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Lecture No. # 29
Kalam Filter Design- Il

Hello everybody, we have started discussing on kalman filter for last couple of lectures.
We actually have given some overview and then followed up with some basic concepts
of random variable followed by kalman filter derivation in continues time linear time

invariant system that platform actually.
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So, we will develop further and our motivation is to go towards external kalman filter,
and if possible uncentered kalman filter as well, that is what people use these days
variably, that is what to be double up toward that. This particular lecture will again have
a very quick overview of what we discussed in the last class followed by the discrete
time domain a derivation actually. And then we will continue further on those lines,
ultimately the idea will be to merge discrete time and continues time together. Alright, so

let us get started, a very quick overview of kalman filter design for linear time invariant



system and as against continues time domain of whatever we have discussed in the last

lecture.
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Problem Statement

System Dynamics: X = AX + BU +GW W (z): Process noise vector

Measured Output: ¥ = CX +F V() : Sensor noise vector

Assumptions:
(i) X(0)~(X,B), W(t)~(0,0) and (1)~ (0.R)
are "mutually orthogonal” [X(0): initial condition for X|
(ii) W(r)and IV(t) are uncorrelated white noise

i)y E[W@ W (t+0)] = Q6(r), Q20 (psdD
z& E[V{.r) Vit + r)] = R(r), BR>0 (pdf) /
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And the system dynamics was something - | mean - consider here is something like this
Xdot is AX plus B U plus GW Y is C X plus V, W and V are continues time process and
sensor noise is respectively, and also at some assumptions that initial condition are
described something like a mean value and associated co variance matrix, and followed
by all these assumptions that W and V are uncorrelated white noise. And then they are
also mutually orthogonal all these X naught W and V are mutually orthogonal think like
that. And using this relationship somewhere down the line we are able to derive this
continues time kalman filter, so how do you do that, something like this the objective
was to estimate this X hat of T (()) using the system dynamics as well as the sequence of

measurements as accurately as possible that was our aim.
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Problem Statement

Objective:

To obtain an estimate of the state vector X (¢) using the
state dynamics as well as a "sequence of measurements"”
as accurate as possible.

i.e., to make sure that the error X’(r) S [X(r) - A"’(r) es

very small (ideally X(r) > 0) as r — . \

A
€M)
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That means, the error of estimation X minus X hat of T should become very small or

ideally it should go to 0 as T tends to infinity, so that was our objective.
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Observer/Estimator/Filter Dynamics

X = AX+BU+K,(V-F)

where (i) = E(X) : Estimate of the state X
(i) ¥= E(Y) : Estimate of the output I
= E(CX +1)
=E(CX)+E(V) k
=CE(X) (vE()=0)

=CX
L (iii) K, : Estimator/Filter/Kalman Gain
“}k\ Problem : How to design K, ? /
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So, how did you do that? We had a estimate of dynamics which you took it in this form,
X hat dot is A X hat plus B U plus K E times Y minus Y hat and where x hat was defined
as expected value of X and then Y hat - | mean - it turns out that is nothing but C X hat
because E V is 0 - | mean - expected value of V is 0, so the whole point is, now how do

design this kalman gain K e, but then we had some derivation like this.
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Error Covariance

Error Covariance Matrix: ‘P(r) £ E[Ji’(r)f( T(r)]

Propagation of Error Covariance Matrix:

P(t) = E-/?(r))??‘(r)+2(r))?r(r)]
: -~ -~ ~ ~ T
=F X(r)XT(r)+[X(:)X’(r)} }

) =__;E:)?(r))Z’T(t)]+[£[f(r)f(r)ﬂr )
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First we will define something like a process - | mean - sorry this P of T which is nothing
but the error covariance matrix, so this was you find like that and we wanted to have
study a dynamics of that how it all, where it goes and think like that actually. So, we had
this P dot derivation which is nothing but expected value of all that, because expected
value and derivatives are both linear operators they compute, so the derivative goes
inside and it follows like this, and turns out that the this P dot can be expressed as
something like this, plus a this entire something while transpose, so then with (()) what is

this - this quantity?
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Error Dynamics

Eror: | §(1) £ X(-£0)|
Error Dynamics : X0 = X(ry .5}(:)
[AX + BU+GIV]-[ X + BU+K, (¥ -T)]

A(X-X)+GW -K,(CX +V - CX)
= AX-K,CX+GW -KJV
(4-K,C)X +(GW -K )

AX +(GW -K )

P Note : The error dynamics is driven by both the process noise
‘f\}_ as well as the sensor noise, /
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So, that quantity is a - | mean - for knowing that we know this there is a term called X
tilde dot. So, for knowing X tilde dot we have to go back to X tilde definition, and then
form this definition, this X tilde dot comes out naturally, we have X tilde dot is X dot
minus X hat dot, which put back the dynamics, and X hat dot is the observer dynamics
put it back and then try to simply further, and turns out the this is a something that what

you define a minus K e c is a dot X tilde plus this additional quantities G W minus K e v.

