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Welcome.

Over the past eight to nine lectures we have seen many aspects related to thermodynamic
properties of pure fluids. It might be worthwhile reviewing whatever we have seen so
far, so that the learning is better. Let us spend today in reviewing the thermodynamic

properties of pure fluids that we have covered so far.

(Refer Slide Time: 00:39)

Fluid: gas or liquid

First: easy to measure thermodynamic properties
PV, T of gases

Then: extension, as appropriate, to liquids

Later: express other thermodynamic properties,
U S, H A and G in terms of
the more easily measurable: P V, T

We first looked at what a fluid was — it is either a gas or a liquid — that we all know. And
then we said, we were going to look at easy to measure thermodynamic properties, which
are essentially P, V, T, of gases. Then we said, we would extend it, as appropriate, to
liquids; first gases and then to liquids. And then we said that, we would express the other
thermodynamic properties such as Internal Energy, Entropy, Enthalpy, Helmholtz free

energy and Gibbs free energy, as well as, let us say, the fugacity coefficient in terms of



the more easily measurable P, V, and T. That was the whole scheme of things for this

module.

(Refer Slide Time: 01:25)

Ideal gas

Known from earlier: relationship between P, V, and T of
the so called ideal gases

PV=RT
[

R = universal gas constant
8.314) mol ' K!

V = molar volume (volume per unit mole of the gas)

X No interactions between the molecules/particles of the gas
NPTEL

And we first looked at an ideal gas, which you are already familiar with from your earlier
classes. So, we will not spend much time on that. We know that the relationship between
PV and T for an ideal gas is P V equals R T for 1 mole of an ideal gas, or molar volume
considered here. And these results, when there are no interactions between the molecules
of the gas — that is when a gas would be ideal. And so, it happens that some gases, some
noble gases do follow the equation of state for ideal gas. This is called an equation of
state. Any relationship between P, V and T is an equation of state. And this is where we

brought in things specific to our course.
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In terms of the chemical potential, x4, that we defined
in module 2, the ideal gas is the one that is defined as:

i =p’+RT InP

1° isafunction of temperature alone

Ideal gasis one, whose chemical potential at constant temperature
is a linear function of the logarithm of its pressure

5 : A
loble gases such as Ar, Kr, Xe approximate well as ideal gases
NPTEL

We said it in terms of the chemical potential, we will define or we have already defined
the ideal gas as something that follows mu equals mu naught plus R T In P. In fact, we
have defined, what a chemical potential is earlier. We are defining what an ideal gas is,
in terms of the chemical potential, in this module. We said mu equals mu naught plus R
T In P. One that satisfies this equation is an ideal gas. Where mu naught is a function of
temperature alone, and it is quite easy to see here. You know this can be considered of
the form y equals some m into x plus ¢ — straight line equation. Therefore, if you plot vy,
which is mu here, versus In P, which is x here, then you should get a straight line with

this as the intercept.

Therefore, the ideal gas is one whose chemical potential at constant temperature is a
linear function of the logarithm (the natural logarithm or whatever logarithm that one
takes) of its pressure.
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Non-ideal, or Real gases

Most gases are non-ideal, or real, gases. They do not
follow Eq. 3.1a (or Eq. 3.1)

Another variable, fugacity, f is used for real gases

The fugacity of a gas (ideal or real) is defined as

u=pu® +RT Inf and %—» lasP - 0 Eq. 3.1b

Under limiting conditions (ideal gas) fugacity = pressure

Eq. 3.1c

Then, we started looking at non-ideal or real gases which of course, most gases are real
or non-ideal. Or in other words they do not follow the equation of the state P V equals R
T. And to describe them, we brought in the variable fugacity. In terms of the chemical
potential that we have seen, fugacity can be given as mu equals mu naught plus R T In f.
This is for a real gas or all gases, you know when it is a real gas, it should also include
ideal gases. Or a real gas formulation should include an ideal gas formulation. And
therefore, mu equals mu naught plus R T In f instead of R T In P should be able to define
all gases that is what we said. And this is not complete without stating that f by P will

tend to 1 as the pressure goes to 0.

Therefore, quite easy to see under limiting conditions, when f by P goes to 1, the fugacity
is actually equal to the pressure. So, it is fine for ideal gases also. f by P, we defined as
something called a fugacity coefficient, which is unique to a particular pure substance. It
IS quite easy to realize that we need more mathematical, more accurate mathematical
representations, because P V equals R T is not going to the job anymore. And the first
complication, that we saw, or the first improvement that we saw in the equation of state

to represent real gases is the virial equation of state..
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For real gases, we need more accurate mathematical
representations of the simultaneous variation inB V, T

i.e. We need more accurate Equations Of State

The ideal gas law is an EOS

Let us look at a few EOS for real gases

(Refer Slide Time: 05:27)

Virial equation of state

Let us define

Zis called the compressibility factor

Z can also be expressed as a power series in P: virial expansion

Z=1+B, P +B3P? + ByP? + BsP* 4+ . Eq. 3.3
L3

: B,, B, etc., virial coefficients;
neTeLB,: second virial coeff, B,: third virial coeff, and so on

To know what is the virial equation of state is, which is written in terms of what is called
the compressibility factor (Z). Compressibility factor is nothing but, P V by R T; it is
defined as P V by R T, and the Z is the one that is expressed in terms of a power series in
P, and that is called a virial expansion. For example, Z equals 1, plus B 2 P, plus B 3 P
squared, plus B 4 P cubed, plus B 5 P power 4, and so on. This is a virial expansion in
pressure for the gas. Here B 2, B 3 are called the virial coefficients; the second virial

coefficient, B 2, third virial coefficient, B 3, and so on.
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Virial coefficients represent the interactions between
the molecules comprising the gas

B,: represents interactions between molecules taken 2 at a time

B,: represents interactions between molecules taken 3 at a time...

