Biostatistics and Design of Experiments
Prof. Mukesh Doble
Department of Biotechnology
Indian Institute of Technology, Madras

Lecture - 26
Weibull distribution

Welcome to the course on Biostatistics and Design of Experiments. We introduced new
distribution in the previous lecture it is called the Weibull distribution, we will continue

on that.
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Weibull distribution

¢ Used in relisbility engineering. medical research, qualty control, finance, and
¢ bmeto-fxdure data, yuch a3 the prodabdity that 2 part fails after one, two, or more
¢ descrded by 3 parametens
theeshold parameters o location ly)
* The theee-parameter Webull dutribution expression, of

Probatuity Density Function

NPTE

Weibull is a very useful distribution, it gives in reliability of a part, bio material for
example. It can be used in quality control, you are manufacturing some material | want to
know what is the failure rate, 1 want to know when each material will fail gn average. It
is a time to failure data, how long it will take to fail. You can do this type of calculation.

So, will you take 1 year, 2 years or more than that? There are 3 parameters in Weibull

distribution function or serry; Weibull probability density function. P that is the

shape, scale is the L and other one is the location or threshold =¥ and the
probability density function looks like this.
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¢ Generally, the threshold parameter s set L0 Jero

+ 2parameter Welbull distribution.

o defined only for nonnegative variables

B

We can make |© ¥ = 0. Then it becomes a 2-parameter density function, and = 1.

"B is your shape and [~ is your scale, both are non-negative that means they

cannot be, they are > 0.
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Effect of the shape parameter
+ Shape parameter, B, Is also known as the Weibull slope.

v Value of B s equal to the & of the line in 3 probability plot

¢ = 3 approximates a normal curve
¢ P between 2 and 4 is stlll approximately norma
¢ low value for B #1.25, gives a right-skewed curve

*  high value for f =10, gives a left-skewed curve

pe3 prerds peo

The shape parameter tells you how the curve looks like. Approximately around 3, the

Weibull distribution if |- ©

it is 1.25, it is sort of right skewed and if it is large number like 10, it is left skewed. So,

= 3, Weibull distribution looks like a normal distribution. If



it is leaning towards the right-hand side, leaning towards the left-hand side.
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Welbull probability plot:

The plot shows how the slope of
the Weibull probabality plot
changes with B

Hence shape 15 also the slope

The shape paramoter characterstics

B = 1.0: Exponential distribution, constant /
failure rate

f=35: Normal distnbution

(approximation)

P < 1.0 : Decreasing fallure (hazard) rate

B2 1.0 Increasing fallure (hazard) rate

Then if we look at the probability it is called the unreliability and the time here. For
different values of | Bl B 1, goes like this is called the exponential distribution

that is constant failure rate, | P < 1 like this you know decreasing failure rate that is

B B

with time the failure rate goes down and > 1 and say for = 3 increasing
failure rate that means failure rate will increase with time. Generally, we will observe in
many situations like this actually failure rate keeps increasing with time because of wear,
tear and so many other factors, age we sometimes call it age right?, because of the age

the probability of the equipment failing also keeps going up and up.
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Iy Is Increased, while P and y are constant, the distribution gets stretched
out to the right and its hesght decreases, while maintaining its shape and

location

I ny is decreased, while B and y are constant, the distribution gets pushed in

towards the left, and its hesght increases
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If you look at keeping

constant if we keep changing |© ", we see the graph gets pushed to the right, so the
mean value gets pushed to the right and the peak also keeps going down, you can see this

very clearly. So, the peak also goes down and the mean gets pushed to the right. Larger

the = 1, we are trying to prolong the failure rate that is what it means actually.
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Effect of the threshold parameter

*  The threshold s a shift of the datribution away from 0

¢ All data must be greater than the threshold

¢ A 2parameter Wolbull {4,100) distribution Is exactly the same as a 3
parameter Weibulitd, 100,30) except for the 3-parameter Weibull is
shifted 30 units to the right of 0.

¢ Welbull destribution is an alternative 10 the normal distribution In the
case of skewed data

¢ The exponential distribution i a special case of Webull distribution

itly used to study the scattening of radation or wind speed

vy has the same units as ¢




Next one is a threshold that is the =", what | " does is it shifts the entire graph to the
right-hand side | mean to the right, it shifts. As you can see if [© ¥ = 0 the graph will
start from the origin whereas any other |= ¥ it will start from that particular place and

go, | " does only that just shift the whole thing. So, |~ ¥ has a units of a time your

