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Lecture - 40
Momentum Boundary Layer Thickness of Non-Newtonian Fluids

Welcome to the MOOCs course Transport Phenomena of Non-Newtonian Fluids, the title
of today’s lecture is Momentum Boundary Layer Thickness of Non-Newtonian Fluids.
Before going into the details of today’s lecture, what we will be doing we will be having
a kind of recapitulation of what we have seen in the previous lecture.

In the previous lecture we have discussed several basic aspects of a momentum boundary
layer and then we have analyzed the momentum boundary layer how the velocity gradient
is changing, how the velocity is changing from the solid surface to the you know far away
distance gradually when we move in vertical direction all those things we have seen. Also
what we have seen? We have seen how to develop the integral momentum equation for

boundary layer flows right.
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Recapitulation
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* Integral momentum equation for boundary layer flows %~

=8 -t s, 2

* Thermal boundary layer analysis ?%L

-~

* Integral energy equation for heat transfer in boundary layer 3
flows

TelPi-fa)=i()] ,,’L’_’g(z)gyl

So, this integral momentum equation we have developed for the case of a fluid which is

incompressible and flowing steadily. So, this equation whichever we developed that is

integral momentum equation is valid for both Newtonian as well as non-Newtonian fluids.



Only constraint or restriction that we had in this development of integral momentum

equation is the flow is steady and incompressible.

And then finally, we got this equation, here vo is the free stream velocity, vy is the in the
flow direction whatever the velocity component is that vx and then it is function of y, p is
the density of the fluid and & is the momentum boundary layer thickness and then twx is

nothing but the wall shear stress at y = 0 right.

Then we have also seen a few basics of a thermal boundary layer and then we try to develop
integral energy equation for heat transfer in boundary layer flows right. So, the here also
the rheology of the of fluid is not coming into the picture and then finally integral energy

equation that we got is this one.

So, here 8T is nothing but the thermal boundary layer thickness vy is nothing but the
velocity of the fluid in the flow direction which is function of y that is vx is function of y,
y is vertical direction normal to the surface. To is the free stream fluid temperature; T is
the temperature which is function of y changing in y direction and then a is thermal

diffusivity right.

So, now in this lecture what we are going to see? We are going to use this equation and
then trying to find out what is this & as function of x. In previous lecture we also found that
this 6 momentum boundary layer thickness or this & over T even the thermal boundary
layer thickness both of them are function of x they are increasing with increasing the x in
the flow direction ok.

So, now this equation if we solve you can get expression for a momentum boundary layer
thickness that is what we are going to see in this particular lecture. So, for that what we
need to know, what is this vx as function of y? That we need to know without that one we
cannot solve the problem or we cannot simplify this equation. Once vy is known everything

is known because this tyx this t wx is nothing but tyx at y = 0 which is again having the

. . d
contribution of =2, _,.
dy y

So, if you know vy as function of y then you can find out ‘Z—’;" ly=0 as well. So, only thing

that we need to have we need to have the velocity profile for that boundary layer flow and



then use it in this equation to get the momentum boundary layer thickness. So, that is the

aim of today’s lecture.
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Laminar Boundary Layer Flow over Horizontal Flat Plate

* For laminar flow of Newtonian and PL liquids, only forces acting within the
fluid are shearing forces and no momentum transfer occurs by eddy motion

* 3 degree polynomial approximation may be used for velocity distribution

.

So, laminar boundary layer flow over horizontal flat plate we are considering that is the

same scenario that we have consider in the previous lecture, where we developed integral
momentum equation. Then for laminar flow of Newtonian and power law liquids, only
force acting within the fluid are shearing forces and no momentum transfer occurs by eddy

motion because we are assuming the laminar flow.

We have done the analysis only for the laminar boundary layer flow. So, we have not
consider anything in the turbulent boundary layer flows ok. So, as long as the flow is
laminar within the boundary layer then there will not be any momentum transfer by eddy

motions right. So, now, we need to know the velocity profile.

So, under such conditions actually how this you know boundary layer is having the shape
of this one right something like this is your x direction this is your y direction and then this
is the plate right. So, now it is having certain this boundary layer flow is there only within

this region right.



