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Lecture - 29
Nonparametric tests/Homogeneity of variance/Beta distribution

Welcome to the course on a Biostatistics and Design of Experiments. We will continue
on the topic of Nonparametric test. Yesterday | talked about Nonparametric test and
generally these Nonparametric test is used when the data is ordinal, that means we do not

have x axis.

(Refer Slide Time: 00:29)

1) The data for the response is not at least interval scale,
i.e. measurements. For example the response might be
ordinal,

2) The distribution of the data for the response is not
normal. ..a relatively normal distribution is assumed for
parametric tests,

3) There exists severely unequal variances between
groups. There is a violation of the homogeneity of variance
assumption required for parametric tests.

Like for example, changes in a parameter as a function of time or change and so on
actually. So, it is more of ordinal it is numbers and next one is if the distribution does not
follow you say a Normal distribution or a Chi square distribution or a F distribution or T
distribution, if the variances are unequal, so all these conditions we cannot use the
parametric test. We have spent lot of time on this parametric test like your F test, T test
and Chi square test, Z test and so on. So, we cannot use any one of these and we need to

resort to nonparametric test.
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Table of Parametric & Nonparametric Tests

Nonparametric
Purposc of Test | Parametric Test Test
Compare two Two-Sample Mann-Whitney/

Wilcoxon Rank
samples Sum Test

independent - Test (cither case

Compare Sign Test or

dependent samples Parred t-Test Wilcoxon Signed-
Rank Test

Compare

kndependent | Ope.way ANOVA | Kruskal-Wallis

samples Test

What are those Nonparametric tests? We have these on equivalent to a two-sample t-
Test, if you are comparing 2 independent samples there is something called Mann-
Whitney/Wilcoxon Rank Sum Test. Then if you are doing the Paired t-Test that means
you are using the same subjects for say, control and test it is comparing dependent
variables there is something called Sign Test or Wilcoxon Signed Rank Test. If you are
doing a One-way ANOVA equivalent, that is comparing independent samples then there
is something called Kruskal-Wallis Test. Yesterday in the previous class we looked at
these two-rank sum test, sign test and signed rank test and so on. Now let us look at
equivalent to your one-way ANOVA. What do we in One-way ANOVA? We have
several sets of samples and we are trying to compare them. If you have the homogeneity
of variance we can use ANOVA, but otherwise then we need to resort to something
called Kruskal-Wallis test.
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Independent Samples

To compare 3 or more populations- Kruskal-
Wallis Test.

One-way ANOVA is based on the assumption of normality

and equolity of varience. The nonparametric

alternative not relying on these assumptions is called
the Kruskal-Wallis Test.

So, if you want to compare 3 or more populations. If you have 2 or more, 2 population
then of course we can use this Mann-Whitney/Wilcoxon Rank Sum Test or if it is Paired
then we can use the Signed Test and so on. But if we are having 3 or more populations
then we go resort to something called Kruskal Wallis Test. Because One-way ANOVA
generally assumes normality or equivalent equality of variance or homogeneity of

variance, so in a nonparametric situation we use this particular test.
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Basic |dea:

1) Looking at all observations together,
rank them.

2) LetRy,R,, ...,R, be the sum of the ranks
of each group

3) If some R/s are much larger than
others, it indicates the response values
in different groups come from different

populations.




What does it do? So, it looks at all the observations and then ranks them, and then once it
ranks them we will sum up each of the group ranks, you understand?. We will sum up
each of the group ranks and we will get say summation R;, Rz . R3 If some of these R's
are larger than others, then it indicates the respond values in different groups come from
different populations so that what it is. So, what we do is we put all the data together, we
rank them in an ascending order and then for each group we sum up all the ranks and

then we compare these ranks using some statistic, let us look at a problem.
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The test statistic is

N+l .,
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where.

