilo Joule per mole and then melting point is nothing but
1000 Kelvin.

Whereas for component b Ahssion 1S nothing but - 10 kilo joule per mole and then melting
temperature Tm is nothing but 800K. Now determine the temperature and the composition at
eutectic point but neglect AC3'. So AC;'that is C; - Cjis 0
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¢ SOLUTION:
* Solids are completely immiscible, we know: fi' = Xatafd and fy = x,y,,fo'

. Wch.ne:{m(x,vl) = —":T"‘L 7‘!+ ;'Ll 1_r£l._[ (r )]
L e m

AC,. is negligible, the above relationship reduces to

in(ata) = M':" { ]') In(1-x,) + Infy,) = M'“:"'" {i-;'—
Ml¥ala) =
R

In(ay) = M{ ] 2 Infx) +Infp) = "":Tm
il

* Now determine the activity coefficients fmm the excess Gibbs energy:
* Rlingy = gE = 6000(1 - 0,00057)x; m
B— - ——— —
Rty = gt = 6000(1 - 0.00057)(1 - x,)? -)

So solutions in solids are completely miscible then £5= xa ya f,'and then £ is nothing but xp s f;.

So then we have for completely immiscible system that means system is pure system that means
solids are remaining pure solids they are completely immiscible so they are completely pure so

then we have that capital X; = 1 and then capital I; is also 1.

Then whatever the pure solids in equilibrium with liquid cases say that expression we have to use

L. . . . Ah Acg!
so that expression is nothing but this one that is In X yi Z%{% — Ti} L {1 — T —

ln( )} but in the problem it is mentioned AC;'is 0. So the second term is not going to be there

and now this expression, if you write for two components so that is component a and b.



SO In Xa'\{a:

Aheystm 1 1
R

} and then this In Xa ya | can write In xa+ In ya and then xa | am writing

1-xpsolInofl-xp+Inofy,=right hand side as it is. So now T, in place of i | am writing a

- : : Ah 11
similarly for component b if you write In Xp yo = %{; —
mp

} for component b.

So here also In Xy o | can write In Xy + In yp so then we have right hand side as it is without any
change. So now we have to solve this equation actually now this Ahssion are given for both the
components Tp, T, are also given so we have to find out these temperatures and then this Xy
compositions. So two equations or two unknowns are there but you know what is this information

activity coefficient that we do not know.

But molar excess Gibbs energy expression is given so that is we can use that expression to get this

In ya because we know RT Inya = - g,=. So that is g,%is nothing but[% (ny. gE)] if you do
a T,P,np

that you know you can if you find out this differentiation whatever g that is given that g& you
write in terms of moles; g is given in terms of mole fraction that you write in terms of moles and

then multiplied by total number of moles nr.

And then whatever that product is there you partially differentiate with respect to na then again
you convert that expression in terms of the mole fraction, so that you get this one these things so

many examples we have done in LLEK, so similarly when you do this you get so that RT In ya is

6000 (1 — 0.0005 T) x7

nothing but 6,000 (1 - 0.0005 T) xZ. So from here In ya is this one that is —

Similarly RT In vy is nothing but g,%, so that is g,£ is nothing but [ainb (nT.gE)] . So

T,Png

whatever gF expression is given in the problem that is given in mole fractions you convert in terms

of moles by taking xa = % and xp = Z—” Then whatever the g expression in terms of moles is said
T T

that you multiply by nt, so whatever the product expression is coming that you partially
differentiate with respect to np.



