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Flow of Viscous fluid-Introduction

Welcome to massive open online course on a Fluid Flow Operations. In this lecture, we
will discuss something about flow of viscous fluid as a part 1. And we have, previously
discussed about the basic principles of a fluid flow operations and what are the
governing basic equations by which we can represents the fluid motion by mass
conservation, energy conservation and momentum conservation equations and that the

equation specifically used for non viscous fluid.

Now, if there is a viscous fluid, in case of real fluid that how this fluid will be behaving
and also what should be the governing equations that we will discuss here. And in that
case, one important equation it is called the Navier stokes equation. And how this Navier
stokes equation can be derived and what will be the final form of the Navier stoke
equation and how this Navier stroke equation can be used to represent the application of

different fluid flow in a different processes.

So, let us have the derivation of this fluid flow operations for this viscous fluid flow in

this lecture.
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Viscous Flow

® The deal fluid is non viscous

» With the ideal fluid assumption we have derived and discussed
the basic equations of flow

® |n nature in practical no fluid is of zero viscosity
® The fluids having viscosity are known as practical or real fluids.
» The flow of real fluids is known as practical or viscous flow

» Due to the viscosity, the real fluids differ from non-viscous ideal
fluids.

» |} offers frictional or shearing resistance to the motion of the fluid

= A continuous supply of energy is required to overcome this
shearing resistance

Before going to that, we have to know what is that viscous flow? Now, the ideal fluid is
non viscous you know that we have already discussed in our pervious lectures. And with
the ideal fluid that assumptions that we have made and discussed that the basic equations
of the flow of mass conservation by equation, even energy equation that is mainly

Bernoulli’s equations and how it is derived actually we have discussed.

Also, momentum equation in the previous lectures we have derived the momentum
equation as well as it is application in different processes like how is it pump is working
on that momentum equations and also, how j depend what is that other applications of
this momentum whenever fluid is thrusting on a solid surface, how that momentum will
be changing and it is a fluid directions and also how this force will be balanced by that
solid surface in the opposite direction that is in perpend; that means, opposite directions

as per Newton’s third law.

Now, in that case, of course, those are you can say that ideal fluid that is non-viscous.
But in case of viscous fluid, that necessary in the practical that no fluid will be that non
viscous. All the viscous, all the fluid in the real fluid it will be a viscous. So, there will be
no fluid that will have 0 viscosity. And also, we can say that or we can called this fluid
with which such that viscosity as a real fluids and the flow of that real fluids is known as
practical or viscous flow. And due to this, viscosity of this real fluids that will differ from

the non viscous ideal fluids and this viscous fluid will offer some frictional or shearing



resistance to the motion of the fluid. Even whenever, it will be in motion, you will see

there will be some angular deformations of the fluid element will occur.

So, whenever we will go to derive this Navier stroke equation there, so we will consider
that what will be the shear stress, angular deformation, elongation, contraction and also
mass conservation equation they are also when different forces that acting on the fluid
body that will be discussed. And also, if we continuously supply energy which will be
required to overcome this shearing resistance whenever any viscous fluid will offer some

resistance to flow.

So, this is called viscous which will be really totally different in case of real fluid

compared to the ideal fluid.
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Basic Equations of the Fluid Flow

‘-Principles of Conservation of Mass Flow
(known as Continuity Equation)

» Principle of Conservation of Energy
(known as Energy Equation)

® Principle of Conservation of Momentum
(known as Momentum Equation)

Now, we have discussed that what is that basic principles of that ideal fluid like
continuity equation, energy equation and the momentum equation earlier. So, those basic
equations of course will be required here to discuss this viscous flow and main viscous
flow is called that is real fluid flow and which will be representing by the Navier stroke

equation.
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Equation of motion for viscous flow:
Navier Stokes Equation

T Consider an elementary rectangle of fluid of side dx, side dy and thickness dz |
as shown in Figure, and apply Newton's second law of motion. |
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Balance of forces on a fluid element:
(a) velocity; (b) pressure; (c) angular deformation

So, in that case, you have to consider some fluid element in the fluid flow to represent
fluid flow even what should be the velocity, even how this velocity will be changing in
the x, y and z direction and also how this pressure will be changing and how angular
deformation will occur in this case. Now if you look at this figure like this a and this a
figure will show you that some elementary rectangle of the fluid of side d x and d y and d
x, d y. Accept this d x, d y, you can have other directions in the z direction whose length

of course will be considered as d z which is here perpendicular to this slide.

So, if you consider that elementary rectangle of fluid of sized x,dyanddz,dzis as a
thickness we can apply the Newton’s second law of motion here. So, in this case, if we
consider that a velocity of the fluid element as u in the x direction, then within a strip of
this element; that means, of thick of side of length is d x, then from this side at a distance
d x what should be the velocity change? That will be u plus do u do u x into d x. So, this

is you change of velocity in the x direction.