(Refer Slide Time: 06:04)

Laminar Boundary Layer Flow over Horizontal Flat Plate

* For laminar flow of Newtonian and PL liquids, only forces acting within the
fluid are shearing forces and no momentum transfer occurs by eddy motion

* 34 degree polynomial approximation may be used for velocity distribution

—

Boundary conditions for evaluating constants a, b, ¢ and d are:
aty = 0, no-slip velocity,i.e, v, =0=a - (2)

= e %
aty = §, freestream velocity, i.e., v, = vy = a + b6+ c8* +d§® > (3 _Tn_:
94w 4 'LA\;"\»‘Z:K

. . . va
aty = 6, zero velocity gradient, i.c., Wy =0=b+2c6+3d6* -4 .

aty = 0, constant wall shear stress gives rise to

So, this region the thickness of boundary layer is nothing but & it is function of x right. So,
this is all 6 which is varying with x. As x increasing 6 is increasing. So, this velocity profile

can be best approximated by higher degree polynomial. So, then what we are assuming?

We are assuming the velocity profile here vx whatever function of y is there that can be
best represented with 3rd degree polynomial right. Then what we have? We have this v, =
a+ by + cy? + dy3 where this a, b, ¢, d are constants fine. So, now we need four

boundary conditions to find out these constants. So, what are they, we see.

So, one is that y = 0 location. At y = 0 location, what we have? vx = 0 because of the no
slip boundary condition right at the solid surface because of no slip velocity is 0. So, vx is
0 and then other boundary is that y = 8. We have only two boundaries, but we need four
boundary conditions. So, for each boundary we have to assign two boundary conditions
ok.

So, at y = 6 and then beyond y = &, what we have? vy is approximately = vo that is velocity
is equals to the free stream velocity beyond the boundary layer within the boundary layer

it changes with respect to y direction right.

And then also at boundary layer the velocity gradient becomes approximately close to 0
after boundary layer onwards what there will not be any velocity gradient. In fact, the

boundary layer designation has been done such a way that the flow region is divided into



2; one within this envelop the velocity gradients are existing after that from y = & onwards
you know this velocity gradients are not existing. So, two boundary conditions we are

having here.

Now, at y = 0 that is solid surface twx is constant actually; constant shearing force is there.

dtyx . .

So, then what we have? % or ;—i, now we take tyx = 0 so; that means, tyx is nothing but
. . Ave . .. d dvyy . . d?vy _

Tyx IS proportional to ™ right; that means, o dyy is nothing but F e 0aty=0.

So, now at y = 0 that is at the solid surface we have two boundary condition that is vx is 0

2
and ‘;—yvz" = 0 and then at y = 6 which is other boundary vy is vo and ‘;—‘;‘ = 0. So, when you

apply these boundary conditions we can find out this a, b, ¢, d constants. Aty = 0 no slip
velocity that is in this equation 1 if you substitute y = 0 you get vx = a and then vy is 0. So,

a =0 you get here.
Aty =0 vx is Vo. So, in this equation 1, wherever y is there you substitute 6. So, then this
equation number 3 you get. And then at y = 6 we also have 0 velocity gradient that is i—‘;‘ =

0. So, ‘;—‘;‘ is nothing but b + 2¢y + 3dy? and then you substitute y = § here.

So, that is b + 2¢8 + 3d8? = 0. And then at surface y = 0 constant wall shear stress is

2
Z Vz" is nothing but 2¢ + 6dy and then you substitute y =

there. So,
dy

2

2
¥x — 0 aty=0. So,
dy
0 here.
So, 2 ¢ = 0 you get so; that means, c is also 0 out of four constants a and ¢ are 0 already

then remaining two constants b and d you can find out by solving this equation number 3
and then equation number 4.
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* By simplification of above eqs. (2-5), we get,
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Now make use of this velocity profile Tn integral momentum eq. to
obtain BL thickness

')

d

aj P(Vo i vx)vxdy = ~Tyx
0

4

When you do that you get b = 32—1;" andd = — %. Now, these constants you substitute in

. _ 3vg _ v 3 v _ 3y 10y}
equation number 1. So, v, = 0+ -2y + 0 — =y thatlst—Za 2(5)'

So, now, vy you got it. So, you can find out C;—vy". So, then that those things you can substitute

in integral momentum equation this equation and then solve it to get boundary layer
thickness as function of x that we are going to do.
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Now substitute above expressionsineq. (7):
5
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So, before directly going for the power law case what we are trying to do? We are trying

to take a simple Newtonian case. So, Z—"we got this one. So, v, is this one the v, we have
0

taken to the right-hand side we also need v, — v, to substitute in integral momentum

equation. So, this equation what we do? We both sides we multiply by minus 1 and then

3
add + 1. So, 1 — s nothing but 1 — 2y _ l(X) .

