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Lecture - 13
Equations of Change for Non-Isothermal Systems

Welcome to the MOOCs course Transport Phenomena of Non-Newtonian Fluids. The title
of this lecture is Equations of Change for Non-Isothermal Systems. Before going into the
details of equations of change for non isothermal system and then derivation of respective

conservation equations etcetera, what we do?
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We are going to have a kind of recapitulation of what we have seen in last two lectures. In
last two lectures we have seen a few basics of continuum hypothesis. Then we also
recapitulated transport mechanisms and out of which we have seen the details of molecular
transport mechanism concerned with the momentum transfer, heat transfer and mass

transfer.

Then we have also seen analogy amongst the momentum transfer, heat transfer and then
mass transfer especially when the transport mechanism is governed by the molecular
transport. Then we also seen a few basic details of partial time derivative, total time
derivative and substantial time derivative. And what are the difference amongst these thing

we have seen with an example of a fish concentration in a river stream ok.



Then we have also derived equation of continuity that is nothing but conservation of mass
and then that we got (?a_/;) = —(V.p?¥). This equation we have written rectangular

coordinates, cylindrical coordinates and spherical coordinates.

If the same equation if we write in substantial time derivative form then % = —p(V.7D)

that is what we get. Then we also derive the equation of motion that is nothing but
conservation of momentum for a very generalized system irrespective of the nature of the

fluid, irrespective of the nature of the flow region we have derived the equation of motion.

That is nothing but % (pv) = —[V.pvv] — Vp — [V.7] + pg this is what we have seen. If

additional forces or you know additional terms are also causing momentum transfer, so,

then those term should also be added in the right hand side that is what we have seen.

Then the same equation if you write in a substantial time derivative form then we got this

p% = —Vp — [V.1] + pg, this is what we have seen in last two lectures.
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Equation of Change for Non-Isothermal Systems

Energy Equation (Conservation of Energy) :-

Now, in this lecture we are going to derive equation of change for non isothermal systems.
So, that is nothing but conservation of energy that is what we are going to derive. So, now
when we talk about the conservation of energy, what we try to include? We try to include
all the forms of energy and then we also include the transport of energy because of all

possible mechanism + in addition we also include energy because of any additional work



done because of the molecular stresses or because of the external forces like gravity

etcetera all those terms we include.

And then very generalized energy equation we are going to develop that is what we are
going to do in this lecture. Then subsequently what we are going to do? We are going to
simplify this equation so that to get the final energy equation in a very simplified form
where we can have this energy equation in the form of temperature. Why in the form of

the temperature? Because you know temperature is a measurable quantity.

So, then application of energy equation would be more appropriate if you write that energy
equation in the form of temperature. So, what are the types of different possible energies
that may be associated with the system? So, we may have the kinetic energy, we may have
the potential energy, we may have the internal energy, we may have the work done on the
system because of you know molecular stresses or because of the external force like

gravity etcetera.

Or because of the reaction, all those things may be causing some kind of work done on the
system and then that may be including some energy. So, that all those terms may be there
ok. Then like that you know these different possible energies let us say reaction energy or
you know if you have a electrical energy associated with the electrical you know electric

gradient electrical potential gradient etcetera.

If you have the energy associated with the electrical potential gradient etcetera those
things, different forms of energies are all possible right. So, we are going to see how
generalized way we can include most of these terms, if not all that is what we are going to

See.

And then this energy may be transporting because of the different mechanism both by the
convective transport mechanism as well as the molecular transport mechanism. So, that is
what we are going to have. So, then we are going to make a balance for you know energy
of the system which includes most of the which includes all forms of the energy majority

of the energy.

Because you know let us say electrical energy associated with the reaction and our energy
associated with the electromagnetic potential etcetera those terms may be added up in the

right hand side of the equation. So, then we are not going to include them in a kind of



generalized equation of conservation for energy. Because, we are developing a kind of a
generalized equation not specific to any problem any one particular problem, ok. However,

what we are going to have?

We can we are going to have a kind of a simplification where we can use this equation for

any specific problem as well, so, which we are going to see in subsequent lectures.

(Refer Slide Time: 06:25)

Equation of Change for Non-Isothermal Systems

Energy Equation (Conservation of Energy) :-
* Considering a stationary volume element, fixed in space, through which the fluid is flowing

* Kinetic energy and internal energy may be entering and leaving the system by convective

transport
* Energy may enter and leave the system by heat conduction

* Work may be done on the moving fluid by stresses which is also a molecular process (this

includes work done by pressure and viscous forces)

* Work may also be done on the system by virtue of external forces such as Eravi:z

So, when it comes to the conservation of energy the, what we do? We consider a stationary
volume element which is fixed in space and through which a fluid is flowing, so, that
because we should also able to include the convective transport. So, that is the reason we
are taking the fluid element volume element in a moving fluid and then that volume

element is fixed in space right.

So, that is the reason we are considering a stationary volume element fixed in space
through which the fluid is moving so, that the generalized energy equation can be
developed. Then kinetic energy and internal energy may be entering and then leaving the
system by convective transport and there may be energy entering and leaving the system

by heat conduction.

And there may be work done on a moving fluid by stresses something like because of the
molecular stresses that is like you know work done because of the pressure or work done

due to the pressure or the work done because of the viscous forces etcetera those terms



may also be included as already mentioned. And then there may be work done on system

by virtue of external forces.

So, external forces we are taking only gravity as of now. Let us suppose if you have
additional terms like you know energy associated with a reaction or energy because of the
electromagnetic potential etcetera. So, those terms may be added up in the right hand side

of the balance equation that we are going to develop ok.

So, but here now as an external force we are taking only gravity only because there is one
reason for this. So, when we include the gravity or the work done on the system by virtue
of the gravity, so, then that will also take care whatever the potential energy part is there.