Similarly, in the y direction, it will be changed if it is at this space the velocity is v and at
a distance of d y of this strip, then what should be the velocity? It will be v plus do u v do
uy into d y. So, this will be your representation of the velocity, how it will be changing
for a smallest strip of a fluid element of side d x, d y and d z. And similarly, we can
represent the pressure change in the x and y direction, like in the x direction, if we apply

some pressure here as P, then in the other side of this stream what should be the pressure



will be acting that will be increase of pressure or decrease of pressure, based on that fluid
element the movement. So, it will be P plus do u p do u x into d x. So, this x direction at

a strip length of d x, the change of pressure will be P plus do u p dou x d x.

Similarly, in the y direction, we can say that pressure will be changing from this P to P
plus doup douyd2dydoup; douy is the pressure gradient in the y direction.
Similarly, do u p do u x is the pressure gradient in the x direction. So, push total here in
this phase what should be the pressure change that will be is equal to do u p do u x into d
x this will be your pressure change; that means, how much pressure will be increasing or

decreasing in this space.

Again, if we represent the angular deformation whenever fluid will be moving at a
certain direction, you will see due to this viscous effect, you will see there will be a
deformation of the fluid; that means, surface or you can say fluid layer over another one.
So, in that case, if we suppose have these suppose due to the viscosity effect and it is
flow, if there is an elongation like this in this direction, then you will see how this surface

of this fluid element will be deforming from it is original position.

So, this is the angle at which this deformation of the fluid element will occurs at a certain
velocity. So, it can be represented by this shear stress, even also you can say that will be
pure shear strain also. So, shear stress will be changing in this direction that will be
represented by tau. So, tau in this x direction will be changing as tau plus do u tau do u x

into dx. And here, in this y direction tau will be reacting as tau plus doutdouydoud

y.

And the angular deformation by if we consider that angles that have made after this
deformation, it will be as in this side it will be gamma 1 and this side it will be gamma 2.
Then, the rate of deformation of this angular angle that will be called as angular
deformation, this angular deformation will be represented by do u gamma do utor d
gamma d t, how much angle will be changed with respect to time whenever it will be
flowing within a short period of time that the elementary of element and it will be

changed because of this viscous effect.
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Navier Stokes Equation derivation

-0 (d) relation between fensile stress and shearing
stress by elongation tfransformation of x direction;
) (e) velocity of angular deformation by elongation
and contraction

Now, if we see this diagram here, very interesting that there will be some elongation
deformation in this x direction whenever you are stressing this fluid element in this x
direction or y direction, you will see. In the x direction, if you are stressing that there will
be a contraction in this y direction whereas, elongation will be in the x direction. Again if
you suppose stress this y direction, the contraction in the x direction and elongation will

be in the y direction.

Now, that elongation will be represented by this do u gamma do u t and in this case, see
dotted line after elongation it will come. So, here if we represent this as unit of this
length as 1, so if it is elongated, after elongation if the position is like this and before
elongation if it is suppose like this, then what will happen? You will see there will be
formation of this elongation of this time t. So, this will be represent by do u gamma do u
t. We will show later on that how related with this velocity with this elongation, later on

we will derive ok.

First of all, we try to understand what is this actually? So, here see in this direction x
direction, there will be some force applying and because of which there will be this there
will be a change of elongation, angular deformation, elongation given even something
contraction also. Now, after this elongation or contraction if we represent this y this

dotted line, then how we can represent it here, this to this length ok. It will be your root



over 2. Why this will be root over 2 because this length and this length is considered as a

1 unit and 1 unit.

So, this one will be your root over 2; that means, root over 1 is plus 1, this will be root
over 2. And of course, in this case due to this along elongation velocity, the velocity
gradient is dou u dou x. So, this one will be coming as again root over dou u dou x
because in this direction it will be, what is that in the y direction there will be dou u dou
x and in this x direction it will be dou u d dou y. So, similarly, you can calculate what

would be the portion of this length that will be your root over 2 dou u dou x.

Now, d represent here the relation between this tensile stress and the shearing stress. This
sigma x is called tensile stress and tau is called shearing stress by this elongation
transformation of in the x direction. Now, velocity of the angular deformation by the
elongation is represented in figure e. And this case, if you are considering that

contraction, that also you can have instead of y elongation.