23

1
Y ) . S0, now,

So, from here we get v, — v, is nothing but vo multiplied by 1 — %5 5(5

we substitute this one in this equation —t,,,, = %foa p(vy — vy ) v, dy right.

Now, here p(v, — v,) is nothing but v, multiplied by this one and then v, is nothing but

v, multiplied by this one. So, v, multiplied by v, is v and this p also we have taken

outside. S0, — T, IS p v3 ;—x of this one.

Now, this you expand and then do the integration and then substitute the limits 0 to 3. So,
39 dé

right hand side what you get? You will get p vZ integration part you will be getting 250 Ix

So, that is what this one. So, now, you get ¢ as function of x some relation you got it right,

but that you can solve only when you get what is this t,,, T,

What is this t,,, when you know then you can find out what is & as function of y final
solution. That you can get what is this t,,, from the nature of the fluid that is from the
rheological nature of the fluid.
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For a Newtonian fluid we take a simple case of. Now, what we do? Before going into the
details of a complicated case of a momentum boundary layer thickness of a non-Newtonian

fluids, we take simple Newtonian fluids as a starting problem. So, for Newtonian fluids

X

T, is nothing but ,udv

So, —ty, is nothing but —t,,at y = 0, w we are indicating wall. So, wall location is y = 0.

So, at whatever the —,,, is there in that one you substitute y = 0 that will provide you
— Ty S0, this is —T,,,,iS nothing but u‘;—vy" at y = 0; vx we have this one this is what the

velocity profile we got.

So, from here —= is nothing but 253 So now, you substitute y = 0 here. So, you

get |s nothing but — 3”" . So, that is what here. So, t,,, is also known. So, now, —t1,,,, =

23890 p Ve d— is nothing but our equation number 8 that we have previously derived.

Now, here in place of t —t,,,, We have to substitute u at y = 0 that is nothing but
mu and then that should be balanced by the whatever the rlght-hand side term as it is. Now,

this equation what we do? This % | take it to the left-hand side. So, % I will be getting

and then that is multiplied by 2 that is nothing but % and then remaining v, %Whatever is

there.



So, that | am taking to the right hand side. So, that | have vi v, 0 IS there v, was there and
0

then, but here in the numerator v,2is there. So, the square and then divided by v, cancel

out. So, then we have only p’;"‘s

as ...
here — as it is.
dx

So, now | keep this equation like % dx one side and then remaining terms other side an

2
on integration, integration of dx is x integration of a & d & is nothing but 57 + C,butatx =

0 6 = 0 that we understand already in the previous lecture. So, C should be 0 when you
substitute this limiting condition here boundary condition when you substitute here you
getC =0.
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* Atleading edge, i.e., x = 0, boundary layer thickness is zero (5 = 0)
140 _M o pv, 6%
"B a2 T at
280 pvy 6% pyx(6?
T )
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172
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where Reynolds number i (11)

Vo &

So, we have x = p# that is what we are having, because C is 0. Now, this 2 | take to

the left hand side. So, % and then this x | have taken to the right hand side. Next step |

pPUoX 6

am multiplying and dividing by x in the right hand side. So, that | have ———. So, this is
nothing but Reynolds number local Reynolds number Rex.
So, @ = Rex we get. So, that i |s = |s nothing but 21.5385/Rex that i |s — is nothing but

4.64/Rex'1’2. So, this you might have studied or remember in any of your fluid mechanics

courses sometime before during UG classes and then derivation is this one right.



So, here this Rey is nothing but the local Reynolds number, it is not the overall Reynolds
PVoX

number it is local Reynolds number because x Rex = is there, so, which is Rex ok. If

you substitute x = L that is the length of the plane then it will become overall Reynolds
number Re. ok, but we have to write in terms of Rex because we understand this & is

function of x ok. It is not a constant value.