Thus, virial coefficients can be calculated from theory (statistical

mechanics)

Virial expansions with unique virial coefficients for each gas
_._can be written

And we also said that, virial coefficients are actually they represent the interactions
between the molecules comprising the gas and therefore, they can actually be found from
theory — statistical mechanics. For example, B 2 represents interactions between
molecules taken 2 at a time; B 3 represents interactions between molecules taken three at

a time and so on.

(Refer Slide Time: 06:55)

For low enough pressures, say until a few bar, the first two terms
of the virial expansion alone can give accurate enough results

Higher the pressure, more the no. of terms needed for accuracy

The virial expansion can also be written in terms of molar volumes

Eq. 3.4

f <, C, etc., can be calculated from theory
% 3

NPTEL

And also for low enough pressures, say about a few bar, just the first two or three terms

of the virial expansion is good enough to give an acceptably accurate representation of



the gas behaviour. But higher the pressure, more terms are needed to accurately represent

the behaviour.

And we also saw that the virial expansion can be written in terms of molar volumes. Of
course, since it is a direct function of pressure, this has to be an inverse function of
volume. Therefore, Z equals 1, plus C 2 by V, plus C 3 by V squared, plus C 4 by V
cubed, plus C 5 by V power 4, and so on and so forth. And C 2, C 3, ... can also be

calculated from theory.

(Refer Slide Time: 07:50)

Example 3.1

Isopropanol, or rubbing alcohol, has many biological uses. Itis
used as a drying agent to prevent swimmers ear. It is also used
in sterile pads, to store biological specimens, and even in
certain laboratory procedures such as the one to extract
chromosomes.

In one of the steps that was experimented to optimize

isopropanol production, it became necessary to heat pure

isopropanolto 200 °C and increase its pressure to 10 bar.

Estimate the volume of the vessel necessary o maintain the

above conditions, for one mole of isopropanol. Compare the

value with that obtained by consideringisopropanol vapour to

__beanideal gas. Data: the virial coefficients for isopropanol

§:are C,=-3.9X10*m3mol?, C3=- 2.6 X 10-*m® mol 2.

NPTEL

We did an example, where we looked at how to use the virial equation to calculate some
properties of interest. In this case, | think, we did the volume of the vessel. We will not

go through the example again.
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Solution

Let us begin with the first three terms on the RHS of Eq.

If you are interested, you can go back to the part of lecture and look at it again.

(Refer Slide Time: 08:17)

The equation can be solved iteratively for V.

The procedure is to RT C G5
V= —(1+ >+ =
guess a value for V P Vv vZ
substitute it in the RHS to find a value

that can be compared with the guessed value

If the calculated value is close enough to the guessed value, then
the guessed value is the needed value.

Otherwise the calculated value is used as the guessed value for
the next iteration.

i~ 7his process is continued until the difference between the
nprecalculated and the assumed value becomes acceptably small.

Since, some of you may have looked at an iterative solution for the first time, ... let me
just run through it again here. An iterative solution comes about, ... especially when you
have higher order equations — polynomial expressions. Here, we had a cubic equation.
Therefore, we set it up of the form — you know we had Z equals 1 plus C 2 by V plus C
3 by V squared, but we knew that we were looking for V.



Therefore, if we set up the equations such that we have V on the left hand side and V on
the right hand side, we can do an iterative process to get at the solution. And to do that,
we replaced Z by P V by R T, which is the definition of Z. And thus, we got V on the
left hand side and this on the right hand side.

To solve iteratively for V the procedure was to guess a certain value of V and substitute
it into the right hand side to find the value of the right hand side. Then compare that
value to the guessed value; or in other words take the difference. If the calculated value
was close enough to the guessed value — close enough is, | said, was the operative word

here — close enough to the guessed value, then the guessed value was the needed value.

Otherwise the calculated value is put back into the right hand side. Rather it is used as
the second guess that is put back into the right hand side to calculate a third value. Then,
that is compared with the second value. This process is continued till a certain
convergence, as it is called. In other words, the difference between the calculated value
and guessed value is small enough compared to the value of V itself. For example, in this
particular case, if it is less than, let us say about 1 or 2 percent it should be acceptable for
most of our needs. These are the details of the solution; we will not get into that in the

review.

(Refer Slide Time: 10:28)

For the iterations, it is easier to express the equation as

The iterations are terminated when V,,, —V, < an acceptably
small value.

L3

Let me also mention this, that it is easiest to do these iterations, iterative calculations by

using a program. To write it in a form, that can be converted into a program for easy



calculations, we write it as V n plus 1 equals R T by P into 1 plus C 2 by V n plus C 3 by
V n squared. Therefore, V 0 could be the guessed value, and VV 0 would result in V 1.
Then if V 1 minus V 0 is small enough then, we stop the iterations there. Otherwise, V 1
is substituted here to get V 2 then the comparison is made. And if it is small, if the error
is small enough, the difference is small enough, we terminated there. Otherwise, ... we
keep going on. So, it is easy to write a program, if we represent the equation in this

form.

(Refer Slide Time: 11:34)

In about 5 iterations, we reach a stage when the difference in
small enough
(students are encouraged to do the calculations, and convince
themselves).

The V =3.486 X 10° m? mol*
This is the volume of the vessel needed.