So, in the same way, the same angle of deformation will be happened whenever it will be
contracting by stressing and in the other way, it will be elongated in the same angle.
Now, due to this elongation, there will be a contraction or elongation at a certain length.
So, that length will be changing with respect to time that will be your dou u dou x. So,
this will be your dou u dou x, here also negative of dou u dou x. Here also, this
contraction if it happened, then here it will be your dou u dou v dou y, even this one also

minus dou v dou y.

So, if we represent these suppose in the x direction, there will be a contraction that
contraction will be represented by this here dou u dou x and here in the y direction, it
will be dou v dou y. Since, the contraction in the y direction is in the negative direction.
So, it will be actually represented by negative sign. So, it will be minus of dou v dou y.
Now, the elongation and contraction both will be same. So, that is why, dou u dou x into
one that will be Is equal to minus dou v dou y into 1. So, this will be same there, rho

contraction and elongation both will mean the same in scalar size.
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Navier Stokes Equation derivation

® The equations of Forces acting on this elementinx, y
and z drections are F(F,, F,, F,), can be expressed as
follows:

The right-hand side of Eq. (1)
expresses the inertial force which
is the product of the mass and
acceleration of the fluid element.

The change in velocity of this
element is brought about both by
the movement of position and by
the progress of fime.

Next of course, whenever fluid will be flowing, that fluid element will rehearse some
force there. So, what are those forces the acting on that element in x, y and z directions?
So, those force will be represented by F. So, F in x direction that will be F x, F iny
direction that will be F y and F in z direction, it will be F z. And this, the components of

this force in x, y and z directions will be represented by this equation 1.

Now, F x will be is equal to you know that m into that is mass into acceleration. So, mass
is rtho into d x d y d z; rho is the density of the fluid; d x, d y, d z is the volume of the
fluid. So, density into volume it will be mass and d u by d t, it will be your acceleration.
So, mass into acceleration, that will be your force. So, F x in the x direction, the force

will be like this.

Similarly, in the F y; that means, in the y direction, what should be the force? That would
be represented by again this mass into acceleration in the y direction that will be d v d t.
Similarly, F z the force acting in the z direction that will be mass into acceleration in the
z direction that will be your rho d x d y d z into a acceleration in the y direction. Here, u,

v and w are the velocities in x, y and z directions respectively.

So, right hand side of equation 1 that will express the inertial force which is a product of
the mass and the acceleration of the fluid element. And the change in the velocity of this
element is brought about both by moment of position and by the progress of time. So, in

this, way we can represent the force.
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Navier Stokes Equation derivation

The velocity change at time dt is expressed by the following
equations:
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Now, if we consider this d u by d t here, what should be that d u by d t here? First of all,
the velocity change at time d t can be expressed by this equation here. This d u will be is
equal to the x, y and z direction are component and it will dou u dou t into d t plus dou u
dou x into d x plus dou u dou y into d y plus dou u dou z into d z. So, this is your

velocity change at time d t.

Now, if we divide both sides by d t, then we will get here d u d t that will be is equal to
dou u dou t plus dou u dou x into d x by d t and dou u dou y into d y by d t here. So, it is
here and this one this and this one here and this one here and this one, you are getting
like this. So, finally, you can represent it as what is that dou u dou t here and in this case
d x by d t will be represented by u; that means, in the x direction, what will be the
velocity of this fluid.

So, here u into dou u dou x and this dou u dou x is the velocity gradient in the x direction
there. Similarly, it will be v plus v into dou u dou y and w into dou u dou z. So, this is
your from this dou expression, you can express what will be the acceleration in the x
direction. Similarly, in the y direction, what should be the accelerations; so, it will be d v
by d t. Similarly, you can have this dou v dou t plus u into dou v dou x plus v into dou v
dou y plus w into dou v dou z by substation or by dividing this d v if you are

representing d v by d t form this equation.



Similarly, in the z direction what will be the d w by d t; that means, the acceleration in
the y direction that will be coming as dou w dou t plus dou w dou x into d x d t plus dou
w douy dydtplus dou w dou z into d z d t. That will be is equal to dou w dou t plus u

into dou w dou x plus v into dou w dou y plus w into dou w dou z.

So, this 2, 3 equation number 2, 3 and 4, you can have the representation of acceleration

in the x, y and z directions respectively.
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Navier Stokes Equation derivation

Substitution of velocity change equations (2, 3, 4) into
equation (1), we can get
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Now, after substitution of this acceleration terms doududtdvdtand d wdt, we can
have this force in the x direction as mass into acceleration. This acceleration terms we
are substituting here and then, F y that will be is equal to mass into again that
acceleration terms from equation number 1. Here, F z also this is the equations for the

force balance here F z and this is your equation number 1.