So, that is the reason we are taking only the gravity as the part.

Because we have to if you are developing an equation conservation of energy equation
then we should also include the not only kinetic energy and then we should include not
only the kinetic energy and internal energy, but also we should include the potential energy
right. So, let us say we have enlisted all this possible energy associated with a given system
in a very generalized form. So, then we are also enlisted what are you know modes of

transport possible.

So, now for a moving system and then in that moving system in a fixed location, if you
take a volume element in which the fluid is moving, for that if you make a balance equation

for conservation of energy, what you have?
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Conservation of Energy

* {Rate of increase of kinetic and internal energy} =

{Netrate of kinetic and internal energy addition by convective transport}

+{Net rate of heat addition by molecular transport (conduction)}

+{Rate of work done on system by molecular mechanism (stresses)}

+{Rate of work done on system by external forces (eg. gravity)} @

You will be having rate of increase of kinetic and internal energy should be balanced by
the net rate of kinetic and internal energy addition by convective transport + net rate of
heat addition by molecular transport that is by conduction + rate of work done on system
by molecular mechanism something like stresses + rate of work done on system by external
force like something like gravity right. So, now, this includes almost every possible way

of energy associated with a given system except the reaction.

So, then that can also be added if we want as a kind of additional term in the right hand
side right. So, now, this is what we are having. For any specific problem you have taken
any if you are solving any specific problem or you are developing an energy balance
equation for a specific problem, so, then some of them involved and some of these terms

may not be involved.

So, but we are developing a very generalized conservation of energy equation, so that that
is the reason we are including all the terms here ok. Now, what we do? Next part of the
lecture is that we write a mathematical form of each and every term that has been written
in this equation number 1. What is how it how do you represent mathematically that left
hand side term and then how do you represent mathematically the right hand side terms
those that is what we are going to do individually.

And then after doing them we are substituting them here in this equation so that we can

have a generalized conservation of energy equation ok.
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* Kinetic energy is the energy associated with observable
. . . 1 T il —
motion of fluid givenas: - pv° = p(v-v)

* Internal energy is the kinetic energy of constituent
molecules calculated
* in a frame moving with velocity
* plus energies associated with
* Vibrational and rotational motion and

* molecular interaction of all molecules

So now, the definition of individual terms that we are going to see. The Kinetic energy is

the energy associated with the observable motion of the fluid which is given by %pvz =

% p(¥.7) ok. Whereas, the internal energy is the kinetic energy of the constituent molecules

in; whatever the molecules constituting that fluid whatever the moving fluid is there that

molecules whatever the molecules are there, they may be constituting some kinetic energy.

So, that internal energy of that system is nothing but the kinetic energy of constituent
molecules calculated in a frame moving with velocity plus energies associated with the
vibrational and rotational motion along with the intermolecular interactions of all

molecules. So, all these things are included in the internal energy part ok.

However, we are not going to you know write individual part, what is the contribution of
vibrational energy in the internal energy, what is the contribution of the rotational motion
in the internal energy, what is the you know contribution of inter molecular interactions in
the internal energy part, all those individual things we are not going to see anyway right.

So, let us not worry about that part.
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* Potential energy do not appear in this equation as
* preferred to consider the work done on the system by gravity

* Viscous heating source term is not appearing separately as

¢ already included in “Rate of work done on system by molecular
mechanism” (by stresses)

* Chemical, electrical and nuclear sources terms can be included in
RHS in overall conservation of energy of specific considered problem

So, now, we are not writing that potential energy explicitly in the conservation equation
number 1 that we have written in a previous slide. Because you know we are preferring to
consider the work done on the system by gravity which will also take care of the potential
energy part, subsequently we are going to see in coming slides, right. In addition, in most
of the chemical engineering problems viscous dissipation or you know viscous heating a

kind of important physical process right.

So, then that should also be included, but that also we have not written separately in
equation number 1. Why because viscous heating part has already been taken care in the
term rate of work done on system by molecular mechanism. How it is taken care that we
are going to do when we write a mathematical form of this individual terms of equation

number 1 ok.

Further, any additional energy source terms like a (Refer Time: 13:06) because of the
chemical, electrical and then nuclear sources they all can be added in the RHS of the

equation number 1, ok.
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* Let’s define energy vector “ € ” which include first three terms in RHS of eq. (1)

* (i.e., all terms except work done due to external forces such as gravity, reaction, etc.)

1
(ipv2+pﬁ iH{n-v)+4§ =@
* Where: [r- %) = (m, - V)5, + (Hy . 77’)5,. +(m, 77')5_, 20
(my ) = Mx + My vy ';' MV, = [ V),
(my-) = Ty +Tyy0y + Ty, = [m-v],

(m, V) = M vy + TyyVy + Myp0; = [m-v],
i, A

* We already know that, total molecular stress tensor z can be split into two parts:
n= 28 _i_é

> ¥ =pv+[t-¥] =@

So, now what we are going to do? We are defining a energy vector & which includes first
three terms in RHS of equation number 1. What are the first three terms in the RHS of
equation number 1 are that is except the work done due to the external forces that is except
the terms which are having gravity, reaction etcetera. All other terms in the RHS of
equation number 1 should be added or you know together and then we have written them

as a kind of a vector e.

So, that is whatever the internal energy plus kinetic energy that part right. Or whatever the
net rate of heat addition, net rate of an addition of internal energy and then kinetic energy
because of the convection that part plus net rate of heat addition because of conduction
then rate of work done because of the molecular transport mechanisms something like
molecular stresses. These are the three terms all these three terms are now included here

ok. So, why are we writing?

Because we are going to do your balance, when we are doing going to do a balance, if you
have you know three dimensional like you know all three directions we are considering
the balance, so, then what happens? Let us say if you take the conduction whatever the
rate of heat in at x because of the conduction and then whatever the rate of heat out at x +

A X because of the conduction likewise rate of heat in at x because of the convection.