E
Also, (V= Vigeg) gas)/V = —0.128

the difference between the volumes calculated using the virial
equation and the ideal gas equation is a large, 12.8%

... I think I will mention it here itself — ... the ideal gas volume is a good first guess

value for the gas volume, usually.
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Cubic equations of state

The equations of state considered thus far:
describe the GAS phase alone well

Cubic EOS: GAS or LIQUID

You may have already seen in earlier classes, the cubic
equation given by Johannes Diderick van der Waals in 1873

RT
Eq.3.6
L3

a and b are constants for a given pure substance
NPTEL

... Then we looked at cubic equations of state. Before that, we considered whatever we
did till then. We ... considered equations that describe the gas phase alone well. And
then, we looked at the ... rather, we will be looking at cubic equation of state, which
would represent both the gas and the liquid behaviour reasonably well. And one of the
cubic equations you may have already encountered in your higher secondary class or in
your first year courses, which is the VanderWaals equation of state. It goes as P equals R
T by V minus b minus a by V squared. And a and b are constants for a given pure

substance.

(Refer Slide Time: 12:38)

The constants, a and b, can be calculated from critical
pressure and critical temperature values.

Recall P, and T from module 1

P, and T_ are available in Tables — see the appendices in the textbook




We said that the a and b can be calculated from critical pressure and critical temperature

values.

(Refer Slide Time: 12:59)

A typical P-V diagram for a pure substance

This might be worthwhile. So, let me go here, and recall our P V diagram here. You
know P-V, the variation between pressure and specific volume for a pure substance. Let
us focus on this curve alone. There are very many parts to this diagram. In other words,
these are pressure — specific-volume combinations or specific-volume — pressure
combinations, where the different phases exist. We said under this dome you have the
saturated phase, which is a mixture of liquid and vapour. And the top point of this is the
critical point. Beyond this, you have critical behaviour where the properties are very
different; we said that we are not going to look at the properties of the critical phase in

this particular course. So, this is the critical point, just to recall.

And from that critical point, which is tabulated for pure substances — that tabulation is
available in the appendix of your text book — we could get the values of a and b by these
expressions; a was 27 R squared, Tc squared by 64 Pc, and B equals R Tc by 8 Pc. This
is for the VanderWaals equation of state.
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Another popular cubic EOS is the Redlich-Kwong EOS

AT &
V—b TOSV(V+bh)

Ri==

_ 0.42748 R*TZ®
i #
0.08664 R T.

P.

Then, another popular cubic equation of state, we saw as the Redlich-Kwong equation of
state. Which is given as P equals R T by V minus b, minus of a by T power 0.5V, into V
plus b. And we said the a and b in the Redlich-Kwong equation of state ... can also be
calculated from the critical properties. a is given by 0.42748 R squared Tc power 2.5 by
Pc, whereas, b was 0.08664 R Tc by Pc. Then, we also saw the basis for writing these a
and b values in terms of Tc, Pc and so on. We have equivalent expressions for the

Vander waals equation of state also.

(Refer Slide Time: 15:19)

The basis for the above equations, i.e. those to get
a and b in the VanderWaals and Redlich-Kwong EOS
needs to be known.

Hint: In the P-V diagram for a pure substance, at the critical
point:

- the slope is zero (first derivative is 0)

- Itis also an inflection point (second derivative is 0)

Available in the textbook SVA, chapter 3
»

NPTEL
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A typical P-V diagram for a pure substance

And this was given as a home work and the basis for that is as follows. Let us go back to
our P versus V diagram again. If you look at this point here, at this point you have a 0
slope, you know the slope changes sign. Therefore, dou P dou V ... you know this is at a
particular temperature. Therefore, dou P dou V at constant temperature equals O at the
critical point. Not just that; ... it is also an inflection point, which means, if you look at
the derivative, the sign of the derivative also changes at this point. And therefore, this
becomes an inflection point. Therefore, the second derivative dou squared P by dou V
squared also becomes 0.

We said we could use these two criteria or these two relationships ... that become
apparent to calculate the a and b values in terms of the critical constants. And this is

actually available in your text book chapter 3. If you want you can look at that.
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Estimation of volumes

The Redlich-Kwong EOS: can be used to estimate
the volumes of the pure component
if the Tand P are known

The nature of the equation leads to an iterative solution for the volume

For iterative solutions, the initial guessis important to ensure
possible quick convergence

It is important to note that the initial guess will depend on the
§.: state—i.e. whether the pure substance is in a vapour form or

i a liquid form, depending on the properties (say T and P)
NPTEL

And then, we went to the estimation of volumes using the equations of state. We said
that the Redlich-Kwong equation can be used to estimate volumes of pure component.
And since it is a cubic equation we need an iterative solution. The initial guess of
course, is important and so on, we said.

(Refer Slide Time: 17:02)

A good initial guess for vapour volumes : through the ideal gas eqn

A good initial guess for liquid volumes:
from the value of the constant 'b’, that accounts for the
volume of molecules

To set up the Redlich-Kwong equation for iterations, let us
multiply Eq. 3.9

i RT . a
“V—=b TOSV(V+b)

P

- by (V—-b)/P to get

U - b) _RT a(V-b)
NPTEL P TOS PV (V +b)

A good initial guess for vapour volumes is through the ideal gas equation. A good initial
guess for the liquid volumes is from the constant b. Because, remember that V minus b

term either in the Vander Waals equation or in the Redlich-Kwong equation of state. ...



That gives you an idea that b represents the volume that is occupied by the molecules.
When it is a gas, the molecules are farther apart and therefore, the fraction of volume that
is occupied by the molecules is less. Whereas, in the liquid they are all close together and
this value of b could be the first guess that one could make, when one is looking at liquid
volumes. It is quite easy to see that, you put all the molecules together, and you choose
the total volume of the molecules. That should give you some value of the volume in the
ball park of the liquid volume. That is idea with which these are chosen. And to set up
the Redlich-Kwong equation for the iterations itself, we went through a strategy. We

multiplied the Redlich-Kwong equation by V minus b by P, to get it of this form.

