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HETEROGENEQUS REACTIONS IN BIOPROCESSES

* Bioprocesses can involve solid-phase:
— microbial flocs
- mycelial pellets
- biofilms
- plant cell aggregates
— tissue engineering using 3D-scaffolds.
- Immobilized cells and enzymes

So now let us talk about heterogeneous reactions in bioprocesses. We have just discussed
about the different types of fluid behaviors and under different conditions. So, we now have
some idea that the fermentation at high cell density do not continue to behave as Newtonian,
but they can start deviating from ideality and behave like non-Newtonian fluids. Now this

may further lead to heterogeneous reactions in bioprocesses. Now what does this mean?

Now this can be involved in fermentations where there are either high cell densities or
flocculation is happening or there are immobilized cells, structures where there can be mass
transfer limitations. So now bioprocesses which involve for example solid phase where
microbial flocs or mycelial pellets might be getting formed or in your wastewater treatment

plants where biofilms are required.

Or like plant cell fermentations where plant cells tend to aggregate and they form a small
aggregate size. Then tissue engineering on 3D-scaffolds where the tissue starts growing on a
solid 3D structure or immobilized systems like immobilized cells or immobilized enzymes

where heterogeneous reactions can happen.
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IMMOBILIZED SYSTEMS

rate of bio-reaction = rate of mass transfer outside
or inside the solid catalyst

If cells or enzymes do not spontaneously form clumps or attach to
solid surfaces, they can be induced to do so by using
immobilization techniques. Many procedures are available for
artificial immobilization of cells and enzymes.
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Figure 9.1 Immobilized biocatalysts: (a) cells entraped in a gel particles; and

(b) enzymes attached to the interal surfaces of a porous particles

Now let us take an example of immobilized systems and let us try to characterize the mass
transfer process in these immobilized structures. Now rate of bioreaction we know in an
immobilized system would be dependent on the rate of mass transfer outside or inside the
solid catalyst for the substrate. If cells or enzymes they do not spontaneously form clumps or

attach to solid surface, they can be induced to do so by using immobilization techniques.

Many procedures for immobilization are available for artificial immobilization for cells and
enzymes. Let us take an example as shown in the figure on the slide you can see figure a
where a gel particle has immobilized cells embedded in it and the figure b shows a porous
structure a porous particle where the cells have settled in the pores or the enzymes have
settled inside the pores of the solid structure.
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Schematic diagram of the path of the
substrate to the reaction site in an
immobilized enzyme.

1. Transfer from the bulk liquid to the surface of the boundary layer
2. Diffusion through the boundary layer
3. Diffusion to the active site inside the inert support

Step 1&2 form external mass transfer resistance
Step 3 forms internal mass transfer resistance

In both these cases, the substrate has to diffuse in from the bulk liquid and reach the reaction
center or the enzyme for the reaction to happen. Let us assume as shown on the picture here
that the substrate concentration in the bulk is denoted as C sb, so the path which it has to take
to reach to the immobilized enzyme before the reaction can take place will involve step 1

which means movement from the bulk to the surface. This surface is nothing but the film.

So, as we had studied earlier, this is an immobilized enzyme suspended in a liquid. So, there
will be a solid liquid boundary. So, this shows the boundary layer the dotted line till the
surface of the immobilized enzyme. So, first it has to reach to the from the bulk to the surface
of the boundary layer and then it has to cross the boundary layer and reach the surface of the

enzyme and from the surface it has to diffuse in to reach the enzyme.

So, this is nothing but a diagram of the path of the substrate to the reaction site. So, as | said
earlier step 1 it is the transfer of the substrate from the bulk liquid to the surface of the
boundary layer. Step 2 is the diffusion through the boundary layer and step 3 will be diffusion
of the substrate to the active site inside the inert support where the enzyme has been

immobilized.

So now please note step 1 and step 2 here they come under external mass transfer resistance.
So, they will give external mass transfer resistance. Step 3 will have to face internal mass
transfer resistance.