Similarly, rate of heat out at x + A x because of the convection like that if you write

individual terms there may be so many terms and then that balance equation will become



very clumsy. So, that is the reason what we are writing. We are defining an energy vector
which includes all these three contributions; the conduction, the molecular stresses or the
energy associated with the molecular stresses and then internal energy and then kinetic
energy.

All these parts you know we have added together and then defined a one energy vector so
that we write energy whatever the energy entering at x whatever the energy leaving at x
+Ax like that we write a balance and then do the simplification right. After doing that
simplified equation in terms of € then, what we do? We substitute this equation further to

expand so that all these terms will appear in that equation.

It will be very easy process or you know simpler process rather writing individual terms
entering in leaving out in all three directions that becomes very complicated and then so
many terms would be there. If you miss out any term and then anywhere in place of plus
if you write minus or in place of minus, plus if you write, so, things may become very
complicated and confusing. So, then that is the reason we can have an energy vector
defined like this ok.

Now, here this pi dot v that because of the viscous stresses or molecular stresses that we
already know that it is having 9 components. So, those 9 components you know
individually you can write 3-3 components combination that is (1. %)8, + (. %)6, +
(m,.¥)8, right. This is how we can have this 7. ¥. Then again an individual . ¥, m,,. 7,

,. U We can write as like this.

So, that you know we have all 9 components; 1, 2, 3, 4, 5, 6, 7, 8, 9. So, this particular
term is having all 9 components. Now, imagine these 9 components you are writing you
know in all three direction leaving entering and leaving. So, many terms will become very
complicated ok. Further, we also know that this molecular stresses total molecular stress
tensor pi whatever is there that is having two contributions, two parts that is T and then p
é right.

So, that is if i = j then &;; = 1. If i # j then §;; = 0 and then this part is nothing but the
viscous stress ok. So, now what we do? We substitute this = = pd + T in this equation
number 2, so, that we can now in place of 7. ¥ we can write pv + T. 7 we can write pv +

T. U We can write ok.
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¢ Combining equations (2) and (4), we get
( pv2’+[1r "]4. >(2)

> -7 =>(4)

( piiv +pv = p(u+ %)17 pa+pl)i= pﬂv)

-

ﬁ}=(5pv +pH v+[‘t_-17]+_7i_ > (5)

* Where, @,V, and H are internal energy, volume and enthalpy of the system
per unit mass

So, that when you do this one so in place of this is equation number 2 in place of 7. v if
you write a pv + T.7, so, then what we have? So, these two terms are there right. So,
what; we are going to do some kind of rearrangement. So, then what we do? This piiv and
then this pv ok, we combined together we write as a one term right and then remaining
terms like you know 1.7 and then q these things are separately we are going to write as a

kind of one term ok.

So, now here from p#iv + p¥ what | am trying to do? | separated out ¥ which is common

and then from pii and then p terms | am taking p common. So, then @ +% | am going to

have and then % | can write 7. So, this @ and then ¥ are nothing but the internal energy per

unit mass and then volume of the system per unit mass.

So, u + p v we can write it as H. So, that is enthalpy per unit mass that is what we can
write. So, that this equation number 2 after combining with equation number 4, we get this
equation. In place of piiv + p¥ we can write pHv. So, that is this part that is pHv and

then remaining terms t. v + q and then %pvz as it is ok.

So, in a balance equation after doing the simplification you know we are we have not
written the balance shell balance equation we have not written. So, after writing that shell

balance equation for in place of € we can use either this equation or we may use this



equation subsequent subsequently. Where, here @, V and H are nothing but internal energy,

volume and enthalpy of the system per unit mass.
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¢ Converti uation (1) in mathematical form;

* Rate of increase of kinetic and internal energy within volume element
AxAyAz is:

OIAL o o
=5 Epv + pii | AxAydz = (6)

Where il - internal energy per unit mass (specific internal energy)
pil - internal energy per unit volume

1 1 S :
5 pv? = 5 p(v,z‘ S v:z, ch vf) is kinetic energy per unit volume

-

Now, what we are going to do? Converting equation 1 in mathematical form. In the first
part in the left hand side of equation number 1, what we have? Rate of increase of kinetic
+ internal energy within volume element AX Ay Az. So, that if you write that is nothing but

% (%pvz + pz’l) AX Ay Az.

Here 4 is internal energy per unit mass, sometimes it is also referred as the specific internal
energy and then pii is nothing but internal energy per unit volume. Whereas, the %pvz

with this which is nothing but when you expand %p(vf + vZ + vZ), which is nothing but

the kinetic energy per unit volume.

So, all these quantities we are writing per unit volume. Remember v this is vector v. Many
times here it is clearly written as specifically like vector kind of thing right. So, if it is not

written, so, then v it is explicitly; that means v is standing for the v vector here.
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* Amount of energy enters and leaves across
the faces of AxAyAz:

524

2|
= A L =
AyAz (ex i es xm) + AxAz (ey|y ey‘yﬂy)

+ MxAy(e,| —e, ) = (7) (x.y,z)'
z 2+0z =

* Rate of work done on fluid by external
ravitational force is dot product of ¥ and
(pix Ay Ar)g

phxby a(vsg: + gy +v:8) = (8)

Now, what we do? We take this control volume like in derivation of equation of continuity
and then equation of motion that we have done. So, we have taken a control volume of
size AX Ay Az. So, the same way we have taken here. So, let us say horizontal direction is
x direction, vertical direction is z direction and the third direction is the y direction.

So, now in the horizontal direction at x location the control volume is having Ax Ay Az ok
that is the size of the control volume. So, in the x direction, the size of the control this face

is the size of the face is nothing but Ax right.