If we represent this F x, F y and F z by substituting this d y d y d v d t this is acceleration
terms, then we are getting this equation number 5 to express the force in x, y and z

directions respectively.
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Navier Stokes Equation derivation

The force F acting on the elements comprises:

The body force: Fy (B, B, B,)
The pressure force: E(P})@ g
The viscous force: F(8: 8, %

—

In other words, the aforementioned forces are
expressed by the following equations:

After that, now question is that force is applying. What type of force actually applied in
the or acting on this fluid element. There are different types of forces that could be acting
on the elements. That forces comprises of this body force, pressure force and viscous

force.

The body force will be represented by here F B and this F B will have three components
of this body force in the x, y and z directions that will be represented by F into B x, that
is as a function of that is B x, B y, B z; that means, in the x, y and z directions the body
force will be B x B y B z. Similarly, pressure force in the x direction, y direction and z
direction, it will be P x, P y and P z and total force resultant pressure force will be F B
there in the element. And the viscous force, this F S it will be the viscous force and again

it will have three components in x, y and z directions. It willbea S x, Sy, S z.

And in this case, very interesting then that in the x direction. Particularly in the x
direction, what should be the total force acting on the fluid element. So, in the x direction
this F x will be is equal to that summation of body force in the x direction, pressure force
in the x direction and viscous force in the x direction. So, total in the x direction, the
force summation of this body force pressure force and viscous force in this particular x

direction.

Similarly, in the y directions, the summation of components in the body force, pressure

force and a viscous force in y direction to be considered here; similarly, F z in the z



direction what should be the summation of components of these x, y and z directional
components out of which in the z directional components will be added a for this body
force, pressure force and the viscous force there. So, in this way, equation by equation
number 6, we can represents the total force in the x direction, y direction and the z

directions they are respectively.
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Navier Stokes Equation derivation

The Body Force: Fy(B,, B,, B,)

® These forces act directly throughout the mass, such as:
»the gravitational force,
®the cenfrifugal force,
wthe electromagnetic force, etc.

Puﬁing@nc@os the x, y and z axis components of
such body forces acting on the mass of fluid, then

i

B, =é%dxdy€v’§ v
B = Voddydz g
B, = Zpdxdydz B

Now, what should be that body force, how this body force will be calculated? Now, this
force actually act directly throughout the mass. So, such that the gravitational force it
will be there, centrifugal force it will be there or other different types of forces
electromagnetic forces and etcetera. Now, if we substitute this x, y, z as the this forces as
the x, y, z axis components of such body forces. So, body forces will be represented as a
here x, y and z in the z direction. Then, the B x can be represented as what is that here; x

into tho d x, d y and d z. So, this will be your body force in the x direction.

What is this here, force into what is that this here rho into d x d y; that means, here mass
into acceleration that will be your x. Similarly, here v y it will be y intorhod x dy d z.
Similarly, B z will be B z rho d x d y d z. So, in this way, if we put this x, y, z as a
acceleration of components in the X, y, z directions and then, body force will be

calculated by this equation number 7 in this way.
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Navier Stokes Equation derivation

The Pressure Force: F,(P,, P,, P,)
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The pressure force again will have three components like P x, Py, P z. So, P x will be a
calculated if you look at this picture here that the pressure force is acting on the surface
of this fluid element in the x direction, then here in the x direction what will be the a
force acting here, what is the cross sectional area that will be d y d z, then what will be
the pressure then what will be that total force in this acting in this space, then it will be p

intodydz.

Similarly, the opposite side the pressure will be acting in the opposite direction it would
be p plus dou p dou x dx into dy dz. So, this is your in the opposite side. Similarly, y
direction in this you will get and here in this in this direction you will get this pressure
difference is there. So, if we have this pressure; that means, here effective pressure in this
x direction it will be P into d y d z minus of this; that means, here P plus dou p dou x into

dxintody,dz.

So, it will be here and after subtracting this components finally, it will be coming as
minus of dou p dou x into d x d y d z Similarly, in the y direction, if we have this
balance of this pressure forces, it will be p y it will be is equal topintod zd x hered z d

x y because this one is your d z and this is your x.

So, this will be your d z dx. So, here pressure force will be in this direction, it will be
what that p into d z d z, dx; similarly, from the other side of this y direction, it will be P
plus dou p dou y into d y, then it will be in to d z d x. So, finally, after subtracting you



can get this minus of dou p dou y into d x d y d z. So, similarly if you calculate the
pressure force in the y direction, then you can gave this p z will be is equal to what

minus doupdouzintodx,dy,dz

So, in this way, we can easily calculate what should be the pressure force and in the x, y,
z direction what will be their components. Now, considering that viscous force, this
viscous force is a little bit con complicated because whenever the fluid will be flowing,
there will be a frictional force and because of which viscous effect you will see there will
be a angular deformation. And this deformation will be sometimes, you know that two
types of air what is that we have discussed earlier that there are two components of this
force; one is the called here that is I think you told that one is tensile stress and other is

shearing stress.