(Refer Slide Time: 05:08)



3.2.1. External Mass-Transfer Resistance

IF an enzyme 15 immobilized on the surface of an isoluble particle, the path is
only composed of the first and second steps, extemal mass-transfer resistance.
The rate of mass transfer is proportional to the driving force, the concentra-

tion difference, as ~ &
i\\yzlkYQQ('\g_—(‘\) —_— (3]

where C; and (s are substrate tonéEﬁlfﬁ)ﬂiﬁhe bulk of the solution and at
the immobilized enzyme surface, respectively  The term ks is the
mass-transfer coefficient (length/time) and A is the surface area of one
immobilized enzyme particle.

So now let us characterize the external and the internal mass transfer. So, if we have to
characterize the external mass transfer resistance let us assume a case. So, let us assume the
enzyme has been immobilized on a surface of a solid particle. The path then would only
compose of the first and the second step. So, the external mass transfer resistance would be
coming into the picture.

The rate of the mass transfer we know is proportional to the driving force. What will be the
driving force here? The concentration difference. This concentration difference is the
concentration difference between the bulk and the surface of the immobilized particle. So,
your rate; of mass transfer because there is a solid liquid boundary, so depending on the

thickness of the boundary let us assume the resistance is 1 by k s.

Because it is a solid liquid boundary so we will denote the mass transfer coefficient with a
subscript s as shown here in equation 3.1. So, here as we have done earlier your rate of mass
transfer of substrates can be defined as k s A is the surface area of the film which is the
particle and then C sb is the bulk substrate concentration and C s is the concentration at the
surface of the immobilized particle where the enzyme has been coated.

Now C sb and C s are substrate concentrations in the bulk of the solution and at the
immobilized enzyme surface respectively. So, the term k s is the mass transfer coefficient and
A is the surface area of the immobilized enzyme particle.
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During the enzymatic reaction of an immobilized enzyme, the rate of
substrate transfer is equal to that of substrate consumption. Therefore, if the
enzyme reaction can be described by the Michaelis-Menten equation,
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where  is the total surface area per unit volume of reaction solution. This

equation shows the relationship between the substrate concentration in lhc

@%@J

So now rate of mass transfer of the substrate is what is equal to the rate of reaction. So rate of

(32)

reaction let us assume is following Michaelis-Menten kinetics. So ds by dt or dC s by dt can
be written as k s a C sb — C s and then we have used Michaelis-Menten model here where r
max is the maximum rate of reaction, C s is the substrate concentration which has reached the
enzymes K M is the Michaelis-Menten constant and small a is the total surface area per unit

volume of the reaction.

So, because this is equal to dC s by dt initially it was mass transfer, this will become equal to
dC s by dt because volume can be divided with the mass and this will become concentration
of the substrate and the numerator volume will go to the RHS where we had k s a so that
volume will come here and this will become C sb - C s. So now A by V here can be written

as small a where V was the volume of the reaction and A was the surface area.

So, then this equation can be represented as shown here in equation 3.2. So small a is the total
surface area per unit volume reaction solution or reaction volume and this equation then
shows the relationship between the substrate concentration in the bulk of the solution and at
the surface of the immobilized enzyme. So, we have now a relationship between C s and C
sb.
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bulk of the solution and that at the surface of an immobilized enzyme.
Eq. (3.2) can be expressed in dimensionless form as:

=% PBx;

—- (

N,  14+fx;

(%)
(9%

where

(34)

p=tu
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Ny, 1s known as Damkdhler number, which is the ratio of the maximum
reaction rate over the maximum mass-transfer rate. Depending upon the
magnitude of Np,, Eq. (3.2) can be simplified, as follows:

Now give it a dimensionless form, we will have the entire equation 3.2 divided by C sb. If we
do that and substitute C s by C sb as x s then and also bring some constants together and
further break them into some dimensionless entities which is called as Damkohler number
which stands for the maximum reaction rate to the maximum mass transfer rate and beta

which is given as the bulk substrate concentration to the Michaelis-Menten constant.