(Refer Slide Time: 18:21)

A good initial guess for vapour volumes : through the ideal gas eqn

A good initial guess for liquid volumes:
from the value of the constant 'b’, that accounts for the
volume of molecules

To set up the Redlich-Kwong equation for iterations, let us
multiply Eq. 3.9

- RT - a
“V—=b TOSV(V+b)

P

-] by (V-b)/P to get

Co_py B0 __aw-b)

NPTEL P TO5 PV (V+b)

And to facilitate for vapour volumes, we had written it as R T by P plus b minus a into V
n minus b divided by square root of T into P into V n by V n plus b. Therefore, you could
do iterations with this for the vapour volumes. Whereas, we have a problem, if we
consider the same form to do liquid volumes. Why? We said our initial gas was going
to be b. Therefore, initial guess — if you substituted here, this entire term will go to 0.
Therefore, we loose the information that is given by this term all together, and ... either
the values that we get will not be realistic or they may not be convergence at all.
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If we expand Eq. 3.9, and collect the terms to express it in the
form of a standard polynomial in V, the iterations to get a realistic
liquid volume would be possible

The standard polynomial expansion will turn out to be:

RT . 5., DRE a
V'}— ?V')— (h"+ [—)— W) 4

Therefore, we need another form of the Redlich-Kwong equation, to estimate liquid
volumes. And that was obtained by writing the Redlich-Kwong equation. Expanding,
you know ... taking out common terms, multiplying, cross multiplying, and representing
it as a polynomial expression in V. So, that was V cubed minus R T by P by V squared
into V squared minus b squared plus b by b R T by P minus a P T power 0.5 into V
minus a b P T power 0.5 equals 0. So, this does not pose the problem of ... any term
vanishing completely and thereby not contributing to the solution, or a meaningful

solution of the volume.

(Refer Slide Time: 20:13)

For the iteration, the set-up could be




So, this form can be used to iterate for liquid volumes. ... To do that iteration, we had to
transpose that equation as V n plus 1 equals b squared plus b R T by P minus a by P T
power 0.5. Remember, this was in the numerator here. So, this has to be in the
denominator on the other side. In other words, we are dividing both sides by this to get
rid of the term here. Therefore, this is to the power of minus 1 into the remaining terms
that was there in the previous equation. V n cubed minus R T by P V n squared minus a
b by P T power 0.5.

(Refer Slide Time: 20:48)

Example 3.2

Ethanol is probably one of the most popular products of the bio-
industry with a large number of uses; it is also an alternative
biofuel.

During the processing of ethanol, post-production in a
bioreactor, it is subject to conditions of 35 °C, at which
temperature, the vapour pressure is 1.3 X 10* Pa. Assuming that
only ethanol is present, estimate the volumes of the saturated
vapour and saturated liquid at 35 °C using the Redlich-Kwong
EOS.

We again worked out an example, where we had used the Redlich-Kwong equation to
estimate the volumes of the saturated vapour and the saturated liquid of a very popular

biological substance, ethanol. (No audio from 21:05 to 21:13)
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Generalized correlations

Thus far, we saw
- Ideal gas law (applicable only to ideal gases)
Virial equations (applicable to a wider variety of gases)

- Cubic equations (applicable to gas or liquid states of a
pure substance)

Now, let us see a formulation, that is applicable to almost all
gases, i.e. generalized correlations

Generalized correlations are written in terms of reductd properties,
NPTELthe ratio of the property to its critical value

Then we said that, we had seen ideal gas law, the equation of state applicable only to
ideal gases. The virial equations those were applicable to a wider variety of gases, and
cubic equations that are applicable either to a gas or the liquid states of the pure
substance. And then we said that, we are going to come up with a formulation that is

applicable to almost all gases.

So, this part of the module focussed on the P V T relationships in increasing degree of
generality, in a certain sense. ... ldeal gas law, a very narrow range of application. Virial
equations — a very wide variety of gases from some small number of gases. Then cubic
equations could do both gas and a liquid. And the generalized formulation could do a
larger variety of gases, with lower input; essentially, the data that you need is only the
critical constants. You do not need pure substance specific constants. ...That is the

advantage while using generalized correlations as we had seen. We will see again here.



(Refer Slide Time: 22:34)

Reduced pressure:

| o

Reduced temperature:

Reduced molar volume:

T
T
74
7

To write the Redlich-Kwong equation in a generalized form,
let us multiply both sides of Eq. 3.7 by V/RT, to yield

___f;_f_r b bP
bRTS\1+hr) Whereh = Z=

So, the generalized correlations are written in terms of the reduced properties, and the
reduced property was nothing but the ratio of the property to its critical value. For
example, reduced pressure was Pr, which is defined as P by the critical pressure Pc.
Similarly, reduced temperature and the reduced molar volume. To write the Redlich-
Kwong equation in a generalized form, we did some manipulations to get it of this form:
Z equals 1 by 1 minus h minus a by b R T power 1.5 into h by 1 plus h, where h was just
a convenient combination of b by V, which can also be writtenas b P by Z R T. And
then we could express a and b in terms of the critical constants, that we have already
seen earlier. ... Therefore, if you put in substitute those expressions here for ... a and b,
... which are these we had already seen, then the generalized Redlich-Kwong expression
turns out to be Z equals 1 by 1 minus h minus 4.934 divided by T r power 1.5 into h by 1
plus h.
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Through the application of Eqs 3.10and 3.11to expressa and b
in terms of critical properties

_ 0.42748 R*T3S

B P,

0.08664 R T,
b= —

o

(¢

and the definitions of reduced properties, we get

4.934( h
B REER
0.08664 P,

whereh = 7T,

So, that is the Redlich-Kwong equation written in terms of reduced properties. The
advantage here is that you have only T r, the reduced temperature. And h, of course, is
giveninterms of Prand T r. So, P rand T r relationships would be applicable in general

and therefore, this expression — its applicability becomes a lot more general.
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Any equation of state given earlier can be written in the form
consisting of the compressibility factor, Z, and the reduced
properties