So, that is about the boundary layer thickness for a Newtonian fluid flowing over a

horizontal plate ok.
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Boundary Layer Thickness of PL Liquid Flowing over Flat Plate

* Let’s assume slightly different velocity profile as given below:
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* This velocity profm:ﬂly good approximation
considered in Newtonian fluid case in previous section

So, now we take boundary layer thickness of power law liquid flowing over flat plate. So,
let us assume slightly different velocity profile. So, now, rather obtaining the velocity
profile by taking 4th degree polynomial and then applying boundary condition and all that,
we already assume the velocity profile is having this form and this is consistent with some
of the experimental results. In fact, this results has been taken from one of the experimental

research work ok.

3 4
So, Z—;‘ =2 (%) -2 (%) + (%) right. So, what we do? We multiply by minus 1 either side

then we add 1 either side. So, 1 —-= we are having this one so; that means, -2 is

w(1-2()+2() -())



Because we not only need vy, we also need v, — v, in order to solve the integral

momentum equation to get the boundary layer thickness ok.
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* Integral momentum eq. is: Ed;(f: p(, - vx)v,dy) =-7,,1(3)

* Now substitute egs. (1) and (2) in eq. (3) and simplify:

&[5 )

= ~Tyy

So, integral momentum equation is this one which is same for the fluid whether it is
Newtonian or non-Newtonian it does not change ok because it has been developed a
generalized one. It is not so, specific to any fluid ok the nature of the fluid will come into

the picture through this twx information ok.

Now substitute equation 1 and 2 they are nothing but vx and then v, — v, in this equation.

So, vy, — v, is nothing but v, multiplied by this one and then v, is nothing but v,
multiplied by this one right. So, p v,2 | can take common and then % of this one I can

expand like this and then right hand side —twy as it is right.
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Now, this right hind side further simplified in order to have you know the power terms y*,
y2, y3, y* like that you know terms have been written like this then now you integrate this
one. So, then you get this expression integration of y is y?/2 next integration of y?is y%/3
like that integrations we have done for all the terms right. And then we are substituting 0

to 6 limits rest all the other terms are remaining constant remain does not change.
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* But for power=law fluids:|Ty,, = —m( >
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So, then we have after substituting the limits of 0 to 6 we get —— So thati |s — p 2 a8 -

—Tux- NOW, if you know the twx you can simplify this equation to get the boundary Iayer



n
thickness for power law fluids. But for power law fluid <, is —m (2—’;") whereas, — T,

. . Avy n
is nothing but —t,, aty = 0. So, that should be m (E) aty=0.

(Refer Slide Time: 22:37)
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So, now what you have to do? You have to find out what is % from vy expression and

2 3
then substitute y = 0. So, vx is this one. Now from here — i’;" = 85 — 68% + 2. And then
Vo

now you substitute y = 0 in these two equations. So, you get this term is gone this term is

dvx

gone because of y terms are there. So, you get % aty=0.

n
SO, —Ty, =M (Zsﬂ) . Now, this equation number 4 and 5 this is equation number 4. In

n
equation number 4 in place of —t,, we are substituting m(%) from this equation

number 6 right.

n
So now here again, what we are doing? We are keeping (?) in the right hand side

remaining terms we are bringing to the left hand side. So, already left hand side v is there.
Now, from the right hand side v if you bring it we get v2~™ and then whatever the m was
there. So, now, that would be dividing by m is there p is already there remaining things

are as it is.



So, now, next step 8" d 5 we are keeping one side and then other terms we are keeping
n+1
other side. So, that when you do the integration easily you can get SnT and then this is all

constant integration of d x is x + C. Now, here also at x = 0 6 = 0. So, the constant C =0

you get.
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* But at leading edge, i.e.,atX = 0,6 = 0, thus
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* where F(n) = (

So, then finally, what we have? We have only this term right. Now next step what | am
trying to do? | am taking this n + 1 of left hand side to the that whatever n + 1 term in the
left hand side that | have taken to the right hand side and then both sides | have divided by

x™*1 poth sides.

n+ m

2-n
PYq

1
So, left hand side (EX) and then right hand side 2”( ) And then so, here in the

right hand side already we are having x and then dividing by x"** that is x™. So, we are

getting x™. So, that is in the denominator | am writing x".

Remaining pvm? as it is 2™ as it is and then % as it is this is nothing but our 1/Rex right
0

for power law liquid this is for the power law liquid. So, Exwe can write whatever 315

multiplied by n + 1 multiplied by 2™ and then divided by 37 this all constant whole power
1/n + 1. And then Re,? is there here.