So, this dimensionless number which is called as Damkohler number it defines the ratio of
the maximum reaction rate over the maximum mass transfer rate. So depending on the value
of the Damkohler number, one can make out whether the system will be mass transfer limited
or whether the system will be reaction rate limited. So, let us simplify this equation 3.3. So,
after you substitute divide that 3.2 with C sb then we end up in equation 3.3. Now using 3.3
let us take some cases.
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I. IfNp, < 1, the mass-transfer rate is much greater than the reaction rate
and the overall reaction is controlled by the enzyme reaction,
&
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2. If Np, > |, the reaction rate is much greater than the mass-transfer
rate and the overall rate of reaction is controlled by the rate of mass
transfer that is a first-order reaction,

I, =ksaCy, (3.6)

e =)

To measure the extent which the reaction rate is lowered because of
resistance to mass transfer, we can define the effectiveness factor of an
immobilized enzyme, 1), as

actual reaction rate ”
(3.7

rate if not slowed by diffusion

Let us take case one where the Damkohler number is found to be very small, very small
Damkohler number if you go by the definition would mean what that the rate of mass transfer
is very high than the rate of reaction. So the slowest step is the governing step. So which
means that mass transfer is much greater than the reaction rate and therefore the overall

reaction would be controlled by the enzyme reaction rate.

So, then reaction rate has given us in the form of Michaelis-Menten equation. So now
because the mass transfer is taking place very fast, so there are no mass transfer limitations.
So then what reaches the surface of the immobilized particle would be equal to the bulk
concentration and then the bulk concentration of the substrate is what is participating in the

enzymatic reaction so where the enzymatic reaction rate can then be given as equation 3.5.

Let us take the second case where the Damkohler number is found to be very high. In that
case again, the reaction rate this means is much greater than the mass transfer rate and the
overall reaction rate therefore is now being controlled by the rate of mass transfer. Now in
this again if you see the rate of mass transfer, so the reaction rate is very fast. If the reaction
rate is very fast and the rate of mass transfer so which means by the time as soon as it reaches

it gets consumed in the reaction.

So, we can assume that on the surface the substrate concentration is nearly 0. So your
maximum reaction rate or the reaction rate can then be given as k s a multiplied by C sb. Now

this in terms of the bulk substrate concentration is a first order reaction. Now in order to



measure the extent with which the reaction rate is being lowered because of the resistance to

mass transfer another term is defined which is called as effectiveness factor.

Now this effectiveness factor in immobilized systems the enzymes can be given as the actual
reaction rate to the reaction rate if not diffusion limited.
(Refer Slide Time: 13:06)

The actual reaction rate, according to the external mass-transfer limitation
model, is as given in Eq.(3.2). The rate that would be obtained with no
mass-transfer resistance at the interface is the same as Eq. (3.5) except that '
is replaced by C'ss. Therefore, the effectiveness factor is

.68
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where the effectiveness factor is a Tunction of xs and B Ifxsis equal to 1, the
concentration at the surface C is equal to the bulk concentration C;.
Substituting | for x; in the preceding equation yields n =1, which indicates
that there is no mass-transfer limitation. On the other hand, if x5 approaches
zero, 1 also approaches zero, which is the case when the rate of mass transfer
is very slow compared to the reaction rate.

So, in immobilized enzyme systems which are following Michaelis-Menten this means what?
That the efficiency factor if it is following Michaelis-Menten equation and in actual condition
there is some substrate which reaches due to the diffusion limitations the resistance to the
boundary layer, there is a substrate C s which is different from the bulk substrate

concentration. So, your reaction rate was given as shown on the numerator.

This is the actual reaction rate. Now if the same system was not diffusion limited, so
whatever was the bulk concentration would have reached the surface very fast mass transfer.
So, in that case the reaction rate would have been as shown in the denominator where the
substrate is then concentration is equal to C shb. Now we again use the dimensionless forms x

s and beta and as shown here on the slide it will take this form.

So, your effectiveness factor has now become a function of x s and beta. Now if X s =1 which
means what x s was what? The x s was C s by C sh. Now if x s = 1 which means C s = C sbh,
the concentration at the surface is equal to the bulk concentration. Now substituting 1 for x s
in this equation, you will see the eta value becomes equal to 1 which means no mass transfer

limitations.