So, obviously the error dynamics gets affected by both process noise as well as sensor
noise basically. Then, this term is ready now but our aim was not that, our aim is to get

some value something like this.
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N

Error Covariance Propagation

E[,\"*(:)X"(r)} E[(4,X +GW-K V)X ]
= E[ AKX + GWX™ - K VX" |

E(XXT)]+ Gl E(WX)|- K[ E(VX)]

1l
RS
e —)
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So, then it all, so what is this one, this one we expected value of that, and then we try to
expand the algebra inside and then invoke this idea of that expected value is a linear
operator, so we can separate it out. And then it turns out that this quantity by definition is
nothing but P, however, this quantities we need to still evaluate - expected value of this
guides still to evaluate actually. So, where you heading to - | mean - this quantities for
knowing these we need to have a solution of X tilde dot actually what we have got, so far
is X tide dot. So, we need to get a solution for that, but then you can think that this X
tilde dot equation what you have here is something like homogenous part and time

varying input.
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/ \

Error Covariance Propagation
E[/\;’(r)f(r)} = E[(4X+GW-Ky)X]
[A XX+ GWXT -K VX' ]
: [ ] [ (w%")]- k[ E(7")]
AP +GR,; ~
9 Y
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So, if this is like that we know the solution and the solution is coming from linear time
invariant system theory directly, then this solution can be represented something like an
exponential term with a initial condition plus this integral term of this - convolution
integral - sort of thing where 0 to t e to the power a naught t minus tou all these actually
this is nothing, but the entire thing is nothing but a time varying input. So, then again
integration is a linear operator, so we can separate it out and then we can evaluate
because - | mean - this is the solution of X tilde t, but this is what is our aim? Our aim is
to evaluate these quantities.
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Cross-Correlation Matrices

Note : .JI’U. W (¢), ¥(t) are "mutually orthogonal".
Hence
k
I

]

Ry (1) = E[W( X'()] = E[i’r'(r) [Ie‘*‘:”""Glr'(r)dr
0

=F jH'{r) W (r) Gle.{(f—-dr}

= IEIFT'(r) w7 (r)) GTe¥ " "dr = jga‘{: r) 6T 7 dr
Ce— e o
Qa(r-r)

). - flege ] jewel-itee) )
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So, we go back and substitute the term for that quantity R of W X tilde, so by definition
is nothing but expected of W and X tilde transpose. Now, we have got a expression for X
tilde I think, so we put it back there, and in turns out that because of mutually
orthogonality relationships and all everything else will go the v and X tilde dot will go

with as long as it is multiplied V W actually.

So, only term that will remain is W term itself, and again you can accept this linear
operator concept, and it was this Winside. And then here it turns out that W times W
transpose appears, and this again, this expected value will go inside the integral, and that
expected value of this thing by definition that expected value of W W transpose is
nothing but Q.
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Problem Statement

System Dynamics: X = AX + BU+GW W (r): Process noise vector

Measured Output: ¥ = CX +V V() : Sensor noise vector

Assumptions:
(i) X(©O)~(X,.B), W(r)~(0,0)and (1)~ (0,R)
are "mutually orthogonal” [X(0): initial condition for X|
(ii) W(r)and F(r) are uncorrelated white noise

iy E[W@ W (t+7)] = Qow, Q20 (psdh)

- 17 T _
2y E[V@®) Vi(t+1)] = R6(r), R>0 (pd) /
::‘g‘
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So, because of that it turns out that, this is nothing but delta operator will coming here,
and we also - | mean - there was a small (()) their last time, but anyway this turns out that
if you have a delta operator sitting here something like integral a to b f of t and
multiplied by a delta operator with is, will let say, t minus tou dt sort of thing or t minus
let say C (()) alright. Let say t minus c into d t, this turns out that if ¢ lies completely
inside the interval of a and b, then it is nothing but f of c, and if it is somewhere either a
or b, then it is something like half of f of a or half of f of b.

So, this one is provided t e is completely inside a b, this is if, sorry, if its ¢ - one second -

if its ¢ is completely inside a b, and if this one if c is equal to a what happen that, so this



is actually c is equal to a, and this one if c is equal to b; that means, as long as c is
completely inside the interval of this integral, so that takes the form of just as y - | mean

- fof ¢, but if it is somewhere on the boundary then half term will come into picture.

Because of that this interval, what this integral what you see this half term here, but tou
is getting evaluated at t, because t happens to be one of the - | mean - limits of the
integral. So, then look at this is nothing but get - | mean — now, it is e to the power 0 goes
to equal to tou, then E to the power 0 is nothing but identity and hence you get something
like this. So, you get, now it a kind of deterministic quantity for this term cross

covariance matrix sort of thing.
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Cross-Correlation Matrices

Similarly, R (1.1) = E[V(1) X7(1)]

¢ T
= E[J’(r) [—Ie"‘”"'K,I’(r)dr] }

: X )
=-[E{reV @)K, e Vdr
2 R
alr-r)

= —l[RK Te.dg.'(r-.-)}
a) e

2 rat

1 T ¢ 1
) il

= >4
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And then forward, this quantity we can get follow the similar line, what instead of this - |
mean - only returning this now, it will be only this quantity with a negative sign of
course. So, this algebra follows exactly similar to that again, we will have a delta

function there and it turns out that something like minus r into K e transpose.
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Error Covariance Propagation

E[X0X7 0] = 4P+ GR KR,
I A0P+G(%QGT]—K9[—%RKQT]

1 k

= AP+ %GQG’ + KRR
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So, then note down, then now we ready to put everything into place, so our motivation
wants to evaluate this first. So, this term was already there, now about this two terms we

got something like r w x tilde is something like this and r v x tilde is something like this.
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Error Covariance Propagation

Error Covariance Matrix: |P() 2 F [;i’—(r))? T_(r)]
k
Propagation of Error Covariance Matrix:

P(t) = E-/?(r))Z""(r)+X(r))?"(r)]
: —~ -~ ~ ~ T
=F X(J)Xf(r)+[X(r)XT(r)} }

o - E :}?(r)X’T(r)]+[£[i’(r)f(7"(r)ﬂr V.
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So, now this expression turns out to be something like that, so going back tell our P dot

was something like this term plus the same term transpose.
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Error Covariance Propagation

. 1 1 1 1 #
P = | 4P+=GOGT +;KL_RKJ]+(.4UP+;GQGT +;KFRK‘T]

= (4P+PL,+GOG + ERK])

Solution for P(1):
IfK, is designed in such a way that 4, =(.4-K ,C) is stable,

then given an 1nitial condition P(0) = F,, a solution P(r) 20 (psdf)

can be obtained.
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So, hence P dot is nothing but same term plus same term transpose - | mean - this term
plus for this exact same term transpose, if you do the algebra and then combine this
terms, it turns out to be something like that. Now, here is a problem, where we still need
to design K e what we need a solution for p also for that.