-1
So, then Re;** is there because this step we are both sides taking the power of 1/n + 1 so

that we can get rid of power of n + 1 from the left hand side. So, now these all constant

and it is function of n. So, that is F (n) we are writing.

So, boundary layer thickness we get this expression for the power law fluids EX =F (n)

1
Re}** fine. Where Rex is nothing but the local Reynolds number for the power law liquids

2-n,n

that is % ok.
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* Rate of thickening of boundary layer for power-law liquid is
i i b

of — o D 5 (11)

X =

* ie, BL thickens more rapldly for shear-thinning . fk
compared to Newtonian (n = 1) and shear- thxckem() (n >

'
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Now, we do some more simplification. Rate of thickening of boundary layer if you wanted

to find out that means, what you have to do? You have to get Z—z right. So, for that we need
to do some simplifications. So, in order to get Z—z we have to do some simplification by

. . S . .
making use our relation ~ls this one.

So, now, here o | can write it as F (n) which is function of n only it is independent of x, x

and then this Re is nothing but 22—~ " this is what | am having and this whole power — ﬁ

1

. . . pvE Mx™\ nt1 _ ..
is there right. So, that next step | can have this F (n) and then (T) as it is whereas,

n

the x1 n+1.



-1
I Ny _n . 1 . .
So, that F (n) (%) " and then x* "7+ that is nothing but x=+1. Now, % is nothing

—1 -1

Tx™\n 2-N, N\ 11
but this F (n) then (pv"m ) ™ this |s—and xw+it, So, that we get F () (—p"Om" ) i

and then ﬁ and then x power what?

-1

2—-n n
1on- 1that is —. So, that F () (%) +1then— I can write, is not it. So, thls— is

—1

nothing but and this is nothing but Re"’f1 or from this equation from this step what

you can understand, % is proportional to the xﬁ ok.

So, what we understand? The boundary layer thickness increases rapidly for the case of
shear thinning fluid compared to the share thickening and then Newtonian fluids that is

what we can understand ok.
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* Shear stress in fluid at surface (y = 0) is:
AR

n
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* Substitute  ffom eq. (8) in above eq. and rearrangement yields:

wy " n+1
"= - (2] put e 5 13)
xl"(n)RefII _FL-/

* Shear stress acting on pléte will be equal and opposite to shear stress in the
fluids at the surface, i.e., T

"” - (14) & itislocal shear stress distribution

_— .
7777
Ly =

IF(n)} s Re

So, now shear stress in fluid at surface y = 0 if you wanted to find out. Why you wanted
to find out? Because you wanted to find out the drag force and then finally, drag coefficient

as well. So, for that you need to know what is the shear stress at the solid surface that is at

— —Ni : dve\" —
y =0 ok. So, tyx at y = 0 is nothing but —m (E) aty=0.



Z—';f at y = 0 is nothing but % and then whole power n is as it is. ¢ just now we found it as

-1

x multiplied by F (n) Reﬁ ok this is nothing but & right. So, whole power nis as it is. So,

this in the similar way as we have done in the previous slide expanding the Rexand then

o\ —1
simplifying so, that we get this final expression as (Wi)) pvéRe,

It is simple straight forward simplification we can do it right. Now, shear stress acting on
plate will be equal and opposite to shear stress in the fluids at the surface and then we
wanted to know at the fluids at the fluid layer at the surface for that we wanted to know.
So, then we should take the negative of this one this is at the wall at y = 0 right. So, aty =
0 that is at this surface on the surface whatever the shear stress acting let us say if it is

acting in this direction because it is given minus.

So, with the very fast layer the fluid will be having the shear stress equal and opposite to

this force, but in the other direction. So, we have to take the positive of that one. So, that
-1

il ai 2 \" op mi
will give twx = (%) pvoRe; ™.

And this is nothing but local shear stress distribution that is how the shear stress is
changing as x is increasing from 0 to whatever the x values you take ok. So, that is this

local shear stress Rey is local Reynolds number.
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* Average the local shear stress over the length of the
plate to obtain mean value of wall shear stress:
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Now, if you wanted to find out the average shear stress over the length of the plate then
what you have to do? You have to take the integral of a twx from 0 to L and then divide by
L. So, that twthat is the average shear stress along the length of the plate is integral twx dx

divided by integral dx limits O to L.

