Gasdynamics: Fundamentals and Applications
Prof. Srisha Rao M V
Aerospace Engineering
Indian Institute of Science - Bangalore

Lecture 17
Normal Shock - Il b
So we are discussing the analysis of normal shocks and going through the details of how to
gather all information about flow variables downstream of the normal shock. And the last class

we had discussed about getting to the Prandtl's relation for normal shocks that is using the
conservation equations.
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Normal Shock Equations
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+ usinga® = Y?,the above equation becomes
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This is something that was done the previous class. So, | will quickly go through this and the
conservation equation of mass, momentum, energy for one dimension is used to analyse the
normal shock. It is an adiabatic process without any work done. So, you can apply these
equations along with the equation of state and relation for the enthalpy.
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Normal Shock Equations

+ which simplifies to
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* that reduces to
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+ This relation is called Prandtl Relation.

+ This equation can be written as
Uy Uy
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So, by using all three equations together, we come to a relation M;yM; = 1. This is called the

Prandtl's relation and using this we can convert the equations.
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Normal Shock Equations

+ Now using the Prandt| relation i.e. (M{M; = 1)
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So that we can exclusively get the equation for downstream Mach number M2 in terms of M7

and y. Similarly using the continuity, once we had done this, we can get the equation for the

density ratio % in terms of only Mach number and y. So, this is something that will come up
1

again and again
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Normal Shock Equations

* writing the momentum equation, combining with continuity
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* After simplifying this equation, we get

So now we are left with the pressure ratios, temperature ratios. Let us see how to get to them.
So here we take the momentum equation again equation P; + p,u? = P, + p,u3 and do the
subtraction the sort of moving the variables from here to the side is p,u?. Now once we have

the Prandtl's relation that is relating u,u, = a*? for conditions across the normal shock.

Our intention in further analysis would be to try to use this form formulation Prandtl’s relation

in order to get to the other flow variables. So here you get %so this quantity is there now you
1

_ 2
can divide this by P1 which is done over here and you can 2=2% = %(1 —ﬂ). Now

Py Py U

immediately some things that again come again and again in gas dynamics is the combination

S . If you come across this combination g and it can be converted to the speed of sound for a

perfect gas by multiplying and dividing by vy.

So, if you do that then you get this term which is a group of terms which is Y%‘ So, this term

2
comes out to ‘% (1 - E). Now we will go ahead and see this is M2 .So this isyM? (1 - %)
z 1
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Now =2 from the previous analysis, we found what is £2. That is =2. So =2is nothing but £X
Uy P1 uq uq P2
2+(y-1)M3

which is G+

So, we just have to import that into this formulation and what we get here then is % =

1

2+(y-1)M?

DI ) . So that is what you get over here. So, this can be simplified here so you

yM? (1



P,—Py _ (y+DMF - 2-(y-1)M7
P1 = yM{ ( (y+1)M?2

get — ) And if you do the algebraic manipulations on this

you get %_ 1+—(M2—1)

So this is now straight forward here. So, this is the equation to relate % So, we have used the
momentum equation as well as the conditions that we just derived here that is 22 5 et from the
1

mass conservation. All of them are always they will have their roots towards the Prandtl's

relation u,u, = a*?
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Normal Shock Equations
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Now once you get the pressure ratio then getting temperature ratio is nothing but using the

ideal gas equation of state. So P = pRT. % =Do Now -2 we have the expression for this,

1 Pipy’

S—lwe have the expression and so we can multiply the 2 expressions,
2
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So this is the final expression for . Now if you observe you again observe this f> is only
function of y and Mach number that is Mach number then you got den5|ty ratio is function

of only y and Mach number and pressure ratio is function of only y and Mach number. So this
sort of emphasizes that for a normal shock if you know the upstream conditions then you can

completely determine the downstream conditions.



So, from here these relate the static quantities across the normal shock. How can stagnation
quantities be related across the normal shock?
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Normal Shock Equations
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So if we look at the normal shock it is an adiabatic process, so there is no heat transfer or work

2 2
done that means across the normal shock the total enthalpy h, + % =h, + % ;total enthalpy

ho remains a constant. So that means To for a calorically perfect gas, To does not change, To is
a constant. This is a very important idea that To remains constant across normal shock. This is
for a standing normal shock. Stationary normal shock in a supersonic flow this is what we are

analysing.

Now let us go and look at is there any entropy change across the normal shock. So, we began
our analysis by saying that it is an adiabatic process but never said that it is a reversible
adiabatic process. And reasons are that shock waves generate entropy just because within the
shock wave. Within that small very infinitesimal thickness of shock wave the transport process

becomes very, very important.