N =total sample size =n, + n, + ... +n,
average rank for group /
n Ared » pvalue
N +1 l / i i
— = average overall rank
Under the H,, this has an approximate chi-square distribution

with df = k-1, i.e. the approximation is OK when each group
contains at least 5 observations

Before that this is the test statistic. So,

12
N (N +1)

where N is the total sample size, so if you have a say many groups each one having ny,
Ny, Nk sample size we add up all that gives you N. And then here we have a summation i
=1 to k, n; that is the number of samples in that i"" data set, Ri/ n; is the average rank for
group i - N + 1/ 2 this is the test statistics. So, what we do under the null hypothesis, this
is an approximate chi-square distribution with degrees of freedom



df = k-1

, that is the approximation is ok when each group contains at least 5 observations. We

compare this test statistics using the chi square distribution.
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Example : Kruskal-Wallis Test

A clinical trial evaluating the fever reducing
effects of aspirin, ibuprofen, and
acetaminophen was conducted. Study subjects
were adults seen in an ER with diagnoses of flu
with body temperatures between 100° F and
100.9° F. Subjects were randomly assigned to
treatment. Changes in body temperature were
recorded after 2 hrs of administration of
treatments.
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Let us look at an example, this example was taken up from this particular paper which
called Clinical Therapeutics. A clinical trial evaluating the fever reducing effect of 3
drugs are tested- aspirin, ibuprofen and acetaminophen. So, it was given to adults and
they were tested and when they had a body temperature of 100 to 100.9. The subjects
were randomly given either aspirin or ibuprofen or acetaminophen and after 2 hours,
their body temperature was again recorded and then it is listed. 3 drugs so it is very

random set of data.
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Data: Temperature Decrease (deg. F)

\spirin | Rank Ibuprofen | Rank | Acctaminophen | Rank
95 . 8 . 39 . 5 . 19 . 4
18 | ul# | ez |
13 | g3t | nl|o E
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N=I§ R =W R, = 50 R, =26

The temperature decrease is shown here, of course in this particular case there is a
temperature increase. So, Aspirin, we had 4 candidates they had temperature decrease of
these numbers, ibuprofen there are 5 candidates who had a temperature decrease of these
and acetaminophen we had 6 candidates, 5 of them temperature decreased, in one case
temperature also increased. Now we add up all these and then rank them we start the
smallest with rank 1 and then go upwards. When we do that, so these the 1 because this
is the smallest number, then comes 2 then 3, 4, 5 like that it go on finally we end up with
15. Now, what do we do, we add up all these ranks together, these ranks together, these
ranks together. The total data set is 15, 4 +5 9, + 6 15 so capital N is 15. If you look at
Ri's that means, the summation if you add up all these you get 44 total number of data
points is 4, if you add up all these you get 50 total number of data point is 5, you add up
all these 6 total is 26. So obviously, there seems to be some large difference, you may

expect it to be behaving differently. Now we go to these test statistics, ok?.
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12 4 15+1) (50 15+4] (26 1541
4 + 8 O
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0.833~ 77 i.¢. ¢hi-square distributon withdf = (3-1) =2

Zr 6833

H =, you remember this test statistics which | introduced. So 12 =15 +16, 3 terms are
coming 4, 5, 6 because we have 3 sets of data 4, 5, 6 here. 4, 5, 6 then 44 is the sum for
data set 1, 50 the sum for data set 2, 26 the sum of data set 3 so 4, 5, 6 is the terms that is
coming in denominator. So, we do these addition we end up with 6.833, ok?. You look at
the chi-square test for 6.833 so the area comes out to be 0.03. Obviously, it is significant
so you reject the null hypothesis or you look at the chi-square table for this is a 3 data
sets are there acetaminophen, ibuprofen and aspirin so the degrees of freedom is 2, we
can look into this, you remember this table. Look into 2 for a 95 % 1 sided you get 5.99
and the H the statistics comes to be 6.833 so we reject the null hypothesis at 95 %

confidence for 1 tail ok?, this is how you do this.

What we do is, we combine all the data, we rank them and then add up each one of the
set of ranks separately and then we use this formula this is the statistic. 12 = the total
number of data points capital N, this is the total sum of the ranks for each i, divided by n
i that is the total number of points in that set - n is the total + 1 +2 and then you compare
it with the chi-square table. Now the next question is which drug is statistically
significantly different from the other? Now, again there is the different type of approach.
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Conclusion: Using the Kruskal-Wallis test we
have evidence to suggest that the
temperature changes after taking the different
drugs are not the same (p =.033).