So, now at x location at x = x whatever the energy that is entering by all means, by all
means like you know by convection and then you know molecular transport is nothing but

e x entering at x multiply by the area through area of the face through which it is entering.

Avrea of the face through which it is entering is nothing but this is nothing but Az and then
this is nothing but Ay. So, that is Az Ay. So, in the x direction at location x +Ax how much
energy is leaving out? And the rate of energy leaving out at x +Ax is nothing but e, |+ ax

multiplied by the area of the face through which it is living that is Az Ay.

Likewise in the z direction, if you take the energy that is entering at z is nothing but e, |,
multiplied by the area of the face through which it is entering that is Ax Ay. And then

energy that is leaving at location z+Az is nothing but e, |, 4, Multiplied by the area of the



face through which it is living that is nothing but this is Az this is Ay that is this is Ax this
is Ay. So, that is Ax Ay.

Likewise in the y direction also we can write. So, that is amount of energy enters and
leaves across the faces of Ax Ay Az control volume in all three direction if you write

(exlx - ex|x+Ax) Ay Az + (eyly - ey|y+Ay) AX Az +(ez|z - ez|z+Az) AX Ay right-

So, now in the conservation equation that we have written in equation number 1 left hand

side term we have written that is equation number 6 in the previous equation that is

% Gpvz + pﬁ) AX Ay Az that is the left hand side term. In the right hand side term there

were four terms we have written in equation number 1.

So, that is the net rate of heat addition, net rate of addition of internal energy + kinetic
energy because of the convection + net rate of heat addition because of the conduction +
rate of work done on system because of the molecular stresses. All those three terms are
included in the energy vector e and then in the form of e that how much what is the net

rate that we are writing here in the form of equation number 7.

So, in the RHS of equation number 1 first, second, third term whatever are there, so, those
terms are represented by this equation number 7. And then last term in the equation number
1 is nothing but the rate of work done on fluid by external force. In the external force here

we are taking gravity that you can get by taking the dot product of v and (p Ax Ay Az)g.
So, that if you do you get p AX Ay AZ (v, gy + vy gy + V,95)-

So, now, this equation numbers whatever 6, 7, 8 are there, so, they are representing the
mathematical form of different terms that are appearing in equation number 1 that is the

basic conservation energy equation.
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* Now submit eq. (6), (7) and (8) in eq. (1):

a1
—(=pv* + ol = = =
a (2 pv° + pii | Ax Ay Az=AyAz (e, " € x+Ax) + AxAz (ey|y eylyW)

+Axhy (e, I e,l ) + pAx By Az(v,g, +v,g, +v,9;)
SR T

2+0z

AL de, de, de,
ﬁ EIW +pu|=~ E"‘a_y‘*'z +P(vxgx+vygy+vzgz) =(9)

* Invector notation:%(%pvz + pﬁ) =—(V-: 5)/+ p@-g) =(10)

So, if we substitute this equation number 6, 7, 8 in equation number 1 then we have this
equation. This part is nothing but your equation number 6 and then this part this, three
terms these are nothing but the equation number 7 and this is nothing but equation number
8, ok. Now, what you do? Both sides you divide by Ax Ay Az and then you take limit Ax
— 0, limit Ay — 0, limit Az — 0. Then what you have?

dey

You have %Gpvz + pﬁ) =— (ax

de de, .
+ 6_; + 6_2) + p(vxgx + vygy + ngZ) I’Ight. SO’
the same equation if you write in vectorial form how you can write? You can write

2 (3pv* +pit) = ~(V.e) + p(5. Gright.

So, now, in this equation this e we are going to substitute from equation number 2, from
equation number 2 whatever e that we have written because this e includes three terms
right. Rate of addition of internal energy and kinetic energy because of the convection and
then net rate of heat addition by your conduction and then rate of work done on the system

by molecular stresses all three terms are there in this e.

So, those three terms we have written in the form of equation number 2. So, from equation

number 2 we are going to substitute here in this equation.
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%Gth +pﬁ) =-(V-e)+p(@-g) =(10)

* Now substitute eq. (2) [€ = (%pvz E pﬁ)ﬁ +pv+ [ 7] + ] in above eq.:

/ / | ‘
it / | Rate of Rate of work \
Rate of increase of ~ Rate of addition of Rat? f’f work 4‘:lonc d(:ne o fluid pote of work
energy perunit  energy per unit addition of °".ﬂ”‘d P pt; it done on fluid per
volume volume by ™ iy s ﬂ“’,]__."mc m Y unit volume by
== unit volume by pressure  ViScous external forces

by conduction forces stresses

* Above equation can be written including potential energy per unit mass ® as follows:

convection

* If g = —0,g is vector of magnitude “g” in negative z direction, then ® = gz
=

* where z is elevation in gravitational field & Thus, § = —V®
e

So, in this equation in place of e if you substitute e is equals to this form from equation
number 2, what we will have? Left hand side as it is, right hand side — (V. (%pvz + pﬁ) 13)

one term and then —V.pv another term second term —V.[7.?] is a third term and then

—V. q is the fourth term.

So, all four terms 1, 2, 3, 4 terms have come into the picture in the form of V. as a kind of
dot product and then whatever last term p(v. g) is as it is right. So, now, what this term
indicates? This term indicates rate of increase of energy per unit volume. What is this term

indicates? This term indicates rate of addition of energy per unit volume by convection.

What is this term indicates? This term indicates rate of addition of energy per unit volume
by conduction and then this term indicates rate of work done on fluid per unit volume by
pressure forces. And then this term indicates rate of work done on fluid per unit volume
by viscous stresses. Last term is nothing but a rate of work done on fluid per unit volume
by external forces right.