So, we have discussed in this figure what will be the tensile stress and shearing stress.
Now, if we first consider this forces sources are there because of this angular

deformation of this fluid flow in the x direction, what should be the force.
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Navier Stokes Equation derivation

The Viscous Force: Fq(S,, S, $,)

® Force in the x direction due to angular
deformation, §,,

= Putting the strain of the small element of fluid .—

= The coresponding s||ess is expressed as
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Now, putting the strain of the small element of fluid gamma, then here the corresponding
stress will be expressed as by this. So, here it will be tau, will be is equal to tau x y plus
tau X z. So, in this case this is in the x direction. So, it will be mu into what will be that
rate of deformation here viscosity into here this is the coefficient of viscosity and d dou

gamma dou t is the angular deformation here.



So, finally, you will get this how to calculate this dou gamma dou t here; dou gamma dou
t it is actually by mu into dou u dou y plus dou v dou x and plus dou u dou z plus dou
omega or d w d x. So, similarly here S x 1; that means, here what will be the angular
deformations that will be is equal to dou tau x y dou y plus dou tau x z dou z into d x, d
y, d z and final if you substitute this, tau x y tau x z there then you can have this. Now, at
steady state condition or in the only two dimensional case you will see that in the z
directions there will be no stresses or angular deformations in that case, this part will be
equals to 0. And then finally, you are getting this mu into dou u dou y squared minus dou
u square u 'y dou x square plus dou to u by dou z square into dx d y d z. So, this is your S
x 1; that means, called the force the in the x direction that will be due to the angular

deformation.
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Navier Stokes Equation derivation

® Force in the x direction due fo
elongation transformation, §,,

® Consider the rhombus EFGH inscribed
in a cubic fluid element ABCD of unit
thickness as shown in Figure which
shows that an elongated flow to x
direction is a confracted flow toy
direction.

® This deformation in the x and y
directions produces a simple angular y,
deformation seen in the rofation of the !
faces of the rhombus. i

And, what should be the force in the x direction due to the elongation transformation

there due to the stress; that means, here elongation or contraction.

Consider the rhombus shear of E, F, G, H that in striped in a cubic fluid element of A, B,
C, D in this figure of unit thickness if you are considering as shown in this figure and
which will show you an elongated flow to the x direction and also parallelly a
contraction flow in the y direction. So, this deformation in this x and y directions that
will produces a simple angular deformation that is seen in the rotation of the phases of

this rhombus shear. So, whenever it will be rotating, then of course, you will get this



deformation because of this elongation and contraction. So you have to consider what
should be that elongation and how this elongation or contraction rate or angular
deformation rate will be changing in the x and y directional components of the fluid

velocity.
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Navier Stokes Equation derivation

» Now, calculating the deformation per unit fime,
the velocity of angular deformation dy/dt
becomes as seen from Figure (e).

Therefore, a shearing stress acts on the four
faces of the rhombus EFGH.

@ 6;/ au B
ot 6x

Now, in this case, calculating this deformation per unit time the velocity of angular
deformation; that means, the d gamma by d t that will become here this 2 dou u dou x

divided by root over 2. See here in this case finally, you can get dou u dou x.

So, this is your what is that here in this direction, what would be the value for this? Here,
it is given this direction here it is given what should be that root over dou, root over 2
into dou u dou x and here this is your root 2. So, this where this is a your before
elongation or after elongation what is that, how from this, what will be the angular
deformation from this, how it will be coming from a. So, after if it is suppose in this
direction, in this direction there will be an elongation. Now, after elongation this will be
changing a root over 2 dou u dou x and this is this was this was your initial length. So, a
final divide by initial that is increment and this, so it will get the elongation angular
deformations which will be dou u dou x. Therefore, a shearing stress that acts on the four
phases of the rhombus efgh shear. So, in that case, tau should be represented as a mu into
dou gamma dou t. So, that will be equals to mu into dou u dou x, that will be based on

this angular deformation. So, by equation 12 you can represent this shear stress.
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Navier Stokes Equation derivation

» For equilibrivm of the force on face EG
due fo the tensile stress o, and the shear
forces 1 on EH and HG !

G, = 2427 08 45° =@ (Eq. 13
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Similarly, for equilibrium of the phase that force that acting on this phases, to
equilibrium condition; that means, for equilibrium of the force on the phases that easy
due to the tensile stress sigma here as per this diagram shown, so in the shear force tau
on this E H and here ¢ E S in this figure E H E H. Then, this shower that is shear force
tau on the E H and H G how it will be there what will be value in that case. Sigma x will
be the representation of this equilibrium tensile stress. So, this tensile stress in this x
direction it will be is equal to 2 into root over 2 tau cos 45 degree as punctuate here, it
will be coming as 2 tau. So, sigma x will be is equal to what 2 mu in to dou u dou x here.