On the other hand, if excess approaches 0 if it becomes very nearly 0, so then your eta value
also becomes equal to 0. In this case this demonstrates that the rate of mass transfer is very
slow as compared to the rate of reaction, the system is mass transfer limited.
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Internal Mass-Transfer Resistance

If enzymes are immobilized by copolymerization or microencapsulation, the
intraparticle mass-transfer resistance can affect the rate of enzyme reaction. In
order to derive an equation that shows how the mass-transfer resistance
affects the effectiveness of an immobilized enzyme, let's make a series of
assumptions as follows:

1. The reaction occurs at every position within the immobilized enzyme,
and the kinetics of the reaction are of the same form as observed for
free enzyme.

2. Mass transfer through the immobilized enzyme occurs via molecular
diffusion.

. There is no mass-transfer limitation at the outside surface of the
immobilized enzyme.

()

4. The immobilized enzyme is spherical.

Now let us talk about internal mass transfer resistance. So if the enzymes are immobilized by
copolymerization or by microencapsulation, then the intraparticle mass transfer resistance can
affect the rate of enzymatic reaction. Now in order to now characterize this or derive an
equation that can show how mass transfer resistance is affecting the effectiveness of this

immobilized enzyme, then we start with few assumptions.

So, the reaction occurs, what are the assumptions? First, we will assume that the reaction
occurs at every position in the immobilized enzyme and the kinetics of the reaction are of the
same form as observed for the free enzyme. The second assumption mass transfer through the
immobilized enzyme occurs via molecular diffusion. So, we are assuming that the mass

transfer in this immobilized structure is only occurring through molecular diffusion process.

Third there is no mass transfer limitation at the outside surface of the immobilized enzyme
and the fourth for ease we will assume that the immobilized particle is spherical in nature.
(Refer Slide Time: 16:41)



Concentration Gradients and Reaction Rates in
Solid Catalysts
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Typical substrate concentration profile for a spherical biocatalyst

So, if you see the picture on the slide there is a spherical biocatalyst inside which the enzyme
has been immobilized. It is suspended in the bulk liquid and we will assume that there is no
external mass transfer limitation. So the boundary layer is absent, but the photo shown here is
an actual scenario where if you make a plot of the concentration of the substrate or any
component in the medium versus the R which is the center of the spherical pellet is your

origin.

So, what you can observe is that the concentration decreases wherever there is mass transfer
limitation. So, from the bulk which is C Ab it goes down because of the solid-liquid boundary
layer and then once it reaches the surface because of the intra mass transfer resistance is
intraparticle the concentration further goes down diffusional limitations before it reaches the

center of the spherical particle.

Now the spherical particle radii are given as capital R. So, this is the substrate concentration
profile in a spherical biocatalyst expected in a immobilized system.
(Refer Slide Time: 18:08)



Shell balance for a substrate i an immobilized
eNzZyme.

Now in order to find how the substrate concentration will change from the surface till the
inner core. We need to bring the substrate concentration as a function of the radii of the
pellet, so how do we do that? We will assume that it is a spherical particle and we will cut out
a shell in this spherical particle and we will do a mass balance for the substrate across the
shell.

(Refer Slide Time: 18:36)

The model developed by these assumptions is known as the distributed
model.

First we derive a differential equation which describes the relationship
between the substrate concentration and the radial distance in an immobilized
enzyme. The material balance for the spherical shell with thickness dr as
shown in Figure 3.3 is

Input — Output + Generation = Accumulation (3.9

dC, d (dC, iC
+ 1r
dr dr\ dr

-r’D, T+(I dryr, } J)Tr:dr‘T\ (3.10)
where Dy is diffusivity of the substrate in an immobilization matrix.

417{(1 +dr)’ D,

dr

For a steady-state condition, the change of substrate concentration, dCs /dt,
is equal to zero. After opening up the brackets and simplifying by eliminating
all terms containing dr’ or dr’, we obtain the second order differential
equation: _—

d*Cy 2dCs
Dy =0
( ( d/" 1 dr ]f

iy (3.11)

Eq. (3.11) can be solved by subsluuum; a suitable expression for 7. Let's
solve the equation first for the simple cases of zero-order and first-order
reactions, and for the Michaelis-Menten equation.