So, now you can see this equation whatever is there the energy we are writing per unit
volume everything per unit volume ok that should be carefully observed ok fine. So, now,
this above equation we can also include the potential energy because if you include the

potential energy part then only it will become like you know complete conservation of



energy equation right. Because now only the kinetic energy and internal energy have been

included here, but the potential energy has not been included.

So, but that is already included actually, it is not explicitly shown that is already included
here you know in the form of this external force by gravity. So, now, what we do? We are
going to simplify this term further so that the potential energy will also come into the

picture. So, what we do? Let us say if § = —&,g is a vector of magnitude g in the negative

z direction then this potential energy per unit mass ¢ we can write it as g z.

That means, we can write ¢ = —V.¢. This tilde indicates per unit mass, ¢ indicates the
potential energy. So, now, this in play in the equation number 1 in place of g we are writing

—V¢ and then doing some simplification. What simplification are we doing?

(Refer Slide Time: 30:57)

* If gravitational field is independent of time then, last term in eq. (11): p(¥ - §) = —(p¥ - V®)

* Vector identity formula: (V- $V) = (VS %) + S(7 - %)
* LetS=0 and = pv ¥ (V- ®pp) =((V® - pv))+ B(V - p?)
= ~(pv- V) = ~(V- i) + B(V - pv) = ~(V pvd) + B(V47)

& 98 4 347 =0

. o =
= —(pv- V) = (V- pd) - oa—‘: %

= ~ 0(pd
 p(-5) = (o0 V8) = ~(V- pib) - %

So, in equation number p (. §)term is this. So, here this in place of g we are writing —V¢,
so that the potential energy part can also come into the final conservation energy equation
ok. So, that now we have. So, the p(¥. §)we can write —(pw. V). This is how we can

write.

So, now what we do? We take a vector identity formula that is (V.S¥) that is the dot
product of V and then multiplication of a vector scalar. So, then we what this we can
represent as (VS. %) + S(V.¥) this is how we can write. So, let S = ¢ and then ¥ = p#. So,

that we can write (V. $p%) = (V. p?) + d(V. pD).



So, now what | am trying to do? Next step | am trying to take this term to the left hand

sides and then this term to the right hand side term to the right hand side. So, that | can
write, so that | can write —(V. p%) = —(V.$p?) + (V. pD), this is what | can write ok.

So, now because, why | am writing?

Because | need this term, minus of this term is required and now this is a dot product. So,

then | can write whether it is a.b or b.a it is same because it is a dot product. So, then left

hand side | am what | am writing? — %pﬁ. V¢ and then right hand side it is going to be as

it is like here. In this next step what | am doing? Rather writing V. ¢p#, | am just writing

V. pv¢ that is what | am writing ok. In the next step what we have?

This V. pv from continuity equation we can have it is nothing but it is nothing but —‘Z—’:
that is Z—‘: + V. pB$ = 0 from the equation of continuity that we know. So, in place of V. p#,

| am writing — ‘2—‘; right, ¢ is as it is.

So, then in place of p(#. §) we can write we can write it as —V. pii¢p — % that is what

we can write. So, in equation number 11, this is what we are going to substitute.
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* Now substitute p(¥ -+ §) = —(pﬁ . V@) = —(V , pﬁa) = -’% in eq. (11) and

rearrange terms to gﬂ:

2fiwen) /j ¢

=- ( (pv2+pu)) (V-q)-(V-pp)- (V- [z 7] @ =>‘

— Epv2 +pil + pb
Aalileiie

-(v. %pvz+pﬁ+p$ if')—(V-q)—(V-pii)—(V-[t-ﬁ]) > (12)

* This is the final general form of energy equation




So, what is your equation number 11? So, this is your equation number 11 that we have

already derived in the previous slide. So, now, in place of p(¥. g) we can add these two

terms —V. pi¢p — ag—td’ right. So, this what | am doing?

This % of this term these two terms comes here in place of p(¥. g). Out of these two terms

- % I am taking to the left hand side, so that can be added with the along with the kinetic

energy and then internal energy ok.

And whereas, this part is there whatever V. pi3¢ that | am adding to the first term in the

RHS of this equation number 11. So, then what | can have? %Gpvz + pll + p(f)) =

—(V. Gpv2 +pﬁ+pq5) 13) — remaining terms three terms as it is that is —V.q —
(V.p?) — (V.[t.¥]) right.

So, now all three forms of energy are coming into the picture; internal energy, kinetic
energy and potential energy. So, this is the final general form of energy equation. So, if
you are asked what is the energy equation, so, this is what you have to write because it is
generalized equation right. So, now, what we see? It is in the form of you know potential
energy kinetic energy and internal energy and then rate of heat addition or any work done
on the system etcetera those additional terms are there right.

So, the problem is that it is not in final usable form. The equation there any equation
mathematical form of any physical system should be such a way that it should be in a
measurable quantity or you know it should be in measurable property form that is how it
should be ok. So, but you know you can measure temperature, pressure, concentration,

density etcetera directly of a system without any difficulty.

But if you wanted to measure internal energy, potential energy, kinetic energy then you
have to use some of these measurable quantities either temperature, pressure, density,
viscosity, velocity etcetera and then you calculate these things. So, it becomes very you
know lengthy process. So, then what we try to do now? This equation we further simplify.
How do we simplify you know, we now included all the terms in the energy like internal

energy, potential energy and kinetic energy.



Now, we are going to simplify this equation, so that we can have a equation of change for
a enthalpy equation of change for internal energy, equation of change for enthalpy and
then equation of change for temperature. The, equation of change for temperature that form
is going to be final useable form, easy form for the engineering applications, so, that is
what we are going to do. How are we going to do? First we are going to write you know

equation for you know internal energy. So, for that what you have to do?