(Refer Slide Time: 10:44)

N

Error Covariance Propagation

Theorem :
The error covarinace matrix P(f) reaches a steady-state value P

as long as A, =(A-K,C) is asymptotically stable.

In steady-state, the differential equation reduces to:
AP+P4"+KRK +GOG" =0 &
Note: P(r) & E[ X(0X"(1]
Hence, a "smaller P(#)" implies "better estimate” (in expected value sense).

7| Definition: IR, P, >0, then P, < P, if (P, - B) > 0] /
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So, here we have to go back and X (()) theorem sort of thing, it tells and steady state this

P dot is going to go to 0 provided this quantity a naught which is a minus K e ¢ stable



actually so and what you are interested in is a positive some definite solution for P of t,

so this turns out to be like this.

So, essentially, what it mean is because P of t something by d - | mean - P of t is
something like this, but it also mean it is smaller than P better actually - better the
estimate. So, essentially what we are telling here is, we want to minimize p, so objective

this constant equation.

(Refer Slide Time: 11:27)

Derivation of Kalman Gain

Philosophy :
To obtain a constant observer/Kalman gain, the idea is to minimize

the steady-state error covariance matrix P. [Nole: Ir(P)= Z A (P)]
i=1

Optimization Formulation :
ey 105 41 - e
Minimize % = E!I‘[P);%E?EE[E[.\‘I'(I))—F---+£[.\'”'(r)):|

subjectto g= [.-IDP +PA" + K RK] +GOG W =0

=, by appropriate selection of £ and K. /
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So, we have to formulate some sort of optimization problems where we have to minimize
j 1s half of that, so objective of this constraint for this is a matrix equation constraint, this

matrix norm trace is also kind of norm.
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Derivation of Kalman Gain

Solution :
Augmented cost function: J = %Tr(P) + I?Tr{gS)
where, S : Lagrange multiplier matrix

Necessary Conditions:

D Lw 475484, 4T =0
oP

(if) e 2(SK,R-SPC") =0
2K, i

{%}(555} ‘;—;= AP+PL +KRKT +GOG" =0 /
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Alright, so then what I told is, the formulation has the solution turns out to be something
like that you formulate an augmented cost function and then take all this partial derivates
with respect to P K e as well as this lagrange multiplier matrix s basically. So, first all
this three constraint equations is to be satisfied together, and hence, if you solve it one by
one, it turns out that K e is nothing but P C transpose R inverse actually, so that we got

an expression for K e.

Now, how about is P is, P can be obtained as a solution of this, because all what you are
doing here is getting this three equation satisfied together basically. So, it turns out that
this equation must be satisfied, after putting all these expression for k e and hence it - |
mean - this nothing but what is called as filter Ricatti equation actually. So, sincerely we
need to solve this equation and then evaluate this kalman gain like this, and then put it
back in the observer equation that we know actually, that was the whole development in

the frame work of continuous time lti.

But it turns out that certain - | mean - in variably we have assumed one small thing here
which has the big implication, that the measurement equations we also assumed, there
continuous time and unfortunately the continuous time measurements are typically not

feasible, so next people thought how got going to discrete time actually.
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Kalman Filter Design for Linear
Time-Varying Systems

k
Prof. Radhakant Padhi

Dept. of Aerospace Engineering

Indian Institute of Science - Bangalore

Because if you have a continuous times system dynamic equation, we can always
discretize it in using some discretised numerical equation - | mean - numerical
integration formula and think like that. So, that will give us a platform for discrete times
system dynamic whereas the discrete time as sensor measurement are still available with

us actually directly, so that makes if the platform some sort of a comfortable actually.

So, then that is our idea that we wanted to see kalman filter design for linear time - |
mean - discrete time thing, but before that there is one more assumption that - | mean -
we had it here, in the entire beginning - if I go back - we also told that this is nothing but
the linear time invariant system; that means, a b and - | mean - C all that what you see

these are all not varying with time.

Now, what if they are time varying things, so that is the natural generalization before you
go to discrete time domain. Alright, so then let us see that, this development is very
parallel to what we had done for linear - I mean - continuous time | t I system, so let us

see what is that derivation for that.
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Problem Statement

System Dynamics: X = A(¢#)X + B(r)U + G(¢)IV I¥(t): Process noise
Measured Output: ¥ = C(t) X +V * (1) : Sensor noise
Assumptions:
(i) X(0)~ (‘E'U.R,]. W()~(0.Q(r)) and ¥(r) ~ (0,R(r))
are "mutually orthogonal” [X(0): initial condition for X
(i) W () and F(r) are uncorrelated non-stationary white noise

(i) E[W@ W @+1)] = Q(1)8¢-7), 020 (psdf)
E[l’(!) Vi + r)]

P> E[Fw @] =0
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R(t)8(t-1), R>0 (pdb)

So, the problem definition is almost same what we seen before, the only difference is all
the system are dynamic matrices A B G C and all that they are all now time varying
matrices, they take different values different point of time, so then what now actually.
Alright, so the objective remains exactly same again, we want to have some sort of an

estimate for which the error should go to 0, X T goes to infinity.