Such a form: generalized equation of state

The only data needed are the critical properties that are usually
readily available (in this case, Appendix B of your textbook, SVA)

L3

Not just that. Any equation of state can be written in terms of the reduced form or the
generalized form if it is written in terms of the compressibility factor and reduced

properties. And to re-emphasize, the only data that is needed when, we use the



generalized equation of state are the critical properties that are readily available for

example, in the appendix of your text book.
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The above development in terms of generalized
properties has been “formalized’ into a theorem
called the two-parametertheorem

All fluids have approximately the same compressibility factor
when compared at the same reduced temperature and pressure;
they all deviate from the ideal-gas behavior by about the same extent

The two parameter theorem and its consequences gave better
results compared to the ideal gas equation for simple fluids
(e.g. argon, krypton, xenon)

But, significant deviations from the experimental values were found
$ot other fluids. Thus, another corresponding states parameter,

¥n acdition to P, and T, was needed to improve the predictions.
NPTEL

Then we looked at a slightly abstract concept, which was the two parameter theorem.
Theorem has a lot of power to it, you have tremendous confidence when you have it in a
theorem form. You could apply it in many different situations. And the above
development in fact, was formalized into a two parameter theorem, which said that all
fluids have a approximately the same compressibility factor when compared at the same
reduced temperature and pressure. In other words they all deviate from the ideal gas
behaviour by the same extent. It was found that the two parameter theorem’s
applicability was somewhat limited. It could give good results for simple fluids,

whereas, there were significant deviations for many other fluids.
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Pitzer and co-workers proposed one such parameter:
the acentric factor, w

It was observed that the logarithm of the reduced vapour
pressure of a species is linearly related to the inverse of T,

- |
In P%= constantx T Eq.3.17

r

Further, it was observed that at 7, = 0.7, the value of
In(P5) = —1.0 for simple fluids

__ Thus, the deviation of In (P,%") for other ghsesat 7,=0.7,
: van be used as a convenient parameter that can be applicable

" to all gases, i.e. the acentric factor, w
NPTEL

To account for that, Pitzer and co-workers brought in the acentric factor, which was
essentially ... — I will not go through the development here; you can look at the notes or

the presentation, ... these slides in the presentation later.
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The acentric factor is defined as

@ =—1.0 =In(P7*)| 1207 Eq.3.18

Only a single measurement of the saturated vapour pressure

at a reduced temperature of 0.7 is needed, when the
critical parameters are known

The acentric factor is essentially the difference between the logarithm of the P r sat value
at T r value of 0.7 and that value for simple fluids, which happens to be minus 1.
Therefore, this in essence gives the deviation from the simple fluid behaviour of the

other fluids. And therefore, this is taken as a single parameter. And, this also is



attractive, because it involves only one measurement at T r equals 0.7, the vapour
pressure. So, it is a very simple measurement to find out the acentric factor. We do not
have to do all that. The values of the acentric factors of most substances that we would
need are available in tables. Of course, ... if and when one needs to generate that data,

then you know how to; the basis for generating that data.

(Refer Slide Time: 26:55)

Formalized by the three parameter theorem of corresponding states:
All fluids with the same value of the acentric factor have the same
compressibility factor when compared at the same reduced
temperature and pressure; they all deviate from the ideal-gas
behavior by about the same extent

The generalized equation of state can be written as
(after Pitzer and coworkers)

Z=2° a2 Eq.3.19

»

5““\11 ine values of 22 and Z* are available in Tables (for example, as in
~Agpendix E of your textbook, SVA)

NPTEL

... This led to the three parameter theorem of corresponding states, which said that all
fluids with the same value of the acentric factor, have the same compressibility factor
when compared with the same reduced temperature and pressure. In other words, they all
deviate from the ideal gas behaviour to the same extent. This was applicable to a wide
variety of gases. And the kind of equation of state that can be written in terms of ... that
can be a consequence of the three parameter theorem is Z equals Z 0 plus omega times Z
1 and it. It so happens that the value of Z 0 and Z 1 are available in tables. In fact, that
is the reason why we write in this form. So, that we can rather ... we would use this form

as written here, because the values are available to us.
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The tabulated values have been obtained through a correlation
given by Lee and Kesler

These values give good predictions, say within 3% of the
experimental value, for non-polar and slightly polar gases.

Nevertheless, they do not work well for highly polar gases,
gases that associate or to quantum gases (hydrogen, helium and neon)

The liquid properties given by the above equation are approximate

They work well for most cases, when we use the Z equals Z 0 plus omega times Z 1
formulation. The predictions are within 3 percent of the experimental value for non polar
and slightly polar gases. Well, they do not work as well for highly polar gases or gases
that associate or quantum gases, such as hydrogen, helium and neon. You could also get
liquid properties from the generalized correlation. Nevertheless, the importance ... that
one would associate to those values is needed to be a little less. The values are

approximate ... the liquid values are approximate; the gas values are very good.
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Approximate analytical expressions for 2 and Z* are also available,
if reading from the Table is difficult:

2°=1+ B"Q
E

P
Z'= B'—
T

0.422
Tl.()
7

B° = 0.083 -

172




Apart from the tables, there are analytical expressions for Z 0 and Z 1 that are also
available. If the table is not available to somebody, one can use these expressions which
are reasonably accurate. Z 0 is given in terms of B 0, the virial coefficient, and B O is
givenintermsof Tr; B0 and B 1 are given in terms of T r.