From this equation number 1, so, you subtract the equation of change for kinetic energy
that is possible if we use the equation number 11. If we use the equation number 12 from
this equation, if you subtract the equation of change for a kinetic energy + potential energy

then the only term would be remaining is equation of change for an internal energy.

So, either of two ways we can do. So, then what we are going to do? We are going to make
use of this equation number of this equation number 11 and then from this equation number

11 we are going to subtract equation of change for a kinetic energy.
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Special forms of energy equation:

* We can have equation of change for kmem C energy as follows: (obhmed by dot product of
velocity vector with eqn of motion f d lengthy rearrang,

) /v L Ll
( v1+pu z}w{‘@/ﬁ) (v/l/"])+p5§/ﬁ

=(11)

* Now eq. (11) - eq. (B)m ‘ V-q)-pV-v)-(:7v)

* In substantial derivative form: p— =—(7-q)-p(V-v)-(r:Vv) =(14) ¥

* This is equation of change for internal energy

* Where (1:0) = 33 T,, ;%% 1'1, 3 here indicates sum of order of quantities
(vectors/tensors) eing mulfiplic

So, that equation of change for kinetic energy that takes into consideration all mechanical
aspects of the you know in the motion whatever the because of the motion because of the
mechanical aspects whatever the energy is there that part is nothing but this one right. So,
this we can obtain by dot product of velocity vector with equation of motion and then
followed by some rearrangement. So, then what you get? This one you get, so this is we

are not going to do, we are just adapting it. This how you get?



Equation of motion whatever we have derived in the previous lecture that equation of
motion you take and then velocity vector u and then you take velocity vector . You do
the dot product of these two and then do some simply simpler, but lengthier the
rearrangement, you get this equation ok. This equation indicates nothing but the equation
of change for kinetic energy. So, now we are writing this equation as equation number 13.

Equation number 11 already we are having this one.

So, then what we are going to do? We are going to subtract the equation number 13 from

equation number 11 so that similar terms may be cancelled out and then finally, you have

an equation of change for an internal energy. So, here that if you do then this %pv2 this

1 1 1 1 1
Epvz may be cancelled out. From here also Epvz Epvzof V., V. Epvz V.E,ov2 are same.

So, then they will be cancelled out. V. q is already there, so —V. pv here and then —V. pv
here also there. And then —(V.[z.7]) is here and then —(V.[r.?]) is here also and then

p(U.g) & p(v. g) here also. So, then it will be cancelled out.

So, then remaining terms in the left hand side you have %pﬁ only, right hand side you
have minus of this term then + of this term and then + of this term right. So, that you write;

%pﬁ = —V. ptiv this term is also there —V.q.

And then here minus of minus + is there and then minus of this term is —p(V. v) and then
here also minus of minus +. So, then +, but minus of this entire term is —7: Vv. This term
is nothing but it indicates the viscous dissipation. So, the finally, equation of change for

internal energy you get this equation. So, now, this particular part if you take to the left

hand side, so, and then added up with the %pﬁ.

Then you can make use of a substantial time derivative and then you can write this equation
as p% = —V.q — p(V.v) — 7: Vv ok. So, this is nothing but an equation of change for

internal energy ok. So, initially we have written for an equation of change including all
three energies; internal energy, potential energy and kinetic energy. Now, we are writing

equation of change only for internal energy.

This is what we have derived. Now, we further simplify this equation, so, that we can write

the same equation for an equation of change in the form of an enthalpy. So, that is we are



going to derive equation of change for enthalpy of the system, so that we can get. So, this
tau dot 7: Vv whatever is there, this indicates the viscous dissipation part and then it is
having 9 terms. It is not 9, 1 term it is having 9 terms and in all those 9 terms in a vectorial

form in vector summation form it is represented it here like here.

It indicates the sum of order of quantities, quantities like vectors and tensors being
multiplied. So, all those terms are here. So, then when you expand these terms you will
get 9 terms that are available in any standard textbooks. We do not need to worry about

them as of now.
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* Switching from internal energy to enthalpy:
. d=H-pV=H-(%
We know that @t = f - p¥ = A (,,)
* We have eq. (14): p% =—(V-q)-p¥-v)-(r:Vv)
D(. P
PE(H—;) ==(V-q)-p(V:v)-(n:Vv)

N
oi_ (3)
bt Pt

_(Dp D
DR |ppE-vof
Dt Cop?

=—(7-q)-pV:v)- (:Vv)

]:—(V-q)—p(V-v)—(‘t:Vv)

Now, switching from internal energy to enthalpy, so, we know that it = H — pV or H =
2L+ pV. So, that i = H — pV. V we can write %. So, equation 14 what you have? pz—? =
right hand side this term as it is. So, now in place of @ you are going to write 4 — %. So,

that is what you are having.

So that means, you are going to do the substantial time derivative of H — %‘ Substantial

time derivative has to be done similar way as the total derivative being done in general.

So, that is what we are going to do in several times in the subsequent slides also. So, when

. DA D(%)
you do this one what you get? p P



(50)-r(0)

So, this if you further do the substantial time derivative then what you have? £ e

and then right hand side terms are as it is. So that means, this we multiply this p also if

you bring inside. So, p? and then this p? will be cancelled out and then here you have +

pp %. That is what we are having.
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. m+pD—;)=—(v-q)—p(V-v)—(r:Vv)

* From EoC: % =—p(V:v)

(jp(Lv_)) ==(V-q)-pV-v)-(t:v)

* This is equation of change for enthalpy in an element of fluid moving with
fluid velocity

poH _Dp 4R (D—p) = right hand side terms as it is we are not doing any changes in the

pt Dt ' p\Dt

right hand side term. Now, from equation of continuity we can write % is nothing but

(—p(V.v)), this is what we can write. This we have derived in the last class. So, that if

you substitute here, so, %— p(V.v). So, this p this p is cancelled out. So, that you can

write —pV. v here rest all other terms as it is.