So, this is your tensile stress.

So, we got this shear stress here as mu into dou u dou x whereas, this tensile stress is 2

into mu into dou u dou x, that will be 2 times of this shear stress here.
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Navier Stokes Equation derivation

® Considering the fluid element having sides
dx,dy and thickness dz,

® The tensile stress in the x direction on the
face at distance dx becomes

And if we consider the fluid element that having sides dx, dy and thickness d z and the
tensile stress in the x direction on the phase at a distance d x, that will become a what is
that sigma x plus d x that will be is equal to sigma x plus dou sigma x into dou x into dx.
This will be your incremental a what tensile stress. So, at this x plus dx, what will be the

tensile stress, you can obtain from this equation number 15.
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Navier Stokes Equation derivation

» Hence the tensile stress in the x direction acts on
the face of area dzdy, so the force §,,in the x
direction is —_——
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Now, after getting this equation number that is equation for what is the tensile stress and

shear stress, then tensile stress in the x direction acts on the phase of area thatisd z, d y.



So, finally, we can calculate the force S x 2, that is called a tensile stress in the x
direction, so what will be is equal to minus sigma x into d z d y plus sigma x plus d x, d
z, d y. Then, what will be the after subtracting, it will be coming as dou sigma x dou x
into dx d y, d z. So, it will be is equal to 2 into mu into dou u dou 2 u dou x square 2 d x
d y d z. So, this is your final S x 2. S x 2 is what? S x 2 what we have represented this S
x 2 we called it that force in the x direction due to the elongation transformation,
elongation transformation. So, this elongation transformation, elongation transformation,

you can have a from this equation number 16 the x direction.

So, we can summarize it in the x direction. It will be what is that S x 1 and S x 2, what is
S x 2. This is S x 1 is the elongation transformation and S x 2 is the what is that angular
transformation or angular deformation elongation transformation and other S x 1 is the
what is that angular deformation. So, S x 1 is the angular deformation that is force acting
in the x direction. And this is your elongation transformation is S x 2. So, here S x 1 and
S x 2 angular and elongation, this two transformation to be added in the x direction to get

this tensile stress here.

So, this tensile stress, so what in x, the direction we are getting this equation here.
Similarly, this here and for z direction, this will be your equation. So, equation 17 will
give you that a S x that will be is equal to a x plus S x S x 1 plus S x 2. So, finally, you
are getting these things.
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Substituting egns (7), (8) and (17) into eqgn (6), and comparining
with eqn (5) the following equation can be obtained:

ou ou ou 0 op|/(u o'u O 9
Bty —+w—\=jp U —+—— .
N & 6x o'y o :
[ (o o o o)) Sl (e o o) | |Pg
e ti—+v—+w— | pVH—Hl —+—+—— R
o & d oz y [\\&x™ oy oz _gg
| [« )
ow ow ow owl L|dp\ [o'w w Ow|)[FEE
0| —+U—+V—+W = P4 =\ —2+—2+—2 ) s'g
g @& } oz (\ox" o 0oz} 9Z§
P £8%

&

’b’ .
Body force  Pressure Bus
term term ey



Now, after substitution of this body force and pressure force and tensile, what is that
force due to this angular deformation, if we substitute all those components in equation
number 1, then we can get what is that we can finally, represent it by this equation here
rho into dou u dou t plus u dou u dou x plus v dou u dou y plus w dou u dou z is equal to
rho x minus dou p dou x plus mu into dou 2 u dou x square plus dou 2 u dou y square

plus dou 2 u by dou y z square.

So, this is your equation based on this substitution of S x 1 and S x 2 and also this
pressure forces and then body forces and this body forces. Then, after substitution all this
equations here in equation number 5, then we can have this final form of equation here
like this one. So, this whole equations will be called as what is that Navier stokes
equation. These equations is used for actually assessing different fluid motion in this
viscous flow. And these equations have think four components here. This part is called
the inertia terms, here this part is called inertia and this part it is called that body force
term and this terms is called the pressure term and these are called as what is that viscous

term.