To know which drugs significantly differ from
one another- Multiple Comparisons for
Kruskal-Wallis Test

So, the conclusion using the Kruskal-Wallis test the evidence to suggest that the
temperature changes after taking the different drugs are not the same because, p comes

out to be 0.033 area we can get it using excel.

(Refer Slide Time: 09:21)

T T T e A —
b : ’

uemy,of@ey W«

Excel has this command called CHI DIST so we can put this CHI DIST i had explain this
command. CHI DIST with it 6.833 comma 2 df, it gives you 0.03287 that is the
probability or that is the area under this curve. We can use either the command CHI

DIST from excel and get the probability value or we can use this table or we can use this



table for 0.05 one sided 2 degrees of freedom 5.99 and you can say this statistics

calculated is larger than 5.99 so we reject the null hypothesis.
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Data: Temperature Decrease (deg. F)

\spirin | Rank |Ibuprofen | Rank | Acctaminophe

95 39 19

48 | |4 .02
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128 | 248 | |00
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Is there a statistically significant difference between these 3 drugs, how do you go about
doing that, there is another test, which drug significantly differ from another there is
something called Multiple Comparisons for Kruskal-Wallis Test. So, from the Kruskal-
Wallis test we concluded, there is a statistically significant difference between these 3

drugs. Now how do we find out which drug is statistically different?
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To determine if group ¢ significantly differs from group j
We compute

= = N0, 1)
NN+ ]

\ 12 n n

and then compute p-value = P(Z2 z,) and compare to
w2m where m is the number of possible pair-wise
comparisons, m = k(k - 1)

-

Boaferrom cormected sigmificance kevel ~ a/dm




To determine that, there is another formula like this, if group i is significantly different
from group j that means, if you take one drug say aspirin and then you call this ibuprofen

SO you put in the aspirin data, you put in the ibuprofen data these number this is total and

o/2m
then these the 15 is the number and then compute p value and compare to

where, m is the number of possible pair-wise comparison that is m is given by

k(k —1)
2

. So, you need to compare this results, with the this particular m value and see whether

this results is less than this value. What is k?
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Comparing Aspirin to Acetominophen

NwIS  Aspirin Leetominophen
R = 44 R, =26 ¢ }
nowd ne6 omputing the
Bonferroni
)
R K 44 26 corrected
non 4 6 significance level
23 we have
MY+ M LTREN
} ceal b o) 0.052(3) = .00833
| 12 lnn| V1246
|
RZ>23)=01044 «

p-value is not less than 00833 thes we fail to reject Ho

Let us look into this problem, so the statistics so let us compare aspirin, acetaminophen
so Ri minus R; here you have n; you have n; then N here n; nj. As you know for aspirin n;
is 4, for acetaminophen n; is 6 and then the total n is 15 so we substitute all these into
this, ok?. We get the p z, that is once you calculate p z the probability of 0.0104 is
obtained from your p z table. And then we compare it, then we look at 0.05 + 2.3 that is

k, that is a is 0.05 + 2 m, where 2 m is given by

k(k —1)
2




, SO you get this as 0.00833. And this is much less than this particular probability value
so obviously, the p value < 0.00833 value so we failed to reject the Flo That is Hg in this
particular case is aspirin and acetaminophen behave in the same way, there is no reason

for you to reject the null hypothesis.

So similarly, we can take aspirin and ibuprofen and do the similar study and thén'we ¢an

take ibuprofen and acetaminophién'and do'the Similarstuidy and so on actually. It is very

straight forward to that do you understand? How to do this problem. So, basically what
you do is? First step is to look at this equation, substitute all the data and then get your
statistic compare it with the table statistic and then you conclude in this particular case
there, drugs differ differently. Once you do that you go into Multiple Comparisons for
Kruskal-Wallis Test which makes use of this. In that Multiple Comparison, we calculate

something called the z; that is comparing 2 cases, i and j and then you calculate the

probability from this and after that there is something called Bonferroni corrected

significance level where a if you take it as 0:05'2 m, m is given by

together what do you get. The Bonferroni corrected significance level is 0.00833 and the

2. So, if you put them

statistic you get 0.01044. So obviously, this is much larger than this, there is no reason

for you to reject the null hypothesis do you understand how this is done?