(Refer Slide Time: 29:17)

Example 3.3

Find the volume needed in Example 3.1 for isopropanol using the
generalized correlations and compare it with the ideal gas
volume as well as the one obtained with virial coefficients.

Then we worked out an example where we applied the generalized correlation, and also
compared it with the ideal gas and the virial correlations — the values obtained from
those.

(Refer Slide Time: 29:31)

Estimation of the other thermodynamic
properties- Residual Properties

The other thermodynamic properties, U, S, H, A, G, are not easily
measurable

They can be estimated from the more easily measurable P, V,and T

Let us look at some ways of estimations for gases




So, that was one major part of the module. Then we went into the second major part of
the module, which was estimation of the other thermodynamic properties, or more
difficult to measure thermodynamic properties, in terms of P V T. For that, we needed a
formulation and that formulation required what are called residual properties.

(Refer Slide Time: 29:59)

For any thermodynamic property,

(actual value) — (ideal value) = (residual value)

For example, if Vis the actual molar volume, and V9, the
ideal molar volume, the residual molar volume V* is given by:

VR= V—V'-‘7=V_ﬂ - [i—,l(Z—l) Eq.3.24
P )

The same can be written for any extensive thermodynamic
property, M, (V, U, S, H, A, or G) as:

M= M-M9 »

NPTEL

Residual property is nothing but the difference between the actual value and the ideal gas
value. For example, the residual volume V R is nothing but the actual volume minus the
ideal gas volume, which was written in terms of the compressibility factor for ease of
use. It will turn out to be R T by P into Z minus 1. And then, we said that we could write
... the residual property for any extensive thermodynamic property. To write one for
internal energy, for entropy, enthalpy, Helmholtz free energy or Gibbs free energy...
And if that is represented as M, M R, the residual property, is M, the actual property
minus the ideal gas property.
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Let us deviate slightly now, and consider the quantity G/RT

It can be recognized that G/RT is dimensionless

The derivative of G/RT can be expressed as, using the derivative
rule for a function of the form u/v as:

((;) RT dG -G d(RT) 1
. e 2

G
i e e el o AT €9.3.26

RT (RT)? R

On substitution of Eqgs. 2.8 for dG and 2.3 for G in Eq. 3.26, we get

ral S
{ELRT
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1
= = e omm D
) RT( SdT + VdP)
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Which can be simplified to:
SeLi e =
_) ar P rrz @

By considering % = f(P,T) we can write:

G
d (W)
(’P T

G
aT 1p

And then we showed why G by R T is considered the generating function, or G is
considered as the generating function, because if we have the value of G you could get
other values. Please go through this derivation again; it might be interesting. ... If we
have G by R T, V by R T is nothing but dou by dou dou P of G by R T at constant
temperature. H by R T is nothing but minus T dou dou T of G by R T at constant
pressure.
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Also, by division by RT of the defining equations, 2.1 and 2.3
for H and G, respectively, we get

U_H PV
RT ~ RT RT

H G

RT RT

Thus, if the value of G is known, other thermodynamic
properties can be evaluated. Hence, G is known as
the generating function s

AndalsoUby R TwasHbyRTminusPVbyRT,andS by R equals H by R T minus

G by R T. We are not looking at A, because we may not need it extensively in this

course. But, of course, you could write A too; it is not a problem.
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Now, let us get back to the residual properties

Let us consider Eq. 3.27

&Y, . ¥ dP H dT
4 (ﬁ)_ RT RT?

For an ideal gas, Eq. 3.27 can be written as

: (;"-0) i Hig
(7 8 (o] 18— D P
(RT T RT?

(Eq. 3.27—-Eq. 3.32) gives

GR R HR
::S\d( ): V—”([[’—_.,(IT

\RT
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RT RT~
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GR .
Considering e a f(P, T) we can write the corresponding
terms in the total derivative as

("R
_ |() (W)

P Ir

("R
2 (z7)

- aT lp

Then we went and saw how to write residual properties. It was a derivation; | am not

going to go through that.

V Rby RT. You could write it in the same fashion as earlier. Earlier, it was for the
actual values. Here, you could write it for the residual values. V R by R T equals dou
dou P of GR by R T at constant temperature. H R by R T was minus T dou dou T of GR

by R T at constant pressure.
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When an experiment or a process which takes the system from
state 1 to state 2 is performed under constant temperature, we
can use Eq. 3.34 to calculate the change in the residual Gibbs free
energy from PVT data

GR yR
I|—|= —
C (R'I') RT dP

Integration yields

GR B R
—l=| =dp
(RT) f,, RT ¢

ref




And then we said that, we had assumed constant temperature but we got it in terms of
values ... GR by R T isinterms of V R still V R by R T d P this is good but we wanted
an easier way of estimating that.
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From Eq. 3.24 we know that

T ; RT  RT _
VR= V_VU:V—T = I—,(Z—l)

Substituting this in the previous equation, we get

((; 3 ) f[ dpP
—I=1 G-0—
RT Pres P

The value of P,is usually taken as zero
L3
s Suitable experiments can be designed to obtain the terms on
{7 the RHS of Eq. 3.36, which in turn, can be used to estimate the
nerERsidual Gibbs free energy

Therefore, we wrote it in terms of Z. G R by R T equals integral of P referenceto P 2, Z
minus 1 d P by P. This makes it easy to evaluate. And we said that the value of P

reference is usually taken as zero.
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Some other residual properties can be obtained as follows:

Eq. 3.35 gives an expression for H*

HR 2 &
9 (zp)

Rt =T |57 |,

GR Py
— | = Zi~T)— Eqg. 3.36
(R'l') fpwr( ) P E

Substituting Eq. 3.36into Eq. 3.35, and differentiating, we get:

GR Pz ., dr
}(} (W) Id{f}’n-/(‘z = 1)?i
s I

aT P

neret 07




Then, we had expressions for the other thermodynamic residual properties in terms of
measurable properties; this we have already seen. While deriving this we went through a
situation, where we needed to differentiate an integral. For doing that, we use the
generalized Leibniz rule, which gave us a means to differentiate or partially differentiate
a definite integral.(No audio from 33:52 to 34:01)
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GR Fi(eP5 4. dP
2 () —l”hwu—lhﬁ
ar lp — aT p
This involves differentiation of an integral, which can be done
by the Leibniz rule

But, this involves a partial derivative (not the total derivative)
of an integral

The partial derivative can be handled in a similar fashion as the
total derivative, according to the generalized Leibniz rule

[d{fl’,’l‘”(z i 1)%@}] o
-

aT

L3

P, 7 — Z-1)| dp,
f 1(7 1) dP + ( ) (_"
ar P |, P |, dT

Pros
{(z E 1)| AP,y

Iz dr
ref

(Refer Slide Time: 33:56)

Since the Il and Il terms on the RHS involve derivatives of
particular values (limits of integration, which are constants for a
given case), they are each zero. Thus,

P, ., 1P
’”L&M—lﬂp
oT

Therefore

G R
HR 9 (7)

RT ~ aT

So

H R

... So, after doing all that, we ended up with H R by R T equals minus T integral of P
reference to P 2, dou dou T of Z at constant P into 1 by P d P.
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Z

o s - IZ\ .
Note that the term inside the integral, (()—') is evaluated at
al/

constantP.

But, we began by considering experiments at constant T

Although the state variable values will not change with the
path chosen, the experiments need to be performed along a path

Experiments are based in reality, and therefore, are
‘path-dependent’

Thus, to ensure the validity of the equation, the data needs to
__be obtained from a difftrent experiment or from an appropriate
~‘ n:athematical expression

NPTEL

And then, we also noted that although the state variable values will not change with the
path chosen, the experiments that are designed to evaluate these are path dependent.
They need to be performed along a path. And therefore, we need appropriate conditions,

experimental conditions, or appropriate mathematical expressions.
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Using Eq. 3.31 for residual properties, we get

'R R R
STY o (H0)_ (€ Eq. 3.38
R RT )~ \RT

Through relevant expressions for the RHS, from Egs. 3.36and 3.37

- fl azZ\ dP j’ it dF
b \8T), P Jp ¢ L

Then these are the other residual properties in terms of G R by R T and other things that

we know. And in terms of the easily measurable values, S R by R was minus T integral



of P reference to P 2 dou dou T of Z at constant P into 1 by P d P, minus integral of P

reference to P 2 Z minus 1 d P by P.
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From the residual properties evaluated above, and the ideal

properties, the actual thermodynamic properties can be evaluated by

transposing the eqn for the definition of residual property, Eq. 3.25
M= MR + MY

Or, for a process

AM = AMR 4+ AM'9

Note that the thermodynamic properties are state functions.
Thus, the experimental conditions empl®yed (say, constant
temperature) are irrelevant to the actual values - the values
depend only on the state, and not the path followed
{experimental conditions employed) between the states.
" 8u:t, also note that the values are with respect to a particular
«»-iaference state that must be explicitly defined.

We said that — this is quite obvious — once we have the residual value the actual value is
nothing, but the residual value plus the ideal gas value. Therefore, if you have the ideal
gas value, then you could find the actual value. Or for a process, when you are going
between points or states 1 and 2, M 2 by minus 1 M or delta M equals delta M R plus
delta M ideal gas. We also noted that the thermodynamics properties are state functions.
Thus the experimental conditions employed, say constant temperature, are irrelevant to
the actual values. The values depend only on the state and not on the path followed or the
experimental conditions employed between the states. But also note that the values are

with respect to a particular reference state, and must be explicitly defined.
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Ideal gas values

The ideal gas values can be evaluated as follows: Eq. 2.48 gives us

av
dH = CpdT + (V -T (ﬁ) )dP Eq.2.48
/p/
Since PV = RT for an ideal gas

av R
aT) = = Eq.3.40

Thus, the second term on the RHS of Eq. 2.48 goes to zero
for an ideal gas. Therefore,

dq¥ = C,,'-‘I dT Eq.3.41

NPTEL

Then we came up with ways to get the ideal gas values, because we said the residual
value plus the ideal gas values is actual value. We spent a good amount of time getting
the residual value first. And then we looked at how to get the ideal gas values. Without
spending too much time here ... we have derived all these.
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Further, Eq. 2.50 gives us
= dT <0V> ip

Y Jer=tam (==t |l

T ar o

Substituting Eq. 3.40in Eq. 2.50, we get

iT R
ds = (:P'lq('T _Fd[)

This was the expression. d S was C p ideal gas d T by T minus R by P d P. Therefore, by
integrating that you could get the ideal gas value for S. And for process values between

points 1 and 2, the differences in values.
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Process values

For a process from point 1 to point 2 we can write

T,

TR R i R
Hy = Hy'9+ H,® _ ( j cio dT) +H,

Tref

ref

Ty
Hy = ( f [ ¢IT>+ H,®
T,

We first wrote them and then wrote them in terms of the easily measurable P, V, T, and a

few others, C p and so on.
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Thus, AH = H, — H, can be written from Egs. 3.44 and 3.43 as

T,
AH = fC,';" dT + H," — g, R
/

Similarly, using Eq. 3.42,
dl" R

ds = CPU]T —de

we can write

" g dT P, -
J (‘;’HT — R lnFl— +.S:,_R _SIR
1 »