(Refer Slide Time: 14:57)

Filter and Error Dynamics

|
|

Filter dynamics. | X - A() X+ B()U+K,(1)(7-T)

A

Error: X 2 xiH-X0

X(r'g = X’(r)

Error Dynamics : i’ (1)

[AY +BU +GW]-[ 4%+ BU+K (1 -¥)]

A(X-X)+GW-K,(CX+V -CX)
AX-KCX+GW -KV
(A=K.C)X +(G(1)W (1) =K, (t)V (1))

AT e
E 7‘%}‘ s
& T
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So, we again had the same filter dynamics, and then we have this error definition x tilde

something like this, then we have this error dynamics we will exactly derive similar way,



the only thing that we need to keep in mind is that the all the matrices that we are talking

now is time varying.

(Refer Slide Time: 15:21)

Solution for X(1)

Error Dynamics :

X = 4,(0)X+[G()W(1)-K,(1)V(1)]

Time-varving mput

k
Solution :

X() = O(1.4,) X, + [[GEW (@) - K (W ()] O(1.7)dr

0

o) J
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So, then it will land up with the same error dynamics, but the difference here is this term
is actually time varying, so we cannot excite the solution in the form of exponential
actually. However we know that even if there is a time varying system dynamics, but still
it is a linear system, then we can have solutions of this form where phi comes into
picture and this phi turns out to be something like state transition matrix. So, using this
state transition matrix concept we can still write the solution something like this. And
then we go back to the error covariance matrix definition P of t is nothing but that. So,
exactly is proceeding very similar manner and that is one of the reasons why | wanted to

review that last lecture material.

So, we again go back to the definition of what is P and then P dot is nothing but expected
value of derivative all that the derivative, this derivative times that plus this time
derivative all sort of thing, we can derive everything and then turns out to be something
like this.
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Propagation of Covariance Matrix

Error Covariance Matrix: P(r) & _E[f((r) .{’r(f)]
Proceeding in the similar manner as bet‘ére. it leads to exactly similar
expression as before. i.e.
Pty = 4, (0P + PN AT (D+ K, (DRDOK, (0 +GHOMNG (1)
= (4-K,C)P+P(4-K,C) +K RK] + GQG"
= AP+PA" -K,CP-PC’K +K,RK| +GOG"

Tr(P) = Tr(AP+PA’ +GOG' )+ Tr(K,RK )-2Tr(K CP)

) [since Ir(PCK] )=1r(PC'K) =Tr(K,CP")= rr(KECP)J /
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Okay, now what you can say is, we cannot excite the thing that on steady state things
will go to 0, that is not possible, because it is all happening in a time varying sense the
depends again the way these matrices vary and thing like that. So, we cannot excite this
condition of asymptotic stability and think like that, even T goes to infinity we cannot
claim that V of T should go to 0 - that may not happen here. So, if that does not happen
then the next best thing are probably comes to mind is, how can we do something, so that
the rate of change will be minimum actually; that means, P dot will turn out to be

minimum.

So, then we want to minimize P dot and hence we see what is this trace of P dot actually.
So, trace it turns out to be something like this, and since trace of this quantity is also
trace of the same quantity transpose or same quantity transpose turns out to be something
like this, the transpose will take a reverse sequence. So, it will be K e transpose whole
transpose again K e ¢ transpose whole transpose is C and then P transpose coming here,
and remember, P is a symmetric matrix, so P transpose is P, so that turns out to be like

this, so this affect has been utilized somewhere here actually.
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Design of Kalman Gain

Optimization Problem :

Minimize J = %T}( P) with appropriate choice of K,

Solution :
bl
oK, oK,|2 ;
N s B
= EI[T; (K.RK.)-27r(K,CP)|
= K.(1)R(1)-P(1)CT (1) =0 X
7y Hence | K,(t)=P(t)CT(r)R '(r)‘ /
€ K
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Now, the problem turns out to be like we do not want to minimize P for say, but we want
to minimize P dot, so minimize this quantity j is a half of trace of P dot actually, and
minimize with respect to what? We minimize with respect to K e basically. So, then the
necessary condition is del j by del k e has to be equal to 0, and del j by del K e if you do
this operator then it turns out that P dot is this expression, because these two quantities -
I mean - P dot, trace of P dot is this quantity, and trace of P dot happens to be - | mean -
this P dot happens to be this minus that, if you substitute back here this expression, sorry,
this trace of P dot if you simplify the algebra and think like that it will turn out to be
something like this quantity basically.

So, this quantity if I have this minimum - I mean - derivative with respect to K e then |
can take it inside, tell this expression is nothing but this expression now, and this
expression if it has to be equal to 0; that means, this if I solve for K e, K e takes the form

of - I mean - this remember K e times R is equal to P times c transpose.

So, R is in the right hand side, so you have to take right hand side inverse only we do not
have a choice of left side. So, K e turns out to be something like P C transpose R inverse
again exactly the same expression what you have seen before but all these are time
varying now basically. Now, that P dot what we are talking, but this is a P term where P

comes from the solution of this P dot equation, with initial condition that we know



basically t naught is nothing but P of 0 is nothing, but expected value of this quantity,

where this is actually available with some just formula and all that.
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Design of Kalman Gain

Riccati Equation:

P(r) is the solution of
%n = AP+ PO)AMN - POCT (R (CHP() + GHOWNG()
with P(0) = E[ X(1,)X" (¢,) |

Time-invariant steady-state case:
Py > 0 (Note: P need not go to zero)
Hence we get K, = PC'R™
with AP+ PA" —PC'R'CP+GQG' =0
’ %This solution is same as what has been derived before. /
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But anyway, so that is - | mean - P not is available, so P dot is available those of that
utilizing that we should be able to get a solution for P of t actually. So, that is the
approach, the expression remains same but p cannot talk about a steady state Riccati
equation solution, but it should be a solution of this differential equation with this initial

condition.

