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Diffusion maps for dimension reduction

Itis a non-linear dimensionality reduction technique.

It integrates local information to generate a global
description of the data.

More robust to noise.

Hello everyone, welcome back. In this lecture, we learn diffusion maps for dimension
reduction diffusion maps is a nonlinear method to reduce the dimension of your data and it is
said that it actually integrates the local information in your data to give a global
representation of the whole data set. And it has been shown that it is much more robust with

respect to when you have a noise in your data set.

(Refer Slide Time: 1:13)

Diffusion maps for Swiss Roll
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Before I go into detailed discussion of diffusion map and how it works, let me give you one
example of diffusion maps. So, this is a typical Swiss Roll data very famous, what we have
you can easily see, we have a Swiss roll like structure the data you can imagine as if the
original data set is a strip and then we have rolled it in a Swiss Roll shape, concentric circle

type thing. So, in this data, if you can see I have color codes.

So, these blue dot points they are locally close, because if I draw the original structure
suppose, so, these blue data points may be somewhere here, they are all locally close to each
other. Whereas, these rain data points are in another end and they are also very close to each
other, but when I rolled it together, I rolled in a Swiss Roll structure, these two things has
come close to each other. Now, I want to get back to the original local information local

structure of the data by using diffusion map.

(Refer Slide Time: 2:18)

Diffusion maps for Swiss Roll

So, if I apply diffusion maps method on these, I get this type of result. So, if you see a in this
case, | am representing the data the same Swiss roll data into the new dimension one is DC 1
and other one is DC 2, and you can easily see here the algorithm has segregated this blue data

from the red data even in this representation, they are far away from each other.

So, as if I have opened up the swiss role, and I am representing the data as it is in the
structure similarly, if I represented in DC 1 new coordinate and the third new coordinate, then
also you can see the blue data and read data are separated and all the other data points are

nicely arranged in between.
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So, in this way the diffusion map has used the local data to give a global representation of the
whole data set. Now, how do you perform diffusion maps dimension reduction, how the
algorithm works, and the mathematics behind diffusion maps is beyond the scope of this
course. So, I will not go in details of derivation of all these things, I will skip lots of

mathematics and I will try to understand the principle of diffusion maps intuitively

(Refer Slide Time: 3:36)

How to measure similarity between data

Follow the structure within the data

See, whenever you are trying to create some lower dimensional representation of a higher
dimension data, you always need some sort of measure of distance or similarity. And as I said
that in diffusion maps, we want to integrate that local information that means, I want to know

the local distance between different data points.
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So, suppose I have a three dimensional data just three data points and they are 123 that we
have shown. Now, they are you can imagine as if they are on a paper like this flat and in the
three dimensional space that paper has got turned like this. Now, I want to calculate the

similarity or distance between these three data points pair wise.

So, suppose I want to know the distance between one and three. One way the easiest way to
do these distance measurement or similarity measurement is to use Euclidean distance. So, if
I measure the Euclidean distance, this red dotted line, so, this is Euclidean distance, you can
see this Euclidean distance is nothing but direct flight as if you are measuring the areal

distance between one and three.

So, that is the Euclidean distance. But in reality if you look into this data, you know that 3 is
actually Not so close to one, if you have to reach 3, you can imagine that you are working

over 1, you start from 1 and then you reach 2, then from 2 you follow and then you reach 3.

So, if you want to represent the local information and you want to retain that, then this
Euclidean distance will cheat you, because it will say 3 is actually close to 1. But that is not
true. If you follow the structure, the geometry of the data, you have to work from one to 2 and
three, and that is quite a distance. That means this green line that I am showing here is the

right distance measure.

So, how should I define that distance? How should I define that distance that will be a
distance measure that will capture this as if [ am moving along the structure the geometry of
the data from 1 to 2 to 3 in diffusion maps, we use the idea of diffusion and diffusion distance

for this particular purpose.
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Diffusion over the data points
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So, let me explain you what is diffusion distance? Now as I am talking of diffusion distance,
so there must be some sort of diffusion. So, let us first understand what diffusion I am talking
of here. Suppose I have nine data points, I have shown them starting with X1 up to X9 and
they are scattered in a space they may be multi-dimensional data, maybe 10 dimension 100

dimension, we do not bother here.

I am representing them as a two dimensional now, what do you do you take a particle and
hypothetical particle, imaginary particle and put it X1 and now let it diffuse in this data set.
That means let it hop from X1 to X5 and X6 that we have shown here. This is diffusion,
Similarly, it can also diffuse from X1 to X8, X8 to X9, then to X7, then to X6, so what is
happening here, and imagining that there is an imaginary particle on that point and one data

point and it is hopping from one data point to another.