This is useful for comparing more than 2 sets of data, where as we used to use ANOVA
where as in this particular situation when the data is ordinal or non-normal then we can

use this type of Krus Wallis comparison, Krus Wallis Test ok?.



(Refer Slide Time: 15:39)

The Bonferroni correction is too conservative and
the approximate normality of the multiple
comparison Z, is valid only when sample sizes
are either “large”, Here the sample sizes quite
small.

So the conclusions cannot be trusted,

Now, we looked at large number of approaches for nonparametric test, looked at large
number of approaches for nonparametric equivalent to your two sample and Paired t-test
and One-way ANOVA we have all these rank based test, As you can see many of them
makes use of the rank, if you have a large data set we rank them from an ascending order
and see how the ranks are so that is how this type of nonparametric tests are conducted
and then you have some cases like Wilcoxon Rank Test we have tables we compare it to
the tables where as, Kruskal-Wallis we compare it with the chi square ,0k?. Now there is
another situation where you are talking, where you are having non-normal type of

distribution.
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Homogeneity of variance

In any normal if you are comparing 2 sets of data, multiple sets of data you consider
something called Homogeneity of variance. We need check whether your data set has
Homogeneity of variance that is very important, if they does not satisfy the Homogeneity

of variance then we need to use some other type of test, ok?.

(Refer Slide Time: 16:54)

Tests (such as ANOVA) require that the variances of diferent
populations e 0qual. Ths can be delermined by the folowng

approachos

sComparnson of graphs (esp. box plots)

sComparson of variance, standard deviation and

0Ststcal tesls

F test » Two Sampie Hypothesis Testing of Varances can be used
determng whother the varantes of two populations are equal

For Bved or moro varables the following statstcal lests for

homogenoity of vanances are used

sloveno's losd
aFigner Kiloon toat

eBartelt's tos!

So, for example, ANOVA requires the variances of different populations are equal, this
can be determined by the following approach. How do we do that? we can compare

graphically there is something called Box Plots, I will show you how we can compare



Variance, Standard deviation, we can even do this statistical tests like F test right?.
Suppose we have 2 sets of samples we look at the variance of set 1, the variance of set 2
divide one and by another that is called F test. And if we have many, then we perform
something called ANOVA. But then, there are other tests for checking the Homogeneity
of variances like Levene's test, Fligner Kileen test, Bartlett's tests, so all these tests are
available. Let us look at 1 or 2, let us not spend too much time on remaining test because,
we can easily find out about the Homogeneity of variance by using even these
approaches also, ok?.
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Bax plot : or box-andwhisker plot

graphcally dopcting grovps of numenca

tha bottom and top of the box are the first and thrd quartiles, and the band inside
the box & the second quartile (median)

What’s a Box Plot? It is also called a box-and-whisker plot, this is a graphical depicting
groups of numerical data through their quartiles. So, generally data is represented like
this, so this is called the quartile 1, this is called the quartile 3 and this is the median or it
is also called as 2nd quartile. This a maximum up to what the data goes up to, this is
minimum up to what the data goes up to. Sometimes if you have outliers which you do
not consider in your quartile calculation, put them as stars. This plot is very good
because it tells you how the data is spread the quartile 1, quartile 3, median and what is a
minimum value? what is a maximum value? So, it gives you nice picture and if there are
any outliers also we can mark it. If | had 2, 3 data sets, we can draw this box-and-
whisker plot and see how these rectangles are? are the rectangles very big? or the
rectangles are very small? these are called Whiskers. So, how the whiskers are spread?