So, this Navier stokes equation will have total four terms, that is one is inertia, another is
body force, pressure force and the viscous force. So, all those things will be considered
whenever you are representing any fluid motion in a general way that you have to
calculate based on the assumptions whether these components will be there or not. Based

on these equations, you can finally get some equation to represent the fluid motion.
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Cyllindrical Coordinate System

The continuity equation in cylindrical coordinates for constant density is

10 10 0

2 )0

7 or rof 6z Al
Normal and shear stresses in cylindrical coordinates for constant density and
; viscosity are

o [ a[vyj 1av,}
cr,.,_=—p+2pa—’ el T = U T—| = =0
/a

or\r) rof
1dv, v
=opal Z 20 y lavz
o ror=#[7;+769} 4
1ov. v
- 20 Blie v, o,
S o LA

And this Navier strokes equation can also be represented by other system like cylindrical
coordinating system. So, in that case, it will be represented by this equation. And in that
case sigma r in the direction that is cylindrical coordinates and this one sigma theta

sigma z and tau r theta tau theta tau and what is that tau z tau.

So, these are the final equations for the Navier stroke equation in the cylindrical co-
ordinate system and you can apply also this cylindrical systems for the particular

operations either by Cartesian coordinates and even by cylindrical coordinates.
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Cyllindrical coordinate system

The Navier-Stokes equations in cylindrical coordinates for constant
density and viscosity are
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And other components of this here cylindrical coordinates for this Navier stokes equation

is are component, theta component and the z components will be represented by this

equations.
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Example

Tt i Assumptions:
W
Liquid flow down an inclined (1)steady flow (given),

plane surface Il'.} d ST(_%Ody' fully (2)Incompressible flow; f= constant. v/
developed laminar film of (3)No flow or variation of properties in
thickness h as shown in Figure. the z-drection;w=0and_

(4)Fully developed flow, so no

properties vary in the x direction;

/Wite continuity and Navier-

,__———__/
Stokes equations simplified to
model this flow field as per :
assumptions. A
o

/b= mm
/

b=lm L/

And like one examples, let us have an example like if any liquid flow down ward
through an inclined plane of surface in a steady fully developed laminar film of thickness
is as shown in figure here in this. And in this case, can you write the continuity and
Navier stokes equation simplified to model this flow field as per assumptions here; what
is that assumptions here? It is a steady state flow and incompressible flow in that case of
course, density will be constant and here no flow or variation of properties in the z
direction. So, w is equal to 0 and fully developed flow. So, no properties vary in the x

directions there.
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Solution
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So, if we apply this Navier strokes equation based on these assumptions,we can have this
dou u dou x will be equals to 0 and dou u dou z will be equals to 0. So, only this terms
will be remain there in the continuity equation. So, it will be coming dou u dou y will be
equals to 0. Other terms in this case here you will see this terms will be 0, this terms will
be 0, this terms will be 0, this terms will be 0 as per assumption. So, here only thing is

that rho g x in the x direction, what will be the gravitational force components.

And here, dou p dou x will be equals to g r here 0 because there will be no change of
pressure in the x direction. And there will no what is that here viscous force in this x
direction, but there will be viscous force acting over this y direction; that means, here
there will be velocity gradient in the y directions due to this viscosity and that is why this

components will be remain same in the x direction.

And other, in the y and z directions here, all other terms are here like this one will be
cancelled, this one will be cancelled, this one will be cancelled and in the y direction of
course, there will be a gravitational force. So, you have to consider this and also in the y
direction, in this case there will be a in the y direction, there will be a pressure gradient

so that you have to consider. Other terms will be neglected.

And here in the z direction, no other things will be considered here, but in the z direction,
dou p dou z will be considered here in the z directions. Here also, you can say in the z

direction, there will be a certain change of pressure. So, this one will be cancelled out if



you are not having any pressure gradient in the z direction, then you can also neglect this

dou p dou z here.
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Continuity Equation Navier-Stokes qu\uﬁons

Ve
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So, finally, continuity equation you are getting this one, dou u dou y will be equals to 0
and as per Navier stokes equation. After simplification, we are getting here rho g x plus
mu in to dou u dou y that will be equals to 0. Similarly, here 0 will be is equal to rho gy
minus dou p dou y this one. So, this two equations based on the Navier stokes equation.
And finally, from this equation, you can have this dou d 2 y by d y square that will be

minus rho g x mu.

Now, this g x in the x direction as per diagram here, the x direction what will be the here,
we are considering this x direction in this here the that is parallel to the flow and
perpendicular to the flow that is y direction. So, based on this, what should be the
components in the y direction, what will be the velocity components or pressure
components or gravitational force components there that you have calculate. If I consider
this what is that g x here, in this x direction what will be the g x that will be g into sin

theta they are.

So, ultimately, we are getting rho into g into sin theta by mu that will be your Navier
stokes equation based on this x directional flow. So, this will be your change. So, from
this equation, further you can calculate to have the velocity distribution and from this

you can have the a pressure also by this equation.
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Example
Laminar viscometric flow of liquid in annular gap s
between vertical concentric cylinders as shown
in Figure. The inner cylinder is stationary, and the ~

outer cylinder rotates at constant speed.