That way, I just said few slides back that I want to walk from that point 1 to 2 to 3 following
the structure of the of the geometry of the data set. So here this imaginary particle is diffusing
from one data point hopping from one data point to another data point. Now, in this way, it
can traverse the whole space hopping from one data point to another data point. Now, how
can I numerically capture this diffusion process, there are many ways to mathematically

capture this diffusion. The one way that we will use here is a probabilistic way.
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Diffusion is random walk

At every time-step the particle hops - from current location
to one of the four neighboring grid points.

| The destination is chosen randomly based on transition
| .\ probability.
(|24
-~

Simple assumption: py = pp = p,=pr = p

Let me explain that with a very simple model of diffusion. This has nothing to do this
particular slide has nothing to do with the diffusion in data space, but I am using it as an
example. Suppose I want to study or simulate the diffusion of a particle on two dimensions,
what will be the simplest model what I can do, I can consider these two dimensional space
into a grid square grid with these grid points, the particle is here at the center get great point,
in the next time point, it will either jump to the upper grid point or the lower grid point or the

left one or the right one.

So it cannot stay between two grid points. So at every time point, as I increase the clock, as
the clock ticks, it jumps from one-point grid point to another data point. That is diffusion.
Now, how does it choose which grid point it has to go, it has four neighbors up down left and
right. That is where the random walk comes, we associate certain probability of jump for
example, I can see this is P-up probability of going to upgrade whereas, this jump from to the

right can be P-R.

So, you assign certain probability of jump from one grid point to another grid point, which is
the neighbor so in this way, I can actually capture and simulate and study the diffusion of this

article from the central position across the whole space.

And when you simplify many times, what you can do is I can consider that all the probability

all these four probability are same that will make your life easier, but there is no reason that I
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have to do that I can actually consider different values for these probabilities also. So learning
from these learning from this, what I will do will also in the diffusion in the data space will

also assign some sort of probabilities.

(Refer Slide Time: 9:54)

Diffusion over the data points

Generate the transition probability
matrix for the data
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Diffusion over the data points

Generate the transition probability
matrix for the data
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So I am going back to my data space. | have a particle here in X1 and it will hop from one
data point to another data point and this hopping has a probability. So, how are we present
that probability, I can represent this probability using a matrix called P and you can easily see
this is a 9 by 9 matrix. So, if I have N Sample N data point it will be N by N matrix, each
element of this matrix represent a hopping probability. Let me explain one suppose this
P 9 2 whatis P 9 2, P 9 2 is the probability of hopping from 9 data point to the 2 data

point.

So if the particle is here, right now, what is the probability it will jump to X2 the second data
point that is given by P_9 2 in this way, rest of the entries in this matrix you can understand.
So this is a transition probability matrix. And how do I get that matrix? Obviously, we do not
assume any value for that we calculate this probability matrix P from data. To calculate that

probability matrix what we do we take our good old friend Euclidean distance.

So what I do I measured the Euclidean distance between all the data point all the pairs. So I
measured the Euclidean distance between X9 and X2. So suppose thatis E 9 2. So then what

I do I use that Euclidean distance and then I use this function, which is the exponential
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function and you can easily identify this is half of the Gaussian distribution, because you

have E to the power minus something divided by alpha.

And this one is the square of the Euclidean distance between two data points A and B. So the
probability of hopping from A to B is given by this function, which is called a Gaussian
kernel, in essence, is an exponential decay type thing, you can easily see if my Euclidean
distance, which is here in the denominator, Euclidean distance, if I increase, then this

probability will look like this.

So as the distance increases, the probability of hopping decreases exponentially. And that is
what you will expect. So P 9, if the particle is at P 9, it will hop to X2 with the probability,
but the probability of hopping to X9 to X4 should be less than the probability of hopping

from X9 to X2, because X2 is closer.

So, using this Gaussian kernel, we calculate the probability of hopping from one data point to
another data point based upon that Euclidean distance in the original data space, we call it
feature space. Now, once I have got this probability matrix, then we can actually move
towards calculating and defining and calculating the diffusion distance which will be used to

embed the original data to lower dimension.

Now, before I move into that hardest definition of this diffusion distance, let us look into
some properties of this problem rematch metrics, the transition probability matrix or hopping

probability matrix, these are probability matrix.

(Refer Slide Time: 13:17)

Diffusion over the data points

Generate the transition probability
matrix for the data

One eigenvalue of a transition matrix is alwa)

Rest of the eigenvalues are less-equal to 1.