And so on that is called a box-and-whisker plot, ok?.
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So, for example, if this is your data and your box-and-whisker looks like this obviously,
it is skewed to the right. Symmetric means, it will be nice centered, it will be in the
middle of the box, both sides equal like this, like this. Whereas, if it is skewed right we
will have it like this, if it is skewed left you will have like this. By looking at it we can
always say normality of the data. So, it is very good visual observation, this is called

Box-and-whisker plot. This particular pictures are taken from these reference actually.

As you can see when it is skewed left, you will have lot of data as you can see the
whisker very long, here the whisker is very short, if it is skewed right you will have very
long whisker on right hand side , very short whisker on left hand side. If it symmetric
you will try you will see both equal on both sides. So, it is a pic reference this is called

the Box-and-whisker plot.



(Refer Slide Time: 20:11)

Levene's Test

From the sol of data the residunls of of the group means from the cel

means are calcualed as folows

¢ =X =2

An ANOVA is then conducted on he absolute value of the rediduals. I
the growp varlances are equal, then the average szo of the residual

Should be the same across M groups

Then you have the Levene's Test, so what you do is? You have a set of data you calculate
the residuals from the group means so if you have the group mean then, we subtract each
one of the cell you get the residual. So, once you get the residual, perform an ANOVA
on the residuals, of course you take the absolute value of the residuals. If the group
variances are equal then the average size of the residual should be the same across all
groups, do you understand? It is very simple. So, what you do is, we take the mean and
then we take the difference absolute value so those are the, that is called the Residuals
absolute value and then you perform an ANOVA. We can perform it for 2 data sets or 3
data sets ANOVA and then we can show the H,. Whether it satisfies the H, or not

satisfies the H,. So, it is very simple that is called the Levene's Test.
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Fiigner Killoen test

The Fligner Kiloen test s a non-paramelric test for homogenedy
of growp vanances based on ranks. R 1s useful when the dala s
NON-POrM O whero there are outhars

modancentenng vorson of e Lavene's Tost by catulaing the
nbsolute values of the residuals from the group medians

M those resluds o ranked . normplize these rankings

-
FK = =

% *
HAG=a

kw1 number of groups, A = tho sz of the Ah group, a-bar is the mean
of the normalzation vades Sor the th group, a-bar &5 the mean of all e
normakzaton values and * s the variance of al the normaizaticn values

CHIDIST (x degrees_froedom) ono-tnilod probabiity of the chi-squared distrbution

Then we have the Fligner Killeen test, what is this? This is also a nonparametric test for
homogeneity of group variances based on ranks. Now you have heard quite a lot about
ranks right, this is useful when the data is non-normal or when there are outliers. So,
what do you do is? We calculate the absolute values of the residuals from the group
medians and then all these residuals are ranked. First calculate the absolute values then
put them together and then calculate the ranks of each one of them. And then you
calculate the statistics called Fligner Kiileen where, this is summation of j =1 to k n j the
size of the group j, a j bar -a bar square by s 2. a j bar is a mean of the normalization
value for the jth group and a bar is the mean of all the normalization values and s Zis the
variance and Kk is the number of groups, n is the size of the group. You can do this and
after that we can check it using a chi square distribution, 1 tailed probability of the chi
square distribution to see whether they follow the chi square distribution, as simple as

this, understand?.

You have the Levene's test which is looking at the residuals from the average values and
then perform an ANOVA or we have the Fligner Kiileen test where we are looking at the
FK which is the statistic, this is based on the absolute values of the residuals and then
you perform chi square distribution test to see whether the H ¢ is agreed or it is rejected,

ok?.
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Bartiett's test for homogenelty of vanances

Bartiett's test statistc B, & approsematoly chi-square
n=k)ins®* =3k (n~1)lns;
whare §° 5 he pooled vanance and
=)\ Ly

8/ Is the varance of the ith group, n is the total sample s2e, 1, Is the sampie size of the
Ah group, k & the number of groups. and 8 is the pooled variance. The pooled viwiance
is 0 weighted average of the group varances and 8 defined as

K
we] (-1 A0k)