So, then we have %fOL Ty dx that is pv2. And then this actually twx we just found it as

-1

n -1 it
(%) pv¢Rel**. So, other than this Re!** all other terms are constant. So, we are

keeping outside of the integration.

So, now here again you expand and only x terms you do the integration and then substitute

n
the limits you get p Vo whole power you get pv2 n + 1. This (%) as it is and then after

-1
substituting the limits for x from 0 to L you get Re;"** whereas, this Re is nothing but the
pvg_"Ln

overall Reynolds number based on the length of the plate. So, that is — right. So, the

average shear stress also we got fine.
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* Total frictional drag force F, exerted on one side of plate of
length L and width Wis: —

Fa=1,(LW) = po(n+1) {% Re, /" V(Lw) - (16)

Now, total frictional drag force Fq exerted on one side of plate of length L and width W is
nothing but tw (LW) because width of the plate in the z direction is W and then frictional
force if you wanted to find out that tw should be multiplied by the surface area of the plate

on which it is this frictional force is acting.



So, surface area of the plate is nothing but the length direction that L and then width
direction that is in the z direction the width of the plate is W. So, LW fine so, tw already

we had this expression in the previous slide multiplied by LW. Now, if you wanted to find

2
Vo

out the drag efficient then C; = % you have to do. So, this F; you substitute.
7P
2

So, the (LW), (LW) this pvé, pvawill be cancelled out. So, you have 2™*1 or you can

n
simply write 2 multiplied by n + 1 and then remaining things are as it is, that is (%)

-1

and then Reim. So, this is nothing but the drag coefficient for a power law liquid flowing

parallel to flat plate which is aligned in a horizontal direction right.
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where Re, = pTO *

VoL
where Re; = PTo *
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e

Now, this is this analysis all we have done in the previous slide when we taking this

velocity profile right and then power law fluid. But the velocity profile you keep the same

5.8356

JRey '

and then fluid nature if you change to Newtonian fluid then what you getg =

. 3 1/v\3 8 4.64
Remember when you have taken Z— = —(X) —= (%) . What you got?  you got =, but

o 2\8 2 JRex
now when you change the velocity profile slightly by increasing the degree of polynomial

5.8356

JRey '

that is by taking 4th degree polynomial you are getting this g that is



So, what we understand from here? The boundary layer thickness or dimensionless
boundary layer thickness that is 2 is inversely proportional to the square root of local

Reynolds number that is what we can say ok. And then similarly if you do some more
calculation so, then wall shear stress you get this thing as we do as we did similarly in the

previous case.

12293 these things you can take exactly in the same way

JRep,

that we have done in an until the previous slide same approach you have to follow. In this

And then drag coefficient you get

PvoX

case a Newtonian case Rey is nothing but whereas, Re. that is the overall Reynolds

number is &JL this is local Reynolds number this is the overall Reynolds number.
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* Similary for Bingham fluids with % = 2 (¢)-2 (({)3 + (%)4:

6\ 58356 (7%
-|= * where (Re, = —| %
/¥ <x> JRe,
\

2
14
J T, =15 +0.5141 (ﬂ

JFe
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TR

Cd:Bi+

Now what if the fluid is a Bingham plastic fluid, but the velocity profile is provided by the

. . 5. . .
same expression this one? Then we get ~is equals to same as a Newtonian expression that

. 5.8356 . PYoX . . . . . . .
IS TR but now Re, is u; plastic viscosity, Bingham plastic viscosity.

2
And then average shear stress at the wall would be t,, = & 4+ 0.5141 (p"" ) Re, is

JRep,

nothing but %"L plastic viscosity, this is a local Reynolds number this is overall Reynolds
B



1.0283

JReyr,

number. And C; you will be getting C; = Bi + whereas, Bingham number is

ZTOB
>

PYo

nothing but,

So, this also you can take as a take home problem, you have to follow the similar approach
that we have followed for the power law liquids in a couple of slides before right. So, in
the next lecture we will be discussing now how to obtain the thermal boundary layer

thickness when the fluid is a non-Newtonian fluid ok.
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The references for this lecture are provided here. So, details you can find out in this
reference book, but derivations you have to do yourself, you do not find anywhere any text

books.

Thank you.