So then whatever the final expression that comes in terms of moles that again you convert in terms

6000 (1 — 0.0005T) (1—xp)?2

= , (1 —x,)? = Xa square but

of mole fractions then you will get

(1 — x,)?you can write and then that part is nothing but equal to RT In yb. So In vy is nothing but

6000 (1 — 0.0005 T) (1—xp)?
RT )

So now this expression you can write here in place of In y, and this expression you can write in
place of In yp here.
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* Substitute these expressions into the equation above:
[6000( 1-0. 0005T)g§] bhpyer (11
@ Ty

LS L e

6000(1 - 00005T)(1 - §)°] _
RT

* Above, we have two equations for two unknowns T & x},.

in@ +

* Solving simultaneously, we get
T=656K & Xp = (.66
* Therefore, composition at the eutectic point is
X, =034 & x) = 0.66

——— —_—

6000 (1 — 0.0005 T) x? _
RT

Then what you have you have this expression In (1 - X»)+ In ya is nothing but

right hand side is as it is for the component a similarly for the component b In xp + In yp is nothing

(

6000 (1 —0.0005T
( )X o that js =22

RT

b, so now only thing unknown is in these two equation is the temperature and then this Xe.

but

and then right hand side is same as it is for a component

So we have two equations two unknowns, so when you solve these two equations you can get you
know whatever the temperature and then xy that we get as this temperature you get 656 Kelvin and
then xp you will get 0.66. So that means eutectic composition or the composition at the eutectic
point is nothing but xa = 0.34 and then X is nothing but 0.66 this is how we can solve problems on
SLE.
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Example -2

* Antimony and lead form a cutectic at 251°C and 11.2
weight %. The enthalpy of fusion and melting point
of lead are as follows:

kj o
¢ Bhpys = ~51-L 5 T, = 327.5%

* Determine the composition of lead-rich solid
solution at eutectic. State any assumptions that you

make. prabeally raredE

gt —

Now we take another example problem antimony and lead form a eutectic at 251 degree centigrade
so temperature is given and 11.2 weight percent so weight percent of this antimony is given the
enthalpy of fusion and the melting point of lead are as follows for the lead they are given as Ahsusion

is - 5.1 kilo Joule per mole and then for the lead melting point is 327.5 degree centigrade.

So determine the composition of lead-rich solid solution at eutectic. State any assumptions that
you make, so nothing has began has been given. So it is actually mentioned lead rich solid solution
at eutectic so actually one of the phase reach in one particular component if it is mentioned like
that that means it is partially miscible system or partially miscible solid solutions are there, so then

In 2= whatever that expression that we have to use. And then we have to find out what is this X;

capital Xi.
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Let the subscript “1” desi imony and “2” designate lo

B

At cutectic , i liquid solution, an unti ich solution, and lead-rich solid

solution are in cﬂuilihrium

Assume the solid solutions at the cutectic temp exhibit ideal solution behaviour = ['¢ =1

* Therefore, n_=}_@_vg_] ; =1 & I;=1 —
A R

We can also assume the change in heat capacity between solid and liquid phases is negligible Zf(__:_

Thus, relationship required to find the ¢ ition of the solid solution reduces to

. =Ah,{,,,1_1
A R (T Tn

where T is the cutectic temperature and X3 is the mole fraction of lead in the lead ~rich phasc

Find the mole fractions at the eutectic point from mass fractions

So this is the expression that we have to use in this expression whatever the things are there are
provided or not that we have to see if not provided we have to make certain kind of assumption
that is also clearly stated in the problem. So let the subscript 1 designate antimony and 2 for the
lead, so at eutectic temperature a liquid solution and antimony rich solution and then lead rich solid

solution not in equilibrium all three phases are at equilibrium that is the eutectic point.

So assume the solid solutions at the eutectic temperature exhibit ideal solution behavior because
nothing is given about non ideality of the solid phase and then that is also possible further we can
assume the liquid solution is ideal since it is only 11.2% of antimony. So it is a small fraction it is
there not negligible but small fraction only there, so then we can say that the liquid solution is
almost kind of pure solution and then we can take the liquid solution is also as a kind of ideal

behavior.

So from here capital I; = 1 and then from here small yi = 1 then we have for both the component
if you write we have this one small y> = 1 capital I'; = 1 capital I, = 1 we can also assume the
change in heat capacity between solid and liquid phases is negligible, Acglz 0 because no

information is given.



So we have to assume there is no option so that second term in the RHS is gone in this equation

this relationship required to find the composition of the solid solution reduces to this form In % =

2

Ahfus,z {i

R — i} because we wanted to find out you know this x> this is the final relation.