Now, what happens to the time invariant steady state case that is a special case sort of
thing, then if it is time invariant P dot has to go 0, and if P dot has to go to O this
expression remains same, but this expression turns out to be nothing but the same
algebraic Riccati equation for filter design. So, essentially what it means the solution is

same as what we have derived before.

So, the only difference is the riccati equation is to be solved from this initial condition
and this differential equation that is about time line. So, summary sense we have to have
- 1 mean - you should initialize this state X at 0, and then we should propagate P of t
from filter Riccati equation with this initial condition, compute the kalman gain and then

propagate this filter dynamics, so that is the reason like that.
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Summary

(i) Initialize X(0)
(ii) Propagate P(r) from the Filter Riccati Equation:
P(1)= AP() + P(1)A(t) = P(O)YCT (R (DC()P(1) + GOONG(1Y
with P(0) = E[ X(6,)X" ()]
(1i1) Compute Kalman Gain:
K =PC'R
(iv) Propagate the Filter dynamics:

X = Ak +BU+K, (Y -CX) k
AT where Y is the measurement vector
(35)
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Alright, so everything good, but there are other practical difficulties and think like that
which | encourage you to read some text books and all that, for mainly you coming from
some numerical things as well as the difficulty for guessing some good initial condition
and thing like that. But as long as it linear system dynamics and all it should not be too
much of a concern, eventually everything will converse actually that is not a problem at

all.
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Kalman Filter Stability

Let X, & E(X)
Then X, = (4-K,C)X

Let us choose a Lyapunov function:

P(Ea0 = SX0P OX0

[Note: Since P(r) >0, P_L(f)>0} k
we know that P(1)P (/) = I. Hence,

%{P(r)P' ") = Py PO+ POP (1) =0
[«

f;‘\"% This gives P = —PUOPWOP() /
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Alright, we will continue further and then tell what about this filter stabilities basically,
because everything is changing in time | do not know what will happen and think like
that. So, then we will define this X e tilde for algebra simplicity we introduce this new
notation x e tilde is expected value of X tilde, and then X e tilde is - I mean - this
expected value of X tilde dot and we have derived this before that this d by d t of this

quantity turns out to be something like this actually.

So, this is available with us this expression we know basically, and then we tell will we
will select a Lyapunov function which is nothing but this kind of this form and again
remember Lyapunov function can be chosen anything as long as the satisfies certain
properties like a positive definite and all that. So, this is the positive definite function,
because p is positive definite P inverse is also positive definite, so we can select it that
way. So, what we also know that in the derivative, so the Lyapunov theory will tell you
analyze - I mean - select a positive definite v and then with respect to that selection v dot

has to be a negative definite something like that.

So, when you take v dot, remember p inverse is also a time varying quantity; that means
we will also need a derivative for P inverse actually - d by d t of P inverse. So, that is
why till if the exciting this quantity P times P inverse is identity, we take derivative of
both sides, and this derivative because identity is constant matrix this turns out to be 0.
So, when you solve for this, then if you solve for this quantity, then it turns out that this
is the expression actually for P dot inverse.
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Kalman Filter Stability
V(X0 = ,t‘i'jp"_i; W8 el o0

= X7 (4-K,C) P'R,+ X7 P (4-K,C)X,-X] (P'PP)X,
Substituting for K, = PC'R™ and P = AP+ PA" - PC'R'CP + GOG"

and simplifving it leads to

V(X0 =-X][C"R'C+P 'GQGTP"-I,'I]‘

Clearly, if 0> 0 and R > 0, then V'(.{,.0) <0.

Moreover, V'(.¥_.¢) is "radially unbounded"

and it can be shown that it is "decrescent" too.

(:Jf:} Hence, .V, (1) = .Ei-_\'.'[r)] dynamics is "globally uniformly asymptotically stable"!
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So, we go back to V and then tell what is V dot now, V dot turns out to be all these three
expression first term, this rest of the terms - | mean - X e dot transpose and then this
quantity and this these two quantities times X e dot and then really quantity dot actually
P inverse dot. Now, P inverse dot is available, so this is our p inverse dot, and this X tilde
dot is available that is what it is, and X tilde dot transpose it transpose of the entire thing
which is reverse transpose sort of thing, so let see X e tilde transpose coming first and

other thing coming later actually.

So, put it like here, and now you can expand this as a this buckets and excite this fact K e
is nothing but P ¢ transpose r inverse actually, and also we know that P dot is in this
from, so if you expand that put this P dot expression expand and this is an algebra will
turn out that v dot is nothing but this expression actually. So, clearly if it Q is positive
semi definite and R is positive definite, remember, Q is positive semi definite represent
hence, so this quantity this is symmetric term again and P is again positive definite term.
So, this term remains positive semi definite, whereas this term R is positive R inverse is
also positive definite and this is also a symmetric terms it transpose a sort of thing, so
this turns out to be positive definite actually.

So, this means if the selection is made Q is positive semi definite and R is positive
definite then V dot is guaranteed to be negative definite. So, stability condition is met,

but this is local asymptotic stability, but also turn out tends out that this is the way we



selected V is also radically unwanted actually, and it is also shown that it is actually a

discrete time function basically.

There are all concept from non-linear control theory basically those of you interested can
see some books that or you can see another course where it talked little bit on that on
Lyapunov theory, they are some popular lecture, these you can some of those lectures to
see some of this concepts actually. So, if the condition turns out that if v dot is negative
definite, and an top up that if V is radically unbounded and it is also discrete time, than it
is actually is s is satisfies this global stability behaviour and hence you can playing that
this particular X tilde the dynamics is globally, uniformly, asymptotically stable

basically.