And they give rise to entropy and the high gradients across the shock give rise to the entropy

and so entropy change across the shock is you use the relation.

T P
Now, you know s, — s; = cplnT—2 —Rln=2.
1 1



For ? and ? are determined in the previous analysis. So, we substitute for them in terms of%
1 1 1

and ?. And so, this expression once you know these values you can directly determine the
1

entropy change across the shock wave.

Now, one should notice that the conservation equations if you take a pyu; = pyu,, P +

2 2
piu? =P, + pué and hy + % =h, + "2—2 just relate the balance of mass, momentum and

energy across a discontinuity. And we are doing control volume analysis for the states before
the shock and after the shock. So this is the shock but by this just by these three equations one
cannot determine what should be the conditions across the shock. Can there be conditions that
velocity suddenly increases across the shock.

That kind of a shock can be called as an expansion shock because the normal shock whatever
we are discussing is a compression shock. It compresses the gas increases the pressure and
density. Now we can ask the question that is it possible that there is a shock which will suddenly
increase the velocity, reduces pressure and density and temperature can there be such a
solution? And if you look at the at only the conservation laws, they do not tell you what the

conditions are whether such solutions can exist or they cannot exist.

And for this you need to bring in the second law of thermodynamics and the entropy
considerations. And now we have the relations for entropy and now that we know this is an
adiabatic process then clearly the change in entropy should always be positive. There are
irreversibilities in the system. That means change in entropy will be greater than 0. If you apply
this condition to this expression and try to find out what is the condition?

Since now this expression is only function of y and Mach number. So that is upstream Mach
number you will get that M1 has to be greater than 1. So even from entropy considerations you
will find that always shocks exist in supersonic flows and second thing is that the expansion
shock is not permitted because it reduces entropy it is not possible that you can have a sudden

increase in Mach number.

So you cannot increase Mach number by a discontinuous jump so because of these conditions
these entropy considerations. So expansion shock is not possible only compression shock is

possible and normal shock is a compression shock.
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Now we know that stagnation temperature across the shock is constant by the virtue of the
process being adiabatic but what about stagnation pressure? So stagnation pressure across the

shock how can we relate this? For this again we go to the entropy relations. So the entropy

. . . . T: P,
relations for across the shock we just discussed thiss, — s; = cplnT—2 — RIn P—Z. Now we come
1 1

to a specific application of the stagnation conditions.

Now we know that every point in the flow. So if I take this is normal shock there is a point
before and after the normal shock and P1,T1 represent the static quantities and P2, T» represents
static quantities downstream of the shock. Then there is an equivalent point where the entropy
remains through an isentropic process. You can take this to Po and To. These are equivalent

conditions Po and To. So, their entropy at P1, T1 and Po ,To are the same.

Similarly, entropy at P2 ,T> and Po ,To are the same Po1 and To1. So the same equation that is so
change in entropy can be written in terms of changes to the stagnation quantities. And we know

that across the shock wave this stagnation temperature does not change stagnation enthalpy is

constant. So % is 1. So this term, In (?) , goes to 0. So you can get the relation telling the

01 01

change of stagnation pressure.

So stagnation pressure ratio iﬁ is directly given by this is AS. Now AS at the stagnation
01

conditions is the same as AS at static conditions because they are related by an isentropic, each



state is related by an isentropic process. So what we find here is that ? you can take the

01

inverse logarithm of this process ? = exp (— %). Now just now we had discussed that the
01

entropy always increases across the normal shock.

So AS is always greater than 0 that means this term is greater than 0.That means that this term

. Py . .
will be less than 1. SoP—02 is less than 1. That means stagnation pressure decreases across the
01

shock. So this is a important sort of expression that stagnation pressure decreases across shock.
So if you now you have determined for both the static and the stagnation conditions across the
shock.

And you know the relationships between all of them that is the back number M, decreases
across the shock, pressure increases across the shock, density increases across the shock,
temperature increases across the shock. But To that is total temperature remains the same, Po2
decreases downstream of the shock. So this gives us all the relations. So now let us put them
in. We know how these expressions are and let us plot them and see how they vary over Mach
number.
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You can see that they vary quite rapidly and because they vary so rapidly, we cannot plot them
on a linear scale. And increase in pressure due to increase of shock as the shock Mach number
increases is enormous there is a significant increase in pressure. And this increase in pressure
is accompanied by an increase in temperature also. So as Mach number changes both pressure

and temperature increase significantly.