Now the model which we will develop under these assumptions will be known as distributed
model. Now because outside we assume there is no mass transfer limitation, so first we
derive a differential equation which describes the relationship between the substrate with the
radial distance in the immobilized enzyme. So, if we start doing the material balance for the

substrate across the spherical shell.



Now this spherical shell we will assume has a thickness small dr and small r is the radii from
the centre at which this shell has been cut of thickness dr and capital R is the radius of the
pellet. And we can assume that C sb is the bulk substrate concentration at the surface and C s
is the substrate concentration at the surface of the shell. So, if you use continuity equation
which means do the material balance then input minus output plus generation or consumption

will be equal to accumulation.

Now in case of a consumption this will become minus. Now because it is a substrate so there
would be consumption and not generation. So, if you see the rate of input and the rate of
output we know that it is following diffusion process, so here Fick’s law of diffusion has
been used and the rate of input and the rate output have been placed at the first two terms and
the third term here defines your substrate consumption rate and on the RHS is your rate of
substrate accumulation inside the shell of thickness dr.

(Refer Slide Time: 20:41)
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Now to understand this better let us take the half of this spherical shell. So, let us assume here
the notations have been differed for the ease and understanding. Let us assume that this
thickness is delta r, small r and as | said small r is the radii at which the shell has been kept
and capital R is the actual radius of the pellet. So as shown here the substrate is diffusing

inside this pellet to reach the core.

So now; with the Fick’s law input as | am drawing here then output difference will be equal
to the accumulation of the substrate in the shell. So, the rate at which it is coming inside is
your first term. The second term which is again being defined by the Fick's law is the rate at



which the substrate is going out at a distance r and at a distance r + r it was coming in. And
the third term is your reaction rate in this shell which is equal to the consumption rate of the

substrate.

So now if you put the limit that delta r tends to 0, then putting this limit here you can bring it
in the form of differential and it takes the form of equation given in the end. So, if you see
this becomes equal to differential because you are putting the limits delta r tends to 0 and D
Ae has been brought out of the bracket because this is the diffusivity constant assumed to be

a constant C A and r are variables and r A is your reaction rate.

So, again when you take the differential of the entities in the bracket it will expand as shown
here in the last equation. So now this equation 1 corresponds to equation 3.11 where r s here
is the reaction rate can be any, can be zero order reaction, first order reaction kinetics, can
have a Michaelis-Menten kinetics. So, what has happened this equation 1 here has been

divided by r square completely.

So, if you divide the entire equation by r square this will become equal to your equation 3.11.
So, now in order to solve 3.11, equation shown here, you can substitute a suitable expression
for the reaction rate r s.

(Refer Slide Time: 23:49)

Zero-order Kinetics: Let's assume that the rate of substrate consumption is
constant (zero order) with respect to substrate concentration ag=
{

\{—.,

o=k, ifC;>0

=
1, =0 otherwise
\/\/’D
This is a good approximation when K, << (s for Michaelis-Menten
kinetics, in which case Ky <7, &«@//

By substituting Eq. (3.12) into Eq. (3.11). we obtain

d°C, 2dC, & -
|\ sy 28s g for 50 (3.13)
| dr ok dr (D

The boundary conditions for the solution of the preceding equation are
as r- R, ,{’—(D .

Now let us take some cases. Let us first assume a zero-order kinetics. So for a zero-order

Kinetics, the rate of substrate consumption is constant with respect to substrate concentration.

So, your reaction rate let us assume is —k 0 where k 0 is your reaction constant rate constant



for any value C s greater than 0. And if the C s is not there, then obviously the rate of reaction
is 0. So, if you remember your Michaelis-Menten Kinetics which is your V=V max S upon S
+ K M.

In this this becomes this takes the form of a zero order-reaction if your K M value is very less
than C s which means it has very high affinity for the substrate. Then in that case your k 0
will become equal to your maximum reaction rate which they have represented as r max.
Now if we substitute this in your equation 3.11 in place of r s, then we place here as —k 0 and
then you divide the entire equation by diffusivity constant D Ae here which is termed as D s

here.