=1
The null hypothosis that all the Qroud varances e equal is rojocted f pvalue <0
where p-vake = CHIDIST(B, k-1)
B 18 only approximately chi-squace, bul the approXmaton shoukd be good enough I

there are at keast 3 obsorvations in each sample

Then you have another test, that is called Bartlett's test for Homogeneity of variances.
So you have here, again a Bartlett's test statistics it looks quite big. This also makes use
of the chi square distribution. Equation looks big where your n is the sample size of the
ith group, k is the number of groups, s is given like this, s % is a total variance and s i 2 is
the variance of the ith group as you can see here. The ¢ here is given like in this formula
so what you do is you calculate this test statistics substituting the ¢ here, substituting the
s here and then use the chi square distribution. So what is the null hypothesis? that all
group variances are equal, it is rejected if the p < alpha. And your chi square distribution
b will come here, k is the number of group so obviously k - 1 is a degrees of freedom.
Here, the Bartlett's test we have statistics and then we apply chi square distribution in the
Fligner Killeen test we have a statistics which make use of residuals, then again we apply
chi square distribution. In the Levene's test, we calculate the residuals with respect to the
average from each group and then the there are sets containing residuals we apply the
One-way ANOVA.

All these different type of tests help you to determine the Homogeneity of variance and it
tells you whether the variances are equal or they are largely different and of course, you
have also have the box whisker plot which pictorially depicts how the variances are of
each set of groups samples. We have been looking at nonparametric distribution where
the data set could be non-normal, data set could be ordinal, the data set could have large

difference in the variances. In such situations, what type of tests we can use? equivalent



to your t test, Two sample t test, Paired t test, ANOVA. We have the different types of

signed test, rank test and so on actually. That sort of will complete the various types of
test,0k?.
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Beta distribution

And let us look at some other some more distributions we looked at Z distribution, then
we looked at t distribution, then we looked at Chi square distribution, F distribution, let
us look at one more distribution that is called the Beta distribution, this is also very
useful distribution to talk about, ok?.
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Arandom variable A is said to have a beta distribution
with parameters &, [, A, and B if

the probability density function (pdf) of X is

f(x; @ p,AB)

1 Ma+h (x-AT"(8-x]
B-A Na)yd(p\s-a) \B-4) "'
for ASx <8

and is 0 otherwise,

wee @ >0,8>0




Beta distribution, is a random variable X is said to have a beta distribution with
parameter. It is got 4 parameters @, By A and B, if the probability density function follows
this type of relation. It is got 4 parameters @, B, A and B and x here, x will be lying
between A and B and @, 8 are always > 0, understand?. So this is how the relationship
will look like and @, B are > 0. These are called y functions. | talked about long time
back, so y a a is o - 1 factorial, y p will be B - 1 factorial, y o + B will be o + B - 1

factorial.
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Beta distribution is a continuous probability
distribution defined by four parameters:

»ape | ahx

You have 4 parameters here minimum, that is the minimum value it can be anything,
maximum that is a maximum value anything @ > 0, B > 0 both are called the Shape

factors.
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Standard Beta Distribution

If X~ 8@, J, A, B), A=0 and B=1, then X is said to have a
standard beta distribution with probability density function
» [a+f)
[(¥)=Ix(p,q) = ———x
(e (f)
for (),-_" ‘l

and 0 othecwise

So, you can have a special case this called Standard Beta Distribution when A'= 0 and B
= 1. If you substitute that in the previous equation, in this equation A =0 and B = 1.
What do you have? You have something like this, quite simple looking equations for x
lying between 0 to 1. So 0 to 1 it will have a distribution, if it is not between these it will
be always 0 otherwise. For different values of a and B we can have different types of

shapes.
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standard beta probability density function
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As you can see here, Beta distribution with e 0.5 and  0.5. Beta distribution that is
probability density function, e of 0.5 and B of 2. So, if you have both 2, 2 you get like
this, so if you have 2, 1.5 you have get like this.
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16 different Beta dutribution, all with mensenum 0 and maximem 100