So, this very strong (()) sort of thing, strong result basically, so it is asymptotically stable
and it is uniformly asymptotically stable; that means, it does not matter when you start
symmetry | of t not actually. And it is also this result is globally true, that is what you are

telling, globally uniformly asymptotically stable.
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Kalman Filter Stability

Let X &E(X)
Then X, = (4-K,C)X,

Let us choose a Lyapunov function:
V(X0 = %JE’{(:)P (X,

[Note: Since P(n)>0, P(1)>0] A
we know that P()P'(r) = I. Hence,

%[P{r)f’"(r)} = P() P+ PP (1) =0
) This gives  P7(1) = - P (PP (1) /
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Alright, so this gives us a lot of confidence that nothing will go bad if we implement this,
then will start arbitrary P naught it will take little more time to converge but it will
converge actually, that is the generalization of kalman filter in continuous time from a

from linear time in variant systems to time varying system, but I was talking sometime



back will time back, but we are interested is a frame work where you can actually

incorporate discrete measurement equation actually.
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Discrete-time Kalman Filter (DKF)

Prof. Radhakant Padhi
Dept. of Aerospace Engineering

Indian Institute of Science - Bangalore

So, that leads to this concept of discrete time kalman filter; in other words, the system
dynamics can be continues, and it is not typically continues, but you can mathematical
discrete whereas, as a some sort of tools are typically discrete and we cannot make it
continuous - | mean - it may not be physical because the sampling rate may not be
sufficiently fast to interpreting that way actually. So, let us go, will see how you can
derive everything in the form of discrete time and hence it does not max us too much on
time invariant or time varying and things like that both will converge to the something,

so in general we talk about time varying system dynamic - system discrete time moment.
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Model:

X, =4X,+BU, +GkW.t
Y, =CX,+V,
where W, and ¥, are zero-mean,

uncorrelated, Gaussian white noises
‘E[Wf. WjT]:QR ()‘k_,f :
e o | =g
E[VV ]=R 6,  &,= | k=7
ey E[V.W ]=0 vk Y
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So, we have this system dynamics where X k plus 1 is given something like this, and Y k
is something like this, k get stands for time step actually. And here this W k and V k
again assume to be a 0 mean quite uncorrelated gaussian and white noise actually. So,
what you are telling here is again the similar concept, but in the form of cronicre delta,
(O) and this direct delta and cronicre delta kind of similar property, but they are - | mean
- this operates some of the history domain and other one operates in the continuous

domain actually.

So, that a cronicre delta K e define something like this if k is not equal to j it is O, it is k
equal to j it 1 which one actually. So, where you take expected value of W k times W
transpose there is some value which is dou Q k provided j is equal to k, otherwise if 0;
similarly, expected value of V k times V j transpose is R k provided j is equal to k
otherwise is 0, basically and become of orthogonal random thing like that are their no
uncorrected and thing so; that means, expected value of V k ties W k transpose which

turns out be 0 basically.
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Estimator: (Predictor-Corrector form)

Predictor: X, =A4,X; +BU, @

k+1

Corrector: X, =X, +K, I:lf; —Q-’i}i] @

Observer (Recursive) form:
Substituting (2) in (1) x

X, =AX +BU +4K [}, -CX; ]

Note: Prediction-Correction form is more popular since its logical, more
(-,.r.sh'uciured and easy to implement form.
{ 4 R also leads to a logical extension in Extended Kalman Filter design
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So, there are two ways looking at it and the first way is very popular and logical. So, one
thing - | mean - this form tells I will propose it this way; that means, there is predictor
equation and there is a correction equation corrected equation and if you can a substitute
this equation two in one you can always get this form which looks very close to what you
are done in continuous times actually. Alright, so this is actually observer form or
recursive form what you called and, but this form it turns out to be much more intuitive

and easy to implement and logically it means lot of sense also basically.

Here, e k what is the difference here is, here is all minus here minus, here minus, here
and here if you some super state be minus some time plus, sometime like that and the
implication is also - | mean - there, let me therefore, that implication first and come back

to actually.

So, this do discrete time form, so the implication | was talking about implication of this.
So, what it tends out this prediction you I think about something like staring at some sort
of a plus value and going to this minus value using this correct - | mean - prediction sort
of thing and starting with the minus value you go to the corrected value - plus value -
using this measurement equation which is remember Y k is measurement at value

basically.
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Definitions
Error
X 2x,-X X=Xt
~x=XA-/‘[x X»zr-ii‘)(x-w_Xr‘J
Error Covariance Matrices
-Ap| - -7 - Ap ~._*-,_r
PEE[X; & PAR K Rt
PAE[X; X PLAE[ X, X

’%} Objective: To derive expressions for _, F andK
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So, what it means a something like I have this pictorial representation of something like
this, if you see this time domain which is some k is transforming, this is k, this is k plus
one, let say, which is k plus two something like this, and what happens is, | some value, |
will predict, let say, this is X k plus | will predict, and 1 will land up with R k plus 1
minus. Then, | update this and once | update, i value will change to some other value,
and that really I will call as r k plus 1 plus. Then I will predict again, and 1 will land up
something n k plus 2 minus and here again there is a measurement, measurement can be
either be positive and negative doesn’t matter, finally, | will get n k plus 2 plus, so this
way it will continue. So, in another words there is prediction on (()) | know some value

that is prediction, correction; prediction, correction like that actually.