T
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So all these entries are from 0 to 1 and all positive, and we can easily check out that one of
the Eigen value of these metrics will be always 1 and rest of the eigenvalue of this matrix will

be less equal to 1. This property is very useful, and we will use it here today in subsequently.
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More with transition matrix
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Let me play with this matrix A bit more. Suppose I have just two data points 1 and 2. So, then
the hopping probability matrix a transition probability matrix will look like this, it will be 2
by 2. So, P_2 1 is the probability of going from 2 to 1, whereas P_2 2 is the probability of
staying at 2 it is not going anywhere it is staying back into now, what I do I get the P square
that means I multiply P by P and I get another matrix it is simple matrix multiplication you

can try yourself.

(Refer Slide Time: 14:28)
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More with transition matrix
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Now, what is the meaning of each of the entries each of the elements of this a new matrix P

square, let me check. Let me check with this one. If you carefully look into it, the first step is
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P 2 1 into P_1 1, what does that mean? So I am right now and data to X2, I am moving to
X1. So, this is the probability P_2 1 and then I hop from X1 to X1 that means the next time

step I do not go anywhere I stay there.

So, that is P_1 1 that means these P 2 1 into P_1 1, this is the probability of doing these
hopping, I start from X2 go to X1 and then stay in X1. Now, let us look into the second thing
P 2 2 and into P_2 1 that means, in the first step, I am staying at that point 2. And in the
next step, [ am moving to X1. So, in both cases, you can see that you started or I started at X2
and eventually landed in X1, I started at X2 and eventually landed in X1 and this one and this

one these two path these two options are mutually exclusive.

So, their probabilities are summed here. So, what does this summation represent? It
represents the probability of going from data point to X2 to data point X1 that is the first data
point using two steps right here I have first step, second step, first step, second step. So, this
is this element here in the P square matrix is giving me the total probability of reaching to the

first data point from the second data point in two steps of diffusion or hopping.

So, in this way, rest of the other elements you can explain they are all representing path of
size 2 where two steps has been taken and the total probability is calculated from reaching

from one data point to another data point.
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More with transition matrix
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So, in this way, if I have supposed for my original line and data point I have 9 by 9 matrix, I
can calculate P to the power T here T is the number of time steps are number of hops. So,
then what will happen each of these elements of this PT each of these elements are P to the

power T will represent something. What it will represent?

For example, the ij element of this P to the power T metrics will give the sum of probabilities
of all paths of length T from Xi to Xj that means, it will give me the total probability of going
to j8 data point from i8 data point using T steps or T hops. So, in this way, originally I have
the data set I calculate the Euclidean distance from that Euclidean distance using the
Gaussian kernel that I have shown I calculate the P the transition probability matrix or

hopping probability matrix.

Now, I what I do I raise this P to the power something for example, 1 2 or 3 depending upon
my choice that is my decision as a user. So, I raise it to P to the power T and that matrix gives
me the probabilities are moving or hopping from one point to another data point using T

number of steps.
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Diffusion Distance
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Let me move to now defining the diffusion distance using this P to the power T matrix. So, I
have all the data points and I have calculated the P to the power T metrics. Now, I want to
calculate the diffusion distance between the 1X data point and the jX data point what I will do
I will take another data point the third data points that kth Xk.

Now, I find out all possible paths of going to excite to Xi to Xk data to kth data using T steps
and get calculate the probability and sum them. So, that probability can be obtained from
these metrics. So, this P sub I K P to the power T sub I K is the probability total probability
of going from Xi to Xk in T steps following all possible path, because you can see I can
suppose I want to go into two steps to escape I can go like this, then this now it will become

three actually.

So, I can take this one and this one this is two steps. I can go from here to here two steps, I
can go here and then to two steps. So, I calculate the probability of all those possibilities. So,
P to the power T sub ik is a probability of going from i-th to data point to the kth data point
using T steps using all the paths possible. Similarly, this P sub jk is the probability of going
from Xj data point to Xk data point in T steps, following all the possible path.

Now, imagine this if Xj and Xi these two data point, or equivalently, close to this K-th data
point, then this one and these two probabilities should be close to each other. So, if I subtract
them, I should get a value of 0 or close to 0. And that is what we do, when you define

diffusion distance, what do I do?
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Diffusion Distance
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I calculate this Ptik, Ptjk and subtract them and I square it and then I have initially taken this
one k-th data point. Now, I take this one k-th data point, I calculate the same thing, I again
take this one as the k-th data point in this way, I take all other data points as the intermediate

data point and do the calculation and I sum them all.