Write continuity and Navier-Stokes equations
simplified to model this flow field under following b
assumptions. t

Assumptions: .~

(1) Steady flow, angular speed of the outer cylinder is constant.

(2) Incompressible flow; g: constant.

(3) No flow or variation of properties in the z-direction; v, = 0 and ¢/éz
=0 —

(4) Circumferentially symmetric flow, so no properties vary with 6; 3/06
=0

Another examples, if it is suppose cylindrical coordinates, how it will be there?

If suppose the any laminar visco matric flow of liquid in annular gap between vertical
concentric cylinders as shown in figure there, the inner cylinder is to be considered as
stationary and the outer cylinder rotates at a constant speed there in this case. While this
flow of this outer cylinder, there will be a some viscosity acting over the surface of this
inner cylinder. So, in this condition, you have to actually simplify the continuity and

Navier stokes equation based on this assumption given below here.

It will be considered as a steady flow and angular speed of the outer cylinder is constant
there and the flow is what is that incompressible; that means, rho is constant. And also,
there will be no flow or variation of the properties in the z direction. So, v z and rho dou
z will be equals to 0. Similarly, circumferential if you are considering that symmetric
flow, then there will be no change of properties that will vary with the theta direction.

And so, dou dou theta will be equals to 0.
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The continuity, Navier-Stokes and, tangential shear stress equations
incompressible flow with constant viscosity are
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So, under these assumptions, we can have this based on the cylindrical coordinates of
this continuity and Navier stokes equations will be continuity equation and this Navier
strokes equation were the r component and this theta component and z this marks is
actually can considering that here this marks this is 0 based on this assumptions. So,
please go through this again and see. You will see how this rho v r dou t will be equals to

0 this based on this assumption.

But here, the theta direction there will be a velocity change with respect to r. So, you
have to consider that things. And other persevere with respect to r, that the pressure also
will be changing. So, that part also you have to consider here. And other things here in
this components in the y theta components here, so this viscous terms will be considered
here and in the z directions only this gravitational force and this what is that pressure

force in the z directions will be considered.

And this shear stress in r and theta directions, then there will be shear stress here. So,
based on which you can calculate further what will be the velocity distribution. Those
problems this a velocity distribution pressure change all this things will be actually

represented in the next class with an example also.
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After assumptions (3) and (4] are applied, the confinuity equation reduces to

(Fri)

Because d/ db = 0 and 9/ dz = 0 by assumptions (3) and (4), then
1v,= constant

/' Since v, is zero at the solid surface of each cylinder, then v, must be zer
everywhere.
The fact that v, = 0 reduces the Navier-Stokes equations further, as
indicated by cancellations. The final equations reduced fo

So, here finally, we can get the continuity equation that will be reducing after
simplification this equation and this here this is the pressure and this will be your

viscosity; based on viscosity, v theta component.

And here, based on this, we can then further calculate the what is that to obtain the
governing equation for this what is that final form of equation for pressure and the

components of the velocity in the r and theta direction.
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Further reading......

= R.W. Fox and A. T. McDonald, Introduction to fluid
mechanics, 5th Ed., John Wiley & Sons, 1998.

®» W, L. McCabe, J. Smith and P. Harriot, Unit Operations of
Chemical Engineering, éth Ed., McGraw - Hill,
International Edition, 2001.

® B, R. Bird, E. W. Stewart, and N. E. Lightfoot, Transport
Phenomena, John Wiley & Sons, 2nd Ed., 2003.

® Any other Fluid mechanics Book




So, I will suggest to practice this lecture again and again to understand to understand the
governing equations how it has come and also try to just imagine how you can actually
write this Navier stokes equation here. Without just seeing all this here, just try to
practice here, try to write yourself whether you can write the Navier strokes equation

yourself or not.

And then, for a particular problem in the horizontal direction if there is a flow, then how
this Navier stokes equation can be applied, what will be the components, whether you
can write or not that you have to apply. And just based on your own understanding ok,
just you can write you try to cancel that what is that part of velocity components or
pressure components x, y and z directions. Then, you will get the simplified equation.

After that, you can go further for calculation.

Bust, but based on these Navier stokes equation, you can I think I have this governing
equation for any flow there, that will be flowing through the pipeline channel or any
other things. So, this is basically, the lecture is basically the Navier strokes, how it is
derived and what will be the form of this Navier strokes equation that will be here to be a
learnt. So, I think you can read further for more understanding of this Navier stokes
equation from this text books also and also practice it ok. So, that is for all today’s

lecture.

Thank you.