T Tm,

And then we have to find out this capital X> how much it is this is given this is also given, so a
data for a required temperature we have to find out this capital X> but what is this small x that is
not given but weight fraction of these two items are given. So antimony 11.2 weight percent so
what we can have we can convert them into the mole fractions and then get that small x2 so here

T is the eutectic temperature that is given, X2 is the mole fraction of lead in the lead rich phase.

That is what we have to find out and then find the mole fractions at the eutectic point from the
mass fractions whatever this 11.28% antimony and then remaining lead is there. So that weight
fraction basis we can use but these are given in the weight fraction. So, we have to convert them
into the mole fractions. So, how we can do? We need to have the molecular weight information
about these components so that we can get from the reference books.

(Refer Slide Time: 20:17)

* Molecular weight of antimony = 121.76 mLm v

* Molecular weight of lead = 207.20-%-
mal
112

2176 _
2, 8 - 0177
12176 * 207.20

» x, = 0.823

n(=|= Mff"'z
X‘ . T
) A

=2x =

ke sio0 1 )J

P~ 4314 \524.15 ~ 600,65
9318 \ozels 6000,
=X = 0045

g
—_—

So molecular weight of and antimony not given from reference books we can get this one 121.76
gram per mole and then molecular weight of lead is 207.20 gram per mole then x1 should be
because antimony we have taken as component one so x1 should be 11.2 divided by 121.76 and



whole divided by 11.2 divided by 121.76 + 88.8 divided by 207.2 that comes out to be 0.177. So

that means x2 is 0.823.

So only unknown in the previous equation that is to be solved to get the capital Xz is this small x>
that is also now we got it so this if you substitute here in this equation and then give this eutectic

temperature this T,,, is given and Ahsusion is also given Xz you just obtained so from here if you

Ahfyso 1 1
R T Tn

X2

Ahpygo 11
R T Tm,

write % =exp } and then from here Xz is nothing but
2

2 exp

So this is what we have so this is Xz is 0. 823 divided by exponential of Ahfusion IS - 5100 it is given
5.1 kilo Joule, it is given so - 5100, R is 8.314 and then eutectic temperature T is given and then
Ty, is given so all that you substitute so then you get 0.955. So that means X is 0.045. So in the
lead rich phase lead is very high almost 95.5% by moles but this is all we can solve the different
types of problems initially we can take one more example problem.

(Refer Slide Time: 22:48)

Example -3

* Bismuth (a) and cadmium (b) form a cutectic at
144°C and x, = 0.45. They are also completely
immiscible in the solid phase. The melting points for
bismuth and cadmium are 271 °C and 321 °C,
respectively. The enthalpies of fusion of these
elements are -10.46 kJ /mol and -6.1 k] /mol,
respectively. Estimate three suffix Margules
parameters based on these data? Neglect AC;*.

W "“"5“’ i

Example 3 Bismuth and cadmium form a eutectic at 144 degree centigrade and xa = 0.45 they are
also completely immiscible in the solid solutions; they are also completely miscible in the solid
phase, that means pure solids we have to take the melting points for these two components are

given as 271 and 321 degree centigrade respectively.



The enthalpies of fusion of these two elements are - 10.46 kilo Joule per mole and then - 6.1 kilo
Joule per mole respectively estimate 3-suffix Margules parameter based on this data. Let us say
the liquid phase whatever is their liquid phase non-ideality, if you described by 3-suffix Margules
equation whatever they 3-suffix Margules parameters A and B are there, that you have to find out
neglect Acglthat is Cp - C},is 0. So it is a pure solid system that equations we have to take pure
solids in equilibrium with liquid.