Alright, so starting with the updated value | can go for a predicted value then updated
again and thing like that is why it made very logical actually and also make convenient
for computer programming as well alright. So, that is this why written here prediction
correction form is more popular since its logical, more structured, and easy to implement
as well, it also leads to the logical extension into this E k for extended kalman filter when
you see, it actually, this is the form that is most widely used and that is in E k f to mean

actually prediction and then correction.

And also it gives us a platform, so just if you see this form, it gives us a platform that

during prediction we do not really have to use this discretized equation, you can use



another discretized equation, if you really want with higher accuracy actually, even
though the theory assumes that you do it one step, one step all the thing, in the prediction
stage from one can think about implementing some sort of higher order numerical

integrations scheme that also gives a platform to implement that way.

Anyways, so this is what it is, so now the question is how we make sure the estimation is
correct, our estimation is good actually, other words error of estimation is small, so that
IS what our objective all the time. So, when you talk about error now error is in enforce
domain, think first of all he have he had something like, if you see this picture as well

there was some value from which it was updated, so this is X k minus basically.

So, this is - I mean - if you see in this picture turns out that k, if | talk about time step t k
or k, I have a value for X k minus and X k plus similarly at k plus 1, I have a value for X
k plus 1 minus and X k plus 1 plus. So, essentially, if I look at this k and k plus 1, I
essentially observe that there can be four errors actually, error can come in here, error
error can come in there, error can come in here, or error can come in there, so then I have

to define four error quantities.
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Definitions

Error
X2x -X:n X=X —Xc
X’x‘ éXk _‘X“kv X.iv-léXk—W_X'k‘-l

Error Covariance Matrices
2 éE[X; Xﬂ—rl I éE[ -g—.a X:\-—lr]
PAE[R K] g e

f%} Objective: To derive expressions for F_, 7 andK
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And first error quantity is X k tilde minus which is X k minus X hat k minus and

similarly X tilde k plus which is X k minus X k hat plus.



Similarly, you can define that at time step k plus 1, now we define what is this error
covariance matrix, and this error covariance matrix turns out to be something depending
on this quantities, we have to define the corresponding quantities; that means, if | start
with this quantity then error covariance matrix P k minus, P k minus turns out to be
expected value of k, this quantity what about | have here X k tilde minus x tilde minus
transpose same quantity. Similarly, if we this, if I tell p k plus, then I to take this quantity
times this same quantity transpose, that is what written here similarly, things are here,
and do not get confused too more with that much, it is all about good book keeping

actually.

So, essentially what we are telling is we want to derive these expressions, and finally,
select these kalman gains in such a way remember it comes here, in the correction
equation actually. I want to derive this k e k in such a way that ultimately when | update
my P k plus will turn out to be minimum, that is the whole idea there actually because
when | update, | want to see a good update value updated value, should be very good
whereas this quantity this P k plus has to be minimum actually. Similarly, p k 1 plus also
needs to be minimum things like that actually. Alright to have these quantities different
quantities we need to analyze this quantity first, because this is coming here and this one

is related to each of the term here is related to the system dynamics.
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Expression for P’

K+l

X’A--l :Xk+l _EXAL_A
=(4X,+BU, +GW,)~(A4X; +BU,)
=4,(X, - X, )+GW,
=4 X +GW,
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So, we analyze this quantity error is nothing but true value minus the estimated value at k
plus 1. So, true value is system dynamics, it comes from something like this, estimated
value is something like this, from the equation - I mean - from the predictor corrector
equation this quantity available b by k. So, once you put it back this k can be common,
so you have this X k minus X k hat plus nothing but tilde plus, this quantity and then B U
k and B U k will get cancelled out, this quantity gets cancelled out actually. So, we
combine this first term with first term and leave the other one actually. Then, g k w k
will turn out to be like this, so this expression is available now, so what about this, this
expression is now available, so we can always talk about this quantity is expected value
of this quantity times the same quantity transpose. So, now, we have got an expression

for that quantity plus the same quantity transpose.
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Expression for P’

K+l

PL=E[ X, %]

=£[( A,,)'(; +GW,)(4X; +GW, )T}
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N
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So, what you do now is expand this transpose, and then multiply this matrix, these two
matrices, so we get four terms actually. So, if you do this algebra carefully, it will end up
with something like this, and again X hat this fact that expected value is a linear
operator. So, if we can separate it out all the things, but here you can observe that this
there is a multiplication of W k and X k tilde plus. Similarly, this X k tilde plus and W k
again so; that means, these are not correlated. So, essentially these two quantities will go
to 0, so we are left out with this one and that one, this one turns out to be nothing but

this, by definition and this one what we have here is nothing but Q k again by definition.



So, essentially this P k plus 1 minus which is essentially an estimate of how much the
error it is after prediction turns out to be like this. And it obviously start with this,
because, remember this is kind of a propagation equation, so we need some sort of P not

minus value and it comes from there actually.
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Expression for P’

X:=Xx,-X;
=x -[)‘q +K, (1, —(;_iq;)]
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Now, expression for P k plus then what is P k plus, essentially, expected value of this
times the same quantity transpose, so we have to have some idea about this quantity, this
is again by definition we go back to the definition and put something like this, X k is X k
we written it like that but X k plus is this quantity, we have this X k plus is update

quantity your correction corrector equation put it like their.

Now, we expand all these X k plus and now Y k is nothing but C k X k plus V k, so we
put it Y k expression here and then expand all that, and it turns out that we can write it in
this form actually. So, now here is k here is X k hat, so when you talk about this quantity,
this is nothing but that by definition, they error between these two. So, error after update
is a function of error before update which is very logical actually and then this V k
quantity also. So, alright, so this is the type of thing so, that means, once you have - |
mean - what you have now X k tilde plus which is something like this.
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Expression for P’

X:=Xx,-X;
=X, -[ % +K, (N-CX)]
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So, what we our aim is to analyze this quantity P k plus which is given as something like
X k plus times X tilde k X k tilde plus transpose, so this quantity is something like this
that is what we derived now, and hence we put it back here this quantity plus this same
quantity transpose again, and we carry out this standard algebra and see - | mean - |
suggest that you take a sheet of pen and paper and try to derive it yourself, then only you

can see what is going on here very clearly.