While if you look at what happens to density it is interesting initially it increases but once you
reach higher, higher Mach numbers it sort of saturates. So it does not increase as much as
temperature and pressure do. Stagnation temperature remains constant stagnation pressure on
the other hand decreases significantly. So what are the consequences of this because there is a

significant generation of entropy presence of shock waves in devices is leads to lot of losses.

So it makes it less efficient. So if you consider process of compression you have isentropic
compression you have shock compression. So shock compression generates entropy. So lot of
the energy is converted to unusable heat energy. So you see that if you consider 2 states one
achieved by an isentropic process, for the same pressure ratio another for using a shock process
then the temperature achieved in the shock process will be much higher than the one you get
by an isentropic process.

So shock processes generate a much higher entropy. So looking at how to use these in designs
or how to put them in devices then always we should look at trying to reduce entropy losses.
So significant effort is put in so that the strength of these shocks can be reduced. Of course,
when one looks at supersonic flows shocks are unavoidable if not in the design conditions but

when the device works even slightly at an off design conditions you generate lot of shocks.

So the idea is to minimize the strength of shock. Strength of shock is mainly determined as we
know by its Mach number and sometimes it is also referred to by the pressure ratio they are
synonymous because once you know the Mach number you have a fixed pressure ratio. And
so strength of shock you can say is by pressure ratio or the Mach number. So as weak shock as
possible is what we would like.
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Mach number after shock
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So another interesting thing about the downstream number of shock you see that always you
have the Mach number downstream of the normal shock to be subsonic a normal shock exists
only in supersonic flow. So upstream is supersonic downstream is subsonic the way Mz behaves

is that it decreases but then similar to the way density sort of saturates by increasing to a value.

The Mach number decreases to a value and saturates and sort of tends to be a constant. So these
are how these values occur. There is another interesting thing about shock waves and a
comparison with the isentropic compression that even those shock waves produce lot of
entropy. In some cases in some applications particularly for aerodynamic testing when one
looks at extremely high velocities that need to be achieved this can the stagnation pressures

and temperatures required to achieve those high velocity conditions.

Typical to re-entry or very high Mach number flow will become very large. And this is clear
to you from the stagnation conditions that we had already discussed also in the perspective of
shock waves. So if you look at it as shock numbers increases the pressure ratios are actually
higher and go higher and temperature ratios also go higher. So in order to achieve such high
pressures and temperatures it is not very easy to do it in an isentropic compression because

isentropic compression cannot increase temperature.

When temperature becomes important, enthalpy becomes important, isentropic compression
does not give that high enthalpies. So shock compression is often used and they give rise to

what are known as shock tube based tunnels.



Shock tunnels where shock compression is used to achieve high pressure and temperature. So,
in some cases you need the shock waves and you want to use it for specific purposes.
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Normal Shock Table

M1 M2 P2P1 p2 1 [T2T1|PO2POL(s 2-s HR
1.00[  1.0000[ 1.0000] 1.0000] 1.0000] 1.0000 0.0000
102] 09805 1.0471] 1.0334] 1.0132] 1.0000 0.0000
150)  07011) 2.4583| 1.8621] 13202 09298 0.0728
2000 0.5774] 4.5000] 2.6667] 1.6875  0.7209 0.3273
500 04152] 29.0000{ 5.0000] 5.8000] 0.0617 27852
7000 03974 57.0000] 5.4444] 104694  0.0154 4.1765
10.00]  0.3876] 116.5000{  5.7143| 20.3875]  0.0030 5.7943
15.00]  0.3823] 262.3333]  5.8696] 44.6938|  0.0004 71.1298
20000 0.3804] 466.5000]  5.9259| 78.7219]  0.0001 9.1355

Similar to the isentropic charts normal shocks also you get charts and the way to use the charts
and tables is the same whether you use it for isentropic relations or normal shocks. And they
are given at the end of text books or in the appendices. So when we look at solving problems
then we will use either these tables or you can use online calculators. So with that we come to
a close on the analysis of getting to downstream conditions of shock given the upstream

conditions.

And we saw we are able to relate all the different flow parameters. Now in the next class what
we would see is that we come to what are strong shocks and weak shocks are there any limiting
conditions? We have some indications through the graphs but let us look at it. And there is
another thermodynamic way of representing the shock known as the Hugoniot relation which
does not actually include the information on velocity just the relation between the 2

thermodynamic states that is useful in several cases.

And further on we look at where this can be applied in supersonic flows particularly for the

Pitot. So that would be in the next class, thank you.