" B also has units of time, both are units of time. Time could be hours or week or
minutes or years and so on actually. A 2 parameter Weibull like 4,100 distribution is
exactly same as a 3 parameter 4,100,30 where this 30 all it does is it shifts the graph
from 0O that is the origin into the 30th point. Weibull distribution is an alternate to the
normal distribution in the case of skewed data. If you have a skewed data then we can

use a Weibull distribution for that actually and the exponential distribution is a special

case of Weibull distribution because exponential distribution we say |- P - 1, we have

constant failure rate, | ¥ has the same unit as time.
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¢y pves an estimate of the earhest time-to-falure

*  The parameter m ay assume all values and provides an estimate of the
earliest ime a fallure may be observed

* Anegative may indicate that fallures have occurred prior to the beginning

Of the test

(Y

ol Y |e Time, (1)

It tells you |~ ¥ gives an estimate of the earliest time to failure. Suppose | say if = ¥ is
10 then we can say your one of the parts will fail it will start failing from the 10th hour. It

is the earliest time for failure. A negative may indicate that failures have already occurred

prior to the beginning of the test also that is, if [= ¥ is negative so it the graph is starting
from some other place here right below the origin, obviously that means failure have
already occurred before we start our test. These are the 3 parameters in Weibull



distribution and these are the meaning of these 3 parameters. We will look at some more

term terminologies.
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Weibull Reliability Metrics

The probabiity distribution function can be used 10 derive rellabaity metrks

such 25 the reliabllity function, fallure rate, mean and median

Weilbull reliability function

R(T) = e~ (5)

When theeshod i 2eto
Time (1)

Reliabality

R(T) decremes for Oclic]
For f #1, R(T) decreases monotomically bt less sharply than for O<fi<]

For [ >1 RIT) decreases as increases

There is something called Weibull reliability function is given by this,

Weibull reliability function

whereas as usual, if | remove the threshold I put it as 0 then you will end up having

(£
R(t) =e
When do use it? It can be used to derive reliability metrics such as reliability function,

failure rate, mean, median and that sort of situation. R (T) decreases for " P lying

between 0 to 1, for | P - 1, R(T) decreases monotonically like this with time. So the

reliability of any part will keep coming down with time that is obvious, right. Even in



your house you have light bulb, new light bulb reliability is very high, after 1 or 2 years
you are very scared because you think the bulb may fail that is true. Even with your

mobile phones, with any material, generally the reliability will keep going down

monotonically when © P g when|T P51 the reliability decreases. So " P >1,

B B

the reliability R(T) decreases and then it can also increase. If "~ ® ifwehaveal
is say 0.5 that is < 1 it goes down but later on it sort of stabilizes. So sometimes we see

very very old television keeps working after sometime you will not know how long it has

B

been working for, that could be |© is equal to this type of number | B <ol
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Weibull failure rate function

tions with fi<] exhibit 3 fadure

Wure Rate (fr

Jecreases with time

spopulations with f>1 have a fadure
rate that increases with time

There is another term which is called Weibull failure rate, it is called Weibull failure rate

function it is given like this,

F@ B(T-y\"!
MO=RD T T

. In the previous case we looked at the reliability which is given by this relationship
whereas this is Weibull failure rate which is given by this relationship failure rate
function. It is a combination of £(T) and R (T), R (T) is your reliability function and f (T)
IS your original Weibull distribution. So f (T) / R(T) is your failure rate function that is



failures per time, as a function of time here. It is called the failure rate function. When

P<1 obviously it will keep going down and down and down like that, the failure

rate will decrease its time. Initially it may fail much more, failure rate is much higher but

B

after a very long time the failure rate is much lower actually but =1, the failure

B * B

rate is constant this called a constant failure rate, = 1 because when we put =

1 this become 0, so the whole term becomes 1. We have only B B P - lit

B B

goes like this. Now if : > 1 then > 1 the fail here you have a say e 3
means this terms become square obviously it takes up this type of shape. It is increasing
dramatically that means the failure rate increases with time. Initially if you expect it to
have a failure rate of something 2 per time ,2 per second or 2 per week or something,
with time it may go dramatically very high. It may go from 2 failures per minute to 100
failures per minute because you get a sharp increase in the failure rate. This is called the
failure rate function. This is also very important and the previous one is called the
reliability function how reliable the material is, R(T). We can also calculate unreliable by
subtracting this from 1 whereas the previous one this particular graph is called the
Weibull 2 parameter or 3 parameter Weibull distribution function, Weibull distribution

probability function.
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Welbull mean life, or mean time to fallure MTTF

Median life, or By, life, for the Welbull
distribution

T=v+n(In2)?