And this becomes your equation where your C s is being related to r. So, in order to solve this
double differential equation, we make use of the boundary conditions. What are these
boundary conditions? The change of substrate with r this will go to 0 when r becomes equal
to some critical value. So, this is the maximum radii till which the substrate is being able to
penetrate beyond which there is no substrate.

So obviously your dC s by dr the rate of change of substrate with the radii is nearly equal to 0
when your r tends to be the critical radius. Now at the surface where r is equal to capital R
your substrate concentration is equal to the bulk substrate concentration because there are no
external mass transfer resistances. So, this forms your boundary condition 2. So, the first one
was dC s by dr tending to 0 at r is equal to R ¢ and C s becoming equal to C sb at r is equals
to capital R which is the radius of the pellet.

(Refer Slide Time: 26:40)
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dr’ Dy
Integrating Eq. (3.15) twice with respect to r, we obtain
1 l\' : 4 v v
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Applying the boundary conditions (Eq. (3.14) on Eq. (3.17) yields
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So now in order to solve this differential equation given as 3.13 with the boundary conditions
which we have numbered as 1 and 2 to solve this if you do a mathematical substitution of a
quantity alpha which is a product of r and C s. And further use it you can reduce the earlier
equation into a simple double differential form which you can integrate and then apply the

boundary conditions to get the integration constant values.

And then come back to the original equation to find a relationship between C s and r. So,
your equation 3.1 where C 1 and C 2 were integration constants, their value can be obtained
using boundary conditions.
(Refer Slide Time: 27:28)

Therefore, the solution of Eq. (3.13) 15
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Eq. (3.20) is only valid when (s> 0. The critical radius, below which C is
zero, can be obtained by solving
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So, your solution for a zero-order kinetics is shown here in terms of your critical radii, your
bulk substrate concentration and the radius of the pellet given the values of the reaction rate
constant of zero-order kinetics and the diffusivity of the substrate through the pellet.

(Refer Slide Time: 27:55)

The actual reaction rate according to the distribution model with zro order
is (43)7 (R R k. The rate without the diffusion limitation is (4/3)7 R’k
Therefore, the effectiveness factor, the ratio of the actual reaction rate to the
rate i not slowed down by diffusion, is
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So now if we want to find out an expression for the efficiency factor for such a system, we
can find out the actual reaction rate. So, what is the actual reaction rate? Now the actual rate
here according to the distribution model with zero-order kinetics would be nothing but 4 by 3
pi R cube — R ¢ cube which is the effective volume of the pellet because beyond R c there is

no substrate getting inside.

So effective volume is R — R ¢ 4 by 3 pi R cube is the total volume — 4 by 3 pi R ¢ cube
which is the solid pellet in which there is no substrate getting in. This volume multiplied by
the reaction rate constant. So, this is your actual reaction rate the maximum rate possible with
no diffusional limitations. So, there will be no diffusional limitations then your R ¢ will
become equal to 0.

So then in that case your reaction rate becomes 4 by 3 pi R cube into k0. So, then your eta
which is your efficiency factor can be given as a function of the critical radii and the radius of
the pellet. So, if we need to get an expression for that; critical radii in a zero-order kinetics
immobilized system enzymatic system then we can find an expression by adding the
boundary condition that when small r becomes equal to R ¢, your C s becomes equal to 0.
(Refer Slide Time: 29:55)



First-order Kinetics: If the rate of substrate consumption is a first-order
reaction with respect to the substrate concentration,
1y =—kC —
By substituting Eq. (3.23) into Eq. (3.11) and converting it to dimension-
less form, we obtain
/o

(3.23)

; ’x;  2dx :
)i it B e | (3.24)
'\‘\" C dar-  F dr

- ’/"—\/ s _[/
F= L= / h\él{’ /

R | k¢ ﬁ
0=—

3\ Dy

and ¢ is known as Thiele's modulus, which is a measure of the reaction rate
relative to the diffusion rate. Eq. (3.24) together with the boundary conditions
X5 1s bounded as r—0

3.26
x: =1 at r=1 {ze =0
” ol

5

7

7 —
So now let us take another case of a first order Kinetics. So, if the rate of substrate
consumption is a first-order reaction with respect to the substrate concentration, then in a
first-order kinetics it can be demonstrated by equation shown here as 3.23 where k is your
rate constant and C s is the substrate concentration. So your reaction rate is a function of

substrate concentration.