Delta H was integral of T 1to T 2, C P ideal gas d T plus H 2 R minus H 1 R. And delta
Swasintegral of T1to T2 Cpideal gasd T by T, minus RInP 2by P 1 plusS2R

minus S 1 R.
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The above equations for the other thermodynamic properties,
U, S, H, A, G, or Vcan be written in terms of the reduced properties

As mentioned earlier, when the reduced properties are used, the
equations become generalized, i.e. applicable to, say, all gases

Thus, one does not need to look for specific PVT data to estimate
thermodynamic properties

We said that the above equations for the other thermodynamic properties can also be
written in terms of the reduced properties. We had looked at only two or three. And the
reduced properties ... when the reduced properties are used the equations become
generalized, they become applicable to say all gases. And therefore, we need not look at
specific P V T data to estimate thermodynamic properties. That was the advantage that

We Saw.
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Generalized correlations for residual properties

From the definitions of the reduced properties, we can write
P= P.B dP = P.dP,
T =TT, dT = T, dT,

Substitution of the above in the following equations

Py dP
f Z-1— Eq. 3.36
' P

)'P/A

T Jl"’ <()Z> dp e
- ] s q.3.
Pres aT > P L

S Tf”: (oz) dP f”: e
NPTEL\ Pres ()T, P F : P

>
ref




There are generalized correlations for residual properties also and the advantage is that,
we just mentioned. We went ahead and derived those generalized correlations. Let me
just present these generalized correlations. These are the correlations in terms of the
actual properties.
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EES

(;R )_ J'Pr: Z 1)(1PI
REEL K ( P,

rref

Tzf"r: (uz> dPp,
" by ey \OT; o Pr

. fl (02) dp, f”"’ , 9P Eq.3.49
i Pr,rﬂf ()T,- Py P’ F i

D
rref

L3

LAs pefore, the lower limit of integration, P, . is taken as zero
NPTEL

And we had substituted to get equations 3.47, 3.48 and 3.49 in terms of reduced
properties. GR by R T ¢ T r was integral of P r referenceto Pr2, Zminus1dPrbyPr.
HR by R T C was minus T r squared integral of P r reference to P r 2, dou dou T r of Z
atconstantPrd P rbyPr. And S R by R was minus T r integral of P r reference to P r 2,
dou dou T r of Z at constant P rd P r by P r, minus ... integral of P r referenceto P r 2, Z
minus 1 d P r by P r. And the same way that we took P reference as zero, we also take P r

reference as zero ... as a lower limit of integration.
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Equations 3.48 and 3.49 can also be written in terms of the
acentric factor, w, by writing

Z2=2+ w2t

and expansion of the integrals, followed by recombination of the
terms (the student is suggested to verify the expressions), as

_(H® (HR)!
— w

T AR T

SR (51\')0 (Sl\’)l
- = + w
~R R

We said that, we could write these equations in the generalized form. Also in terms of Z
naught and Z 1 because then we can use the tables that are available to us. ... The
explicit formwas HR by R T cequalsHR O by R T ¢ plus omegatimesHR 1 by R T c.
And SR by Rwas SR 0 by R plus omegatimesSR 1 by R.
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We do that because the values of the quantities on the RHS of
Egs 3.50and 3.51 as determined by Lee and Kesler are available
as tables (Tables E.5 to E.12 in your textbook SVA)

The values of w are available in Table B.1 in the Appendix B of
your textbook, SVA

Thus, the values of the residual properties, H? and S, can be
determined with ease, without actual PVT data

And, the value of G” can be estimated from G” = H? — TS? &

: ~: When the ideal values are known, the actual values of enthalpy

znd entropy can be estimated from M = M® + M9
NPTEL

And the values are available — the groups, the 0 group and the 1 group — the values are

available in tables E 5 to E 12 in appendix e of your text book.
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Solution

As seen in Example 3.3,
T.=508.3Kand P.=47.62 bar;
T.=(200+273)/508.3=0.931 and
P,=10/47.62=0.21

(”R)()

= —(0.246 (From Table E.5, SVA
RT. il )

T = —(0.265 (From Table E.6, SVA)

Then we worked out an example to look at how to use the correlation, the generalized
correlation in terms of the reduced properties, to get at useful values. Please take a look
at that whenever you have the time. The last thing that we saw was the estimation of the
fugacity coefficient for a pure substance.
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To arrive at experimental conditions needed to estimate the
fugacity coefficient, let us begin with the definition of the
chemical potential, Eq. 2.16

aGT
e = Eq.2.16
i T.Pnj

The above equation was used as one of the ways to introduce
the concept of chemical potential

The interpretation of the concept of chemical potential, and
its applications need not be limited to the above

And to do that, we started out with the definition of the chemical potential for a species.
We went into the interpretations of the chemical potential; please take a look at it — it is

very interesting. | would not do it again now. And we went into writing the definition



for a pure substance, and writing down equations for a closed system in terms of the

chemical potential for a pure substance.

Then we went ahead with the derivation (No audio from 40:56 to 41:04) to get to this
particular expression, which is the penultimate expression. Ln of phi 1 — this is the
fugacity coefficient at point 1 — is the integral from 0to P 1, V by R T minus 1 by P d P.
And, in terms of the compressibility factor, this can be written as integral of 0Oto P 1, Z
minus 1 by P d P. ... Since we know so many ways to get at the Z value, that we have
seen so far in the module, we could use all those methods here to get also at the phi 1
value. Then we worked out this example. This example was a slightly more complicated
one in terms of needing slightly higher level skills of integration, which we saw not very
difficult. But it only that it needs a higher level skill from what was required to solve the
previous set of problems. And we went through solving the problem to get at the fugacity

co-efficient of isopropanol.

So, that was all that we did in module 3. When we start the next class, we will start with
module 4 and look at solutions. You know, this was pure substance, we mix pure
substances together we get solutions, and we will look at properties of solutions. See

you then.