So, now, you can imagine if the j-th data point this one and the i-th data point is locally close
in the overall structure of the data, then what will happen this distance will become close to
zero. So, this is the definition of diffusion distance. Now, I want to use this diffusion distance
to embed my high dimensional data to lower damage. Now, interestingly, I actually do not

need to calculate this diffusion distance.

(Refer Slide Time: 21:59)
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Distance in diffusion space

Matrix P*obtained from data Vector for Vector for
Mhdatapoint  th data point

Pl P
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I will show you. So, I have the data in higher dimension, I calculated the P to the power T
matrix, which is again it says the probability matrix probably transition a transition
probability matrix and I have N number of samples. So, it is a N by N matrix square matrix

and this row this is for the i-th data or i-th sample whatever you say this is for the j-th data.

So, you take this i-th row of this matrix inverted transpose it and you get a vector Yi and this
vector will represent my i-th data point in some way. Similarly, for the j-th one, I have Y]
Vector, which has nothing but this row in this matrix and they have transpose it and made it
vertical. So, row vector to column vector. So, I have now two column vector Yi and Y]

corresponding to the i-th data point and the j-th data point. Now,
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Distance in diffusion space
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I will skip all the mathematical derivation all this thing interestingly, it can be shown that if I
calculate the Euclidean distance between these two vectors, that is equal to the diffusion
distance. So, that is written here it can be shown that the Euclidean distance square is equal to

the diffusion distance squared.

So, that means, I do not need to calculate diffusion distance from the data I will calculate P
from P, I will calculate P to the power T, T is defined by me as a user I can keep it one also.

So, and then from that P to the power T, I can calculate these vectors very easily because each
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of these rows are those vectors and the Euclidean distance between these vector I am saying

is equal to the diffusion distance.

(Refer Slide Time: 24:01)

Embedding data in the diffusion space
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So, what I can do now, see, I want to use diffusion distance in the original data space higher
dimensional data space as a measure of similarity when I reduce the dimension and now,
what I have got, I have shown that the Euclidean distance between these two Vector can

actually represent my diffusion distance.

So, that means, I do not need the original data representation each of these data point I can
represent by these vectors for example, i-th data point can be represented by Yi vector and Y]
vector for j-th data point and what is the dimension of this dimension is N this dimension is N

sample size.

So, now in this N dimensional space, each of these vectors is now representing my original
data points, but still retaining the diffusion distance because the Euclidean distance between
Yi and Y] is equal to their diffusion distance. So, what I can do, I can represent the i-th
sample by Yi in the N dimensional diffusion space and it will still retain the diffusion

distance from other data points.

So, have I reached some sort of dimension reduction I have received which I have done that
for example, original data suppose you have 1000 genes you have measured in 45 samples.
So, 45 is equal to N original dimension was 1000. Now, you are representing by vector of

size N that means 45 So, from 1000 You have reduced the dimension to 45.
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But you must be wondering that still 45 Dimension Data How can I visualize it is really not
dimension reduction, I want it to two dimension or three dimension. Yes, I will proceed to
that. And that is what to achieve further reduction I will take help of Eigen values and Eigen

vectors.

(Refer Slide Time: 26:08)

Embedding in the lower dimension

Calculate the eigenvalues and eigenvectors of the transition matrix P

b

Eigenvalues: h=1)> 4 2 A4

@ ) Eigenvectors: @ A by

Now, if you remember | said these probability transition matrix has 1 Eigen value equal to 1
and rest of the Eigen values are less equal to 1. So, what I do I calculate the P from data and
then I calculate the Eigen values and eigenvectors of that matrix and I arranged them in a
descending order. So, this is the first Eigen value the highest value 1 and rest of them R the

other Eigen values and the corresponding Eigen vector as shown by these bars.

Now, you can check out I am not going details, the Eigen vector for this first Eigen value
highest Eigen value, all the entries here in this vector will be seen they will be constant. So,
that does not help us. So, we remove that now, we are left with n minus one Eigen vectors

and Eigen values. Now, again [ will not go to details on mathematical derivation,
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Embedding in the lower dimension

Calculate the eigenvalues and eigenvectors of the transition matrix P
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You have to take my word one interesting thing can be shown what we can show that we can
actually replace this Yi vector, which I just discussed few slides back by a new vector Yi
prime, but still Yi prime will retain that property of that diffusion distance that we have

shown for Yi. Now, what do I have in Yi prime?

Why am I writing it separately look into the entries of Yi prime is why I have the
probabilities coming from the probability transition probability matrix. Whereas, in Yi prime
you have entries coming from the Eigen values and Eigen vector let me check the first entry
for Yi prime this is multiplication of we have taken these lambda one the second highest
Eigen value raised it to the power T and then multiplied with the value of i-th value in the psi

1 eigenvector.