You can see that we can get a large number of shapes, with these e and . So, this very,
very useful especially for simulations and modeling. We can generate any type of
function as you can see, you can get maxima going down, you can get exponentially sort
of falling down, you can have exponentially rising, you can a linear rising and then you
can get bath tub type of curves. You can get any type of curve by manipulating your a
and manipulating your B. So, it is very useful for simulation purposes. So, if you want to
generate any shape we take this beta distribution function, put A and B as 0 and 1

respectively, and we can use whatever g and . we want to use to achieve the shape, ok?.
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Let us go forward, it can take a wide variety of shapes, it can look like Triangular,
Uniform, Exponential, Normal, Lognormal, Gamma so it is fantastic actually. It extends
extensively in project planning controls, growth curves in your bacterial systems like as
you can see we can get different types of growth curves, different types of growth

patterns you know, using modifying your gcand B.. So, the mean of this will be like this
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. So, if Ais 0 B is 1, what happens? You will get

A+(B—A)-
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your standard deviation is given like this. If B is 1 this will go away, so your standard

deviation be
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of beta distribution is also called the incomplete

beta function ratio  denoted by I,
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There is something called Cumulative distribution function. So, you just need to
integrate between 0 to X, of the beta distribution and it is given like this B is your beta
function, beta function is nothing but this is your beta function, sorry this is your beta
function. So, you can integrate that to get your Cumulative distribution function. So, for
example, if your probability looks like this, sorry probability density function looks like
this your cumulative will look like this, if your probability density function will look like
this cumulative will keep on increasing. Cumulative generally keep on increasing. If
your probability density function looks like this for 2 and 2 your cumulative will go like
this, if your probability density function looks like this your cumulative will go like that.
So, this equation is also useful because it gives you an idea about the Cumulative density

function.
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Example:
The time necessary 10 compiete any particular acthvity Once & s been stanted

has a bela dsinbution wih
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Let us look at an example, time necessary to complete any particular activity once it has
been started follows a beta distribution, suppose A is optimistic time is given in 2 days,
B is the pessimistic time given 5, a = 2, and B = 3, then the mean will be 3.2 that means,

on an average it will take you 3.2 days to complete the task.
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u=2+(3)04)=32

For these values of a and B, the probability density
functions of y is a simple polynomial function. The
probability that it takes at most 3 days to complete

Now for these values of a and B, the probability density function of x is a simple
polynomial because if we substitute the cumulative distribution function like this, so we
put your alphas, your a as 2, B is 3, a is 2, B is 3 and then A as 2, B as 5. So substitute



these into the equation and integrate them, end up with probability of 0.407. The
probability of completing the task at most 3 days that means maximum of 3 days is given

as a probability of 0.47.
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Exce

cumyiaiive beta probabiity density function

BETADIST (x alpha beta AB)

X a8 e value botween A and B at which 10 evaluaie the funchon
ANpha s a parameter of the disirbution

Beta 5 a parameter of the dstrbution

A 5 an opbonal lower bound 10 the Intervad of x

BETADIST(3,23.2.5) » 0407

And also in your excel we have BETADIST, which gives you X, &, B, A, B. So, let me
look at it, excel, so we have the excel function which is given by BETADIST, equal to
BETADIST and you want to calculate at, see, it is given as X, &, B, A, B so in your case
@, B is 2 and 3 respectively A and B is 2 and 5 respectively. If you want to finish it in 3
days, what happens? 2 ,5 sorry, want to finish it in 3 days as here at most 3 days, what it
should be there? So, we need to put the values sorry, 3, 2, 3 because @, is 2, B is 3, then
A is 2 that is the optimistic time, then the pessimistic time is 3, 5 so you get 0.407. So,
the probability of finishing it in 3 at most in 3 days is 0.407, that is same as what is got
by integrating this Cumulative distribution function. So, we can use the excel to do the
same thing and excel has this BETADIST command you want to know the probability at
any value of x and you know the @, you know the B, you know these A and you know the

B so it gives you at 0.407. So, we will continue on this distribution in the next class also.
Thank you very much for your time.
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