All these are useful when we start looking at problems and then there is another term that



is called the mean time to failure MTTE, mean time to failure. What is the mean time?
Like in clinical when you are doing drug discovery we say concentration at which 50/%
of cancer cells die, what is we call it as I€ so, concentration at which 50 %4 of bacterial
growth is inhibited we call it as I€ so, concentration at which 5094 of the animals die we
call it ID solethal dOS€ 50. So similar to that we can calculate also 50 % life from this

formula but this particular equation gives you the mean time to failure. We have a -

we have . we have - and so if you want see what is the failure rate what is a
failure for 50 then you end up having this type of relationship, right?. Now this is called

a average time, mean time = - + - this is a - function and - function is

defined like this [

O
['(n) = ez Ldr
0

. S0 you do not have to get tense about it because there is a table which gives you for
- 1 is O factorial that is 1, - 2 is 1 factorial that is 1, - 3 is 2 factorial that is 2,
- 4 is 3 factorial that is 3 * 2, 6 and so on actually. - 0 is - 1 factorial which is

infinity and - 1 is - 2 factorial again this is infinity and so on actually. We can use this
particular table and do our calculations, nothing to worry about it because we are going

to look at some problems also as we move along.
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Excel Function

* Excel provides the following function regarding the Weibull distribution

‘WEIBULL(x, @, 8, cum) where a, 8 are the shape and scale parameters and cum =
TRUE or FALSE and X Is the value at which the function is 10 be calcutated (must be

20)

SWEIBULLLx, @, 8, FALSE) = the value of the Webull paf fx) at x
'WEIBULLLx, &, 8, TRUE) = the value of the Welbull cumulative distribution

function Flx) at x

X, a, 8,

There is a Excel function which is available it is called Weibull cumulative. So a

and B are the shape and scale parameters here they use different name shape and scale

parameters. In our original problem we used a shape and scale parameters B and |= " but
in Excel say you call it a, B. No problem. So x is the value at which you want to calculate
the Weibull should be > 0 cumulative true or false, if we give it as false then gives you
the value of the probability density function f(x) at x, if we give it as true then it gives
you the Weibull cumulative distribution function at x. If you give true it gives

cumulative, if you give false it gives the actual value.

We look at some problems as we go long. We have defined quite a lot of terminologies
here one is called the mean time to failure and other is called the Weibull failure rate

function and other one is called the Weibull reliability function.
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Example : The time to failure of aa artficial valve follows a Weibull distribution
with scale = 2,000 hours and shope = .S, What is the probability that the screen will

last more than 4,000 hours? What is the mean time to failure?

The probabeity that the screen w

last no more than 4,000 hours

« WEIBULLIS000, .5, 2000, TRUE) = 0.756883

probability that the screen will st more than 4,000 hours
= 1 -0.756883 =0.243=24.3%
MTTF = 8{1¢1/a) = 2000({1+1/5)

« 20002 » 4000 hes f 2 I8
2000 EXP{GAMMALN({1 + 1/.5)) = 4000 hours [ \ A

Let us look at some problems that will make things much clearer, the time to failure of an

artificial valve follows a Weibull distribution with scale = 2000 and shape = 0.5, shape is

0.5, scale is 2000. What are they, scale is |© ", shape is B, this given as 2000 and 0.5.
What is the probability that these artificial valves will last more than 4000 hours and now
what is the mean time to failure? So the probability that the artificial valve will last no
more than 4000 hours we can calculate Weibull, x value is 4000 and as you can see first
is the shape, second is the scale, the shape is 0.5, scale is 2000 then if you give true it
gives the total probability for failure. If you want to calculate probability that it will last
more than, we have to subtract from 1, so the probability is 24.3 minutes sorry 24.3 %.
Probability that the screen will last more 4000 hours is 0.243.
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Let us look at the Excel function also, we say Weibull. First is we want know what is a
probability that it will last probably the screen last more than 4000 hours. So 4000 is the
first term comma the shape we have to give the shape first and then we have to give the
scale next and then we are giving it as true because we want to get the total that gives
you 0.7563. The probability that the problem is giving last, probability of failure for less
than is given by this because where if we look at the Weibull it gives you this value
cumulative distribution. We want to know the last thing that means we have to do I
this, 14 this will give you 0.243 that means probability that these artificial valves will
last at least 4000 hours is given by 0.243. What is the mean time to failure? How do you

calculate? There is again a formula here mean time to failure is given by this formula

_ So we will say we can give 1 +1 + 0.5 is the - function of

this and then this is the valve we will neglect this particular - here and then we will
put this 2000 here. So

. We need to remember that this B is different from that B because this f is different from



our B here actually, so do not get confused that |= " is same as this p. What we will do
is, we have 2000 here and then |= ¥ function because the equation is given like this, so
here we will neglect this small .= ¥|. So we will have this into gamma function of 1 by B
+1, 0¥ functionofal + 1 /by 0.5 and as you know 1 + 1/ 0.5 is nothing but 2 + 1 is 3,

= ¥ of 3is given by 2 and then on this side here 2000, so 2000 * 2 is 4000 hours, mean

time to failure is 4000 hours actually.