So, that this —pV.v in the left hand side and this —pV.v in the right hand side can be
cancelled out and then this —% if you bring to the right hand side then you have % =

-V.q—1: Vv + %. And this is nothing but equation of change for enthalpy in an element

of fluid moving with fluid velocity ok.

So, now we got equation of change for enthalpy. Now, what we do? This enthalpy we
write in the form of temperature, pressure and then we try to write the equation of change

for temperature that is what we are going to do now. How are we going to do?
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310) i)

+D +(alnp) p::(16)

&

dInT

We have to make use this relation that is AH = C,AT + {17 -T (z—z) }Ap, this equation
14

we have to make use ok. Now, here this equation both sides, first what you do? You do

the substantial time derivative and then multiply both sides by p.

c 1 nPDH A DT om0V TP §
So, then you have left hand side - = pC, TP {V T (ar)p} I am writing > and then

Z—’t’ that is what we are having right. So, now, this left hand side as it is, right hand side first

term is as it is. This term here again what | am writing? ¥ again | am writing as %.

So, now this whatever you multiply inside this p if you bring in, so, what you are going to

have? You are going to have 1 — Tp and then ( ) So, then p? then we have p?, p(0) —

1 and then that is what you are going to have. So, then that we can write 1 — Tp and

1 dp
this is o

Bp
So, that | can write 1 + _a_p So, Tap , | can write o= aT So, that I can erte p . So, that is
T
]

+ (_6lnp) , remaining terms are as it is right. That means,
P

alnT —pCp—+—+



al D
(ﬁ) D’; ThIS |nd|cates substantial time derivative as we have seen in the previous
14

lecture right.
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dlnp
+<al T) = (16)

* Now eq. (15): p’l;—tﬁ =—(V-q) - (:Vv) + % takes the form

e
DT Dy (dlnp\ Dp D
pCth /BIZ+(M)pD_t__(V'q)_(T'7v)+Dt

2 DT dlnp
Ly =) - (@)~ (a] T

o

* This is equation of change for temperature
i ol

So, now what we do? This part we are going to substitute in equation number 14. This

equation number 16 whatever we just derived that we are going to substitute in equation

number 15 ok. So, in place of We are going to write this part from equation number

16. So, that you have this equatlon right.

So, now here left hand side % and then right hand side % can be cancelled out and then
left hand side we keep only this term this term and then whatever the alﬂ term is there

that we take to the right hand side. So, that pCp LU q—T1:Vv— (

alnp) Dp
ainT p Dt

So, this is nothing but equation of change for temperature. So, now, here this term indicates
the rate of increase of temperature the temporal term and then it also include includes the
rate of addition of temperature. Because of the convection this term indicates the rate of

addition of temperature because of the conduction.

This term indicates the rate of addition of temperature because of the viscous dissipation

and then this part indicates the rate of addition of temperature because of the work done



because of the pressure forces all those terms are included right. But in general we do not

use this entire equation in the complete form right.

So, now, this is the final energy equation in the form of temperature right. So, all these
equations of change whatever we have seen they are energy equations only. First equation
is that including all three forms of energy that is kinetic energy, potential energy and
internal energy. Then we have written for the separately internal energy then separately

for enthalpy then now separately for in the form of temperatures.

So, it is different forms simplified one after the other we are you know reducing the
complexities and then finally, come to one form of equation where the terms are having

something which are you know measurable right.

If at all if you wanted to do the validation with experimental parts, so, you should be in a
measurable terms. So, that is temperature, density, velocity all these things are measurable.
So, that is the advantage of this form of equation of change for energy ok for non

isothermal systems.
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* Here —(V-q) = +(V-kVT) = (18) and —(r_:V,ﬁ) =ud, + kP, =(19)
* for Newtonian fluids:

v\ 2 :
(ﬁ+ﬁ)--(v-v)s,, Fr(V 0

0x,- axl 3

* where, K is dilational viscosity and . is viscosity
* here, 6[] = o(l TF]) and 51} = 1(! =])

* This term =(r: V) indicate degradation of mechanical energy into thermal
energy known as viscous dissipation heating
gL Igyarow]

* This can produce temperature rises in system with large viscosity and
velocity gradients (E.g.: lubrication, rapid extrusion and high speed flight)

So, now here —V. q is nothing but V. kVT right and then —z: V V is nothing but pdv + xyv.
Here for Newtonian fluids this part whatever is there that can be written as this equation.
Here « is the dilational viscosity and then p is the viscosity. If the § if i = j then §i; = 1. If

I #j then §ij = 0 in this equation right.



So, this term indicates degradation of mechanical energy into thermal energy which is
known as the viscous dissipation heating or energy due to the viscous dissipation ok. And
this usually how the importance when we have a high viscous fluids which are moving at
high velocity. Usually high viscous fluids, does not move at high velocities in general.

So, then in most of the application the contribution of this viscous dissipation is very small;
however, there are many cases it is also included ok. So, now, what we do? We take a case
where the conductivity is constant and then where we take the case the viscous dissipation
heating is negligible.
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dlnp\ Dp
) T = (17)

* Equation (17) is almost never used in its complete generality
* In Fourier's law k is usually constant

* Viscous dissipation term is important only in large velocity and
viscosity gradients flows

* Under these limitations, eq. (17) reduces to following form
D (6 In p) Dp

= R | U e
e anT) Dt = 40

So, when we take those assumptions then this equation number 17 we can write in this

form that is pCp % = kV?T — (Zi%) % ok. This is even further simplified compared to
P

the previous equation number 17. Because now we have taken in Fourier’s law Kk is
constant and then viscous dissipation terms we have neglected. Now, we take a few further

simplifications of these equations. So, what we do?
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(i) For ideal gases, pM = pRT
* At constant pressure, (pM/R) = pT = d(pM/R) = d(pT)
= 0 = pdT + Tdp

1
:>dp/p = —(dT/T) > dInp=-dInT = (ﬁln"l)‘) e

* Thus eq. (20): pC, o, = kV2T - (%)p% = (20) takes the

following form e

C —-kV2T+% > (21)
P Dt Dt

We take an ideal gas. For ideal gas p M = p R T at constant pressure what if we rearrange
this equation p M/ R =T p. And then if you take the differentiation both sides in the left
hand side M is constant for a given system, R is constant, p is also constant because we
are doing at constant pressure. So, left hand side is equals to 0 and the right hand side term
we have p Dt + T Dp.