(Refer Slide Time: 24:04)

* Solution:
* From SLE,

* We know that

fi=fa = xarafl’

and fi=f=nmfy

e

e i )

Ahpugr
{2 b
n yl’ 1) et

*| But from three suffix Margules equation

(A+38) L
' x,,z —El",-{ 9 (4)

(4-38) 4
[T

ﬂ=

4
* Inyy = +=x D )

S0 £i5=Xa va fif and £i¥= xp b fi{. So this actually reference there something like a you know not
we can have here something like that, like this at reference temperature from SLE that is when

B

1

T

1

Tm

pure solids are in equilibrium with liquid then we have this derivation In Xa ya = Ahf“Ts'Tm
Tm
{1-2-n()}

sl
ACp
R

T
Tm

+

This is what we have it is said that this Acglis negligible or neglected that is what given in the

statement, so this part can be ignored. So now if you write this equation for two components

1

{__

T

Ah fusTmg
R

component a and component b so In Xa ya = L} So whatever In ya Xa that we can

mq

write In ya + In Xa S0 that In X, if you bring it to the left hand side we have - In Xa.



Ahfus,Tmb

Similarly for the second component if you do In vy, = {1— i} In Xp. So these two

R T  Tm,

relations are there, so here this Ahrusion are given T,,'s are given T,, Ty, are given and then T is

also given Xa is also given. So Xy is also known so only thing that you know In vya In y, are not

known. So far we do not need them we need corresponding 3-suffix Margules parameters A B.

So whatever the 3-suffix Margules equations are there, so corresponding In ya In yp equations we

A+3B 5, 4B
x

how to use. So from 3-suffix Margules equation we have In ya, = X — —xb and then we

-3B
RT

have In vy = A xZ + %xé. So now in place of this In ya you substitute this one and then in

place of In yp you substitute this one then what we will have are substituting or maybe equating
this equation 2 and 4 and then equation 3 and 5 if you equate.
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* Equate equations (2) & (4) and (3) & (5)

(A43B) o 48 3 _ Ahfugry |1

¥ iy ST g T e e I -In -)
RT P gD AR U
e

(A=3B) 2 4B e Ahf“”mb
. — _— —_— e ] - -)
And o Xq +wxa ? lnxb (“

* Now substitute x, = 0.45, x, = 0.5:, 544 15K, 1 =5U15K T=41715K
= -~
o (A+3B)(055)*~4B(055)° _ ~10460( 1
8314x417.15 8314 [41715 sws] i 4") 26 ’
o (A-3B)(045)*+4B(045)° _ -6100 1 1 o
8314x417.15 T 8314 [417 15 5‘)415‘ ll] & 55 (9)

* By solving above two equations, we can obtain

A= 1157]/mol and B = ~90.3]/mal .
___,_'_ﬂ___ﬂ_,_.,-—'—' o

A+3B Xz — ﬂxb = right hand side of equation 2 that is

Then we have In ya is nothing but

Ahfus,Tma 1
R

! } In Xa then equation number 3 that is In y, = we are having. So In yp is nothing

T mq

A-3B

but xZ + %xﬁ for 3-suffix Margules equation and then = right hand side whatever we have

ME__ In x
R T Tm, b-



So here we know this Xa is given so Xy is also be known T, is given T, is also given eutectic
point temperature T is also given so in this equation everything is known except A and B. So we
have two equations, so in these two equations except A and B you substitute all these values here

so then A + 3B when you substitute all these values in the equation number 6 you will get

(A + 3 B)0.552 (4B)0.553 _ — 10460 { 1 1

= — } -1In 0.45.
8.314%417.15 8.314%417.15 8.314 417.15 544,15

(A — 3B)0.452 (4 B)0.453

Then these values if you substitute in equation number 7 then we have
8.314%417.15 8.314%417.15

_ —6100 { 1 1
41715  594.15

314 - } - In 0.55. So, these two equations we are having and then these two

unknowns A and B are there so if you solve these equations two equations then you will get a as

1157 Joule per mole and then B as - 90.3 joule per mole.

So 3-suffix Margules parameters A and B you can obtain like this. Like this different types of SLE
problems can be solved using the equation equilibrium relation that we have established in the
previous lecture.
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Engineering and chemical thermodynamics by Koretsky; which is an excellent book for SLE
problems with this we have completed all the lectures of this course advanced thermodynamics

thank you very much for your attention. Thank You