We can also use a command called .= ¥ | n in Excel that also can be used to calculate this

same thing actually. Let me once more repeat, we have the mean time to failure is given
by this formula we can neglect this |© ¥ if you want to have a 2 parameter Weibull. This
is =" as | said is nothing but scale and B is a shape. In our problem scale is given by
2000 hours, shape is given by 0.5. What you do? You take 2000 here = ¥ function of 1/

0.5 + 1 that will become = ¥ (3) and |~ ¥ (3)is given by 2 factorial that is 2 and your
scale is 2000, so 2000 * 2 that will give you 4000 hours, the mean time to failure is 4000
hours. Do you understand and as | said there is a command also called a GAMMALN
which can be also be used in Excel combination when you combine it X exponent of
gamma | n you will get the same answer. In this particular problem we are trying to look
at probability that the artificial valve will last more than 4000 hours and as you can see
here probability that artificial valves fail less than 4000 hours will be 75 percent. So 1 -
such 75 % will be about 24.3 % and then mean time to failure we used this particular

equation we remove this [© ¥ call it 0 we have the scale factor and we have the shape

factor. So this scale factor is given by 2000 hours, shape factor is given by 0.5 we say

2000 multiplied by =¥ function of 1 + 1 /0.5 and |~ *| function of 3 is 2 factorial. So
2000 *2 that is the 4000 hours is the mean m t t f, mean time to failure.

I understand how to go about doing these types of problems they are quite useful actually
to address, you do not forget that. In the Excel also we can do using this Weibull but
Weibull Excel cannot do the MTTE type of calculation. For MTTE we can combine the
2 commands x and GAMMALN together to get the m t t f but it is not very difficult to do

the MITTE because by using this table the [= ¥ function of various numbers are given

" Yoflis1, | "



and so on actually. It is very simple and straight forward for you to look at the mean time
to failure and also to calculate probability that the artificial valve will last for more than
4000 hours. As you can see it is a very useful type of distribution which can be applied to

many different situations actually.
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Now let us proceed, you have these parameters we have the scale parameter, the shape

parameter and also the other third small - parameter. How do you estimate all these?
There are different approaches by which you can estimate one is called the probability
plotting,other is called the rank regression or least square approach, maximum like
estimation, Bayesian estimation method and so many methods are there but this is the
most simplest probability plotting least mathematically intensive method for parameter
estimation. It is quite simple and it tries to linearize this function and then it tries to
calculate. So from the data how do | calculate the scale parameter and the shape
parameter that is the question actually. There are, this particular approach by which one

could do that. If you have 2 parameter Weibull then we can calculate the unreliability



matrix. What is unreliability matrix? 1 - that is called the unreliability matrix.
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As | mentioned before that 1 -, so if you have the reliability

of that is called the unreliability matrix, this can be linearized. If I linearized this, this
this all of you know how to linearize this you end up with term like this,

In{In ;W =GInt — 3(n)

is this unreliability matrix . Now
this looks like y is equal to m x plus b type of equation where your X is equal to time. If |
have data of Q(f) versus t all I have to do is plot this versus this and the slope will give

me, sorry plot this versus In (t), do not forget, the slope will give me  and the intersect

should give me the other one the - B - that is how you do it. So we have the



unreliability data g t as a function of time, we calculate this by taking 1 / 1 - Q(t) In then
again In and then plot that against logarithm of t and the slope should give you B and
intercept should give you this particular term. So that is another approach by which we
can calculate these parameters in the model.

Let us look at some problems actually later on as we go along because | think like doing

problems which give you a lot of ideas about how to go about.
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# Determining the appropriate y plotting positions, or the unrellability values

sWe must first determing 3 value indicating the correspanding unreliability for that fallure

*The most widely used mothod i the method of obtamng the median raak for each failure
*The medan rank i the value that the true prodabiity of fadure, O5t) ,

should have at the | ™ fallure out of 2 sample of n umts 2t the SO% confidence level
Median ranks are calculated usng the following equation Also known as Benard's
approvimation

15 the Talure orde

We can determine by plotting these or the unreliability values and then we can achieve
this type of calculations and results actually. So we will continue more in the next class.

Thank you very much for your time.

Key Words: Weibull distribution, Reliability, Reliability function, Mean time to failure,
probability, weibull failure rate function, parameters, unreliability matrix, parameter

estimation