Similarly, what is the last entry we have taken the i-th entry in the last Eigen vector and
multiplied it with lambda corresponding lambda Eigen value up there to the power T. So, in
this way I can replace this one by this one, but how that will help us I want to reduce the

dimension I want to reduce the dimension from N to further low some amount of diamond
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region reduction has happened because this is N and this is in minus 1 just 1 that will not here

that will not make you happy you have to go further low.

Now, remember these Eigen values here highest one was 1 and I have checked it off, rest of
them are smaller. So, that means there are fractions. So, it as I go down their values become
smaller- smaller and smaller. So, that mean I can actually reject most of these lower value

Eigen values, I do not have to consider those Eigen vector Eigen values at all.

(Refer Slide Time: 29:30)

Embedding in the lower dimension

Calculate the eigenvalues and eigenvectors of the transition matrix P
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Let me give you an example. Suppose for a particular data set we calculated the P matrix and
we saw that these Eigen values first three Eigen values 123 Not the first second, third and
fourth, but I am writing it 123 Here, because the first one was lambda zero they have
considerable values when they are close to one that was 0.9, 0.8 0.6 something like that and

the rest of the other Eigen values may be very small, very small fractions.

So, what I can do I can check off I can remove those Eigen values and corresponding Eigen
vector, because they will not contribute much in my analysis. So, then what I get? I said
originally I will embed the data using Yi vector then I said that is equivalent to using Yi

prime vector. So, this is N dimensional, this is N minus 1 dimensional.

Now, I am saying get rid of this lower Eigen value thing get rid of them and only keep these
three lambda 1 lambda 2 lambda 3 that means, I get a reduced Y prime, which has only three

entries corresponding to 3 considerable lambdas Eigen values. So, what is the dimension of
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this vector 3. So, that means, the i-th data point can be represented in state three dimensions

using these vector.
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Embedding in the lower dimension
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So, that is what I will do, I start with our original data with D dimension from that I calculate
P I do not calculate diffusion distance because I do not need to explicitly calculate that, from
that P I calculate P to the power T, T I can vary from one to something from that I calculate
Yi for each of these data points i-th data points or i-th sample and that can be represented by

y the in terms of Eigen values Eigen vector of P matrix.

And T can get rid of all the low Eigen values and the corresponding Eigen vector and
eventually, I get I have here in this example, I have kept three Eigen values and the
corresponding Eigen vector. So, I have a reduced presentation of i-th sample, i-th data point

using that Yi prime vector. So, in three dimension it will represent this point if I do similarly
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for Yj from that I calculate Y] prime from that again I calculate Yj prime in three dimension

then may be that point is here. What can we mathematically shown and I have skipped.

But I have just intuitively explained that that a diffusion distance between these j-th data
point this is Y] prime this diffusion distance between these two data point in the original
dimension is retained here is represented here by the Euclidean distance between these two
data points in this three dimension. That is how we reduce the dimension of a higher

dimensional data to lower dimension using the algorithm of diffusion maps.

(Refer Slide Time: 33:06)

Diffusion map for gene expression data

Single cell gene expression data: 48 genes, 429 cells @
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Before I end this lecture, let me give you an example from biologic diffusion maps are now
becoming very useful to reduce the dimension of data, where you have you know, single cell
experiment for gene expression or something like that flow cytometry, particularly, you will
find nice work where people have tried to understand the differentiation of sale trajectory of
cell as they change their phenotype using the single cell gene expression data, or flow
cytometry data, and then reduce the dimension using diffusion map and visualize them in two

dimension or three dimension.

And then to find out the trajectory of cell as they change their phenotype in this reduced
space. The example that I am showing here, in this case, we have 429 cells of 6 different
types of cells, and they have measured only 48 genes in this case 48 genes in those cell,
because those 48 gene can characterize some differentiation property of the cells, and then

what we I did I reduce the dimension of this dataset, so you can say it is a 48 versus 429.
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So, it is a 48 dimensional data, I reduce it to two and three dimension. So in three dimension,
these are corresponding to three main Eigen vectors after a chapter the first one, and each of
these data points is a cell and they are color coded based on the 6 types that they have
assigned. And in three dimension, I can see it in this way. in two dimension what I have done,
I have considered DC 2, and DC 3, and you can see nicely, the different cell types of got
segregated.

Now you can look into the biology of these cells and why they are different, and how they
are, gene expression affects their phenotype. All these things we can study. So that is all for
this lecture. In this lecture, we have learned diffusion map, which is a nonlinear technique of

dimension reduction for high dimensional data. Thank you for learning with me today.
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