Now putting this in the earlier equation double differential equation and using dimensionless
entities which we did earlier as x s and r dot, r dot here is a dimensionless form for the radii
where small r by capital R is your r dot and all the constants have been brought together in
the form of Thiele’s modulus which has been given as phi. Now this Thiele’s modulus takes
the form of r by 3 under root k by D s.

Now the physical significance of Thiele’s modulus if you can understand from the
arrangement of constants here it seems to be a measure of the reaction rate relative to the
diffusion rate in the denominator. Now if the Thiele modulus is very less or very high, we can
find out that whether reaction rate is high or whether diffusion rate is higher. So x s is

bounded which means dC s by dr is nearly 0 when your r is 0.

So, we are assuming that it is able to reach till the inside. Your x s = 1 which means C s
becomes equal to the substrate at the surface when your r is equal to capital R. So, it is saying
that the substrate concentration is the bulk substrate concentration at the surface of the pellet.
So, the boundary conditions have been framed in terms of the dimensionless entities.

(Refer Slide Time: 32:21)



In order to convert Eq. (3. 24) to a form which can be easily solved, we set
o =rx,, so that the differential equation becomes

i R
_9%a=0 (3.27)
e —2
Now the general solution of this differential equation is
¢ = cosh3¢r + C, sinh 397 (3.28)
or
| . e .
Xy ==(C, cosh3¢r + (', sinh397) (3.29)
2

Since xs must be bounded as 7 approaches zero according to the first
boundary condition, we must choose C; = 0. The second boundary condition
requires that C; = 1/sinh3¢, leaving

sinh 397
X =
* sinh3¢

4 \_,—‘—\/—\‘_/ z =
which shows how the substrate concentration changes as a function of the @
radial distance in an immobilized enzyme. & '6 2
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Now again, the same equation, the double differential equation to solve it we do the

(3.30)

substitution in terms of alpha. So here the alpha dot becomes equal to r dot x s so that the
double differential equation takes a simpler form for integration and we will again integrate
twice to get the integration constants and using the boundary conditions we will solve for the

integration constants.

So, when all this is done your x s is related to r, your x s was nothing but C s by C sh. So
effectively your substrate concentration is being related and your r dot was r by R, so the C s
is indirectly being related to your radii of the pellet. So, this equation 3.3 finally will show
how your Cs will change with the radii of the pellet inside the pellet if the reaction kinetics is
being governed by a first-order reaction rate kinetics.
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For a low value of Thiele's modulus
(¢ 1), the rate of the enzyme reaction is slow compared to the diffusion rate.
Therefore, the substrate diffuses into the core of the particle, which results in
a fairly flat concentration distribution throughout the radial location of a
particle. On the other hand, for higher values of the modulus (¢ =5), the
reaction rate is faster than the diffusion rate, so most of the substrate is
consumed near the particle surface. When ¢ =5, the substrate concentration
at 7#<0.6 is nearly zero.



Now let us see how Thiele’s modulus affects your profile of substrates versus the radii of the
pellet or how does it affect the substrate profile inside the pellet. So, if x s versus r dot we
have a plot here, there are different phi values given. So, for a very high value, higher the phi
value you will see that r dot the range is from 0 to 1. It is a dimensionless entity, it is a
fraction, r dot was small r by capital R, so it can change the form from 0 to 1, the range can
be from 0 to 1.

So, when r dot = 1 which means at the surface, so when Thiele’s modulus is very high, and
what was this modulus? Thiele’s modulus was a ratio of the mass transfer to the diffusion rate
so which means mass transfer rate is higher than the diffusion rate. So, if mass transfer rate is
higher than the diffusion rate, the reaction rate is faster than the diffusion rate. So, most of the

substrate will be consumed near the particle surface.

Similarly, if the Thiele’s modulus value is low, then this would mean that the rate of enzyme

reaction is slower in comparison to the diffusion rate.