So, that if you simplify you get (Z%) is nothing but —1, ok. So, this if you substitute in

equation number 20 here, so, then what we have? pC — = kV?T + thls is what we are

having.
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* Using this in eq. (21): pC,, —_kv11+— = (21), we get

= p(.',,

7 — = kT +’J;4 = 2@
* But pM = pRT = p = (R/M)pT = (Dp/D (R/M)[T(Dp/Dt) + p(DT/DV)

= DT RI\D R ),
* Now substitute this in eq. (22): pC — = kV3T %
but —+p(V V)= 0=—-—p(V v) and—-=-

DT
pL’,,ﬁ=kVZT+ ( -p(V-v)) =(pC, -kVZT p(V-v) = (23)
-




Now, for the same ideal gas what we have? C,, — C,, = R. Both sides if you divide by
molecular weight of the gas whatever you have taken then you have C,, — €, = % because

this tilde indicate per unit mass. So, that Cp =C,+ % we can write. So, what are we going

to do now here?

The previous equation we have written in terms of ép, now we are going to write in terms
of C,. Further then you know pépthis equation from here as per this making use of this

relation what we can write? pC}, %z pC 2+ 222T that is nothing but this equation we

VDt ' M Dt
are multiplying by p and then multiplying by l;—: both sides.
Now, in equation number 21, wherever pCAp';—z is there you make use of this particular
thing here. So, that you get the equation in terms of C,, ok. So, that is pC, % = kV?T + %
as it is. Whatever %% is there that we are taking to the right hand side. So, then we are
getting —%%right. So, further we have p M = p R T for the same ideal gas that we can
write p = %T p.

Why are we doing here? Because we wanted to just get rid of these additional terms here

in the right hand side. So, now, this equation if you do substantial time derivative both

sides % = (ﬁ) {T (%) +p (%)} that is what you get. So, in place of % here in this

equation number 21, you substitute this expression here.

RTDp . pRDT

So, that you do pC, DT = kv2T asitis and then =22 4 222 ang then — 2225 of equation
Dt M Dt M Dt M Dt

number 22 as it is. So, this term, this term you can cancel out because one is + another one

is minus. Then further from the continuity equation in place of % you can write it as
—pV.v and then for a same ideal gas % we can write %. So, in place of ’;—T I have written

P here.
p

And then in place of % | have written —pV. v from for this part. So, that you know this p

and then this p is further cancelled out and then we have this equation p(j'v% = kV?T —



pV.v this is what we have right. So, the same equation in different forms in different

variables we are writing that is it.
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br — = kViT (mnp) > (20) 34? A% Ix.‘fv';v* [z

-kl 5 a_'I+)T
§w "

Pl ainT
,ﬁ- kv2T+— > (21)
pC,,E =kV2T-p(V-v) = (23)
(ii) For a fluid flowing with constant pressure, (Dp/Dt) = 0 2 pf ﬂ =kVAT (24)
~ DT

(iii) For a fluid with constant density, ( - T) =0 2> pC — = kV*T (25

(iv) For a stationary solid, ¥ = 0 2> pCpE =kV:T (26)

So, as a summary what we have? In terms of temperature equation of change for
temperature we have this equation, we also have this equation for ideal gas system and
then we also have in terms of C, this equation. These are the things just now we have
derived ok. These are some special forms. We are writing the same equation for different

cases ok. So, this is what all we have written for you know different cases.

Now, let us say if we have a fluid flowing with constant pressure if the pressure is constant

then |s going to be 0. So, this equation here if you erte = 0 then you have only

pép — = kV?T. Then if you have a fluid with constant density then again ( o ’T’ ) =
p

So, this part is 0 anyway then again we have p(fp DD—: = kV?T. Remember this equation is

the general equation this is not for a this is not for a ideal gas. These are for ideal gas, but
this is not for ideal gas this is general any fluid right. So, now, finally, for a stationary solid
if the solid is there that is the fluid is not moving or if you have a stationary solid then

vector v is 0.

Then in the left hand side pép in place of a partial in place of substantial time derivative

you have to write a partial time derivative. Because substantial derivative in the substantial



derivative if the v is 0 that is nothing but you know partial derivative, you get only partial

derivative term right. So, these are the equation.

oT oT oT oT d°T

So, this equation if we expand then we have pCAPE T U -t Vy 3y +v,—

RN

2T - . . . . .
52 T a2 This is what we have you know in Cartesian coordinates likewise we can have

the equation in cylindrical and spherical coordinates ok.

So, now we have seen basics of a transport phenomena part also, the derivation of
continuity equation, momentum equation and energy equation and then previously we
have seen so many details of non-Newtonian fluids. So, from next class onwards what we
are going to see? We are going to see a few problems associated with the transport
phenomena of non-Newtonian fluids ok.
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The reference for this lecture; the entire lecture is prepared from this standard textbook
Bird, Stewart and Lightfoot that is Transport Phenomena Second Edition. But similar
details may also be found in these two books that is Deen and then Panton, additional

reference are may be available in these two books as well.

Thank you.