Then, ultimately turns out that we had this V k x tilde thing like that, that is not there, so
that will go 0, so we will lend up with this quantity which is similar quantity that is
nothing but p k minus. So, this term will be retain, this will go to 0, this will go to 0, and
this term will be retain in the form of this, so we got a expression for error covariance

matrix update actually.
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Expression for X, : Problem

Select K, such that 7r (ﬂ' )is minimized.

i.e. Minimize J:lTr(ﬂ‘)
2

with proper selection of K,
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So, now, what is our aim? Our aim is to have this quantity as small as possible, so after
update at a particular time instant 1 want that estimation to be good; that means, the error
between estimated value and true value should be as small as possible, and this is a
indicator that so; that means, whatever P k plus expression is there | want to minimize
that actually. So, essentially the problem is like this, we want to select a k e k in such a
manner that trace of this P k plus is minimize; in other words, minimize j is a

performance index half of trace of P k plus was a proper selection of P e k.
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So, obviously, we have to excite this necessary condition that del j by del K e k equal to
0, so that del j by del K e k (()) this expression turns out to be like this, because j is
nothing but trace of P k plus and P k plus is a variable here. So, (( )) using standard
matrix algebra calculus - |1 mean - calculus for matrix expression we can derive
something like this, this del j e by del K e k turns out to be like this. And here is actually
a linear equation in terms of K unfortunately K happens to be in the left hand side in both

the expression, so it is easy to solve.

If you take K e k in the left hand side take this, and then this P k minus times C k
transpose happens with a minus sign, goes to the right hand side appears here and then K
e K is ultimately something like remember, this is s right side product, so we have to
multiply with right side inverse actually essentially what it means this K e k is P k minus
times C k transpose which is this quantity plus this matrix inverse actually. So, what is
holding here, we got an expression for P k e k, alright now P k minus - I mean - P k plus

we got expression for that also.
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Simplified Expression for I’

B =(1-K,C,)E (I-K,C,) +K, R KT
=(P-K,CP )(I-K,C, ) +K R K!
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Note: Even though this simplification is possible, it is still advisable
,;\ to use the original expression to avoid numerical problems./
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Now, P k because we remember, we need expression for update of this covariance matrix
as well, so we got that and then we got an expression kalman gain also basically. So, we
all kind of done, but a small interesting observation here that if we use this expression
again, and revisit this expression then you can actually get it a little bit simplified

expression, because we put it back - I mean - whatever we know here, if you put it back



then, sorry, not that what | mean is, you start with this expression and try to simplify this.
This transpose goes inside and then try to kind of expand this locate and thing like that, it
turns out that these two quantities cancel out - these two quantities will get cancel out -

you left out with that.

So, it turns out to be a most simplified expression, but unfortunately it is not a very good
idea to implement this because, it will have numerical problems actually. This is not a
symmetric expression, so in other words, you may this is chance that this symmetricity
will be lost because of some other problems like round of errors and all that actually. So,
there is a strong recommendation in the literature and books that even though this
simplification is possible never get tempted towards using this, you still use this equation

only.
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Alright, so what is the summary here, after this we have this state equation in the form of
discrete time, but discrete time varying system, and measurement equation is given some
think like this, with usual assumptions that this W and V are white noise and correlated
and thing like that. We have got, we have to initialize the filter and we initialize that way
with values for X hat not minus and p not minus. Then we compute this which is all
function of minus remember that, K e k happens to be function of R minus K values. So,
evaluate that whatsoever, we have to update it actually, using this K e k we update this

state equation in this form and here is that measurement will come and help us.
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So, this is the kalman gain computational part, then we will use that for update, and we
update both, we update state equation - | mean - state values and update the noise, sorry,
the covariance matrix also basically - error covariance matrix. So, this is initialization,
this is gain computation error state, and then this is update equation, we update the states
like this, and we update the covariance matrix also like this, and again this expression is

preferable, this is not preferable.

Then, we have this propagation after that the propagation turns out to be like this, this is
system dynamics, we can propagate directly, and remember there is no noise which is
taken into account, while propagating you cannot have a noise; noise is something that is
unknown actually. So, we just propagate with the known part of the system dynamics,
and then we propagate this P matrix also and P k minus 1 plus as P k plus 1 minus has

been derived also basically - this one.

Using this expression we can propagate the P k plus, sorry, you can get an expression for
P k plus 1 minus actually. So, this is update then you propagate then again go back to
kalman gain by you compute that quickly and then update and then propagate like that
actually. So, that will continue that way, so this is all about discrete time equation,
implementation of kalman filter, but some people can also think we want to implement in
a direct way, in other words, we can also go back and implement the direct recursive

form actually.



(Refer Slide Time: 47:53)

Apriori Recursive form of KF

Combining the propagation and update equations, we get
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L PTEL OPTIMAL CONTROL, GUIDANCE AND ESTIMATION 4

And there is no point in having minus plus and all that there, because everything happens
at the same time sort of thing, so minus plus superscript notation is dropped here, and
you can go back until this is my - I mean - this observe equation where I need a K e K, so
K e k I will compute it that way, where P k we need a P k, but P k will turn out to be,
from this propagation we will obtain P k, we initialize P k, but using this equation, we

can propagate P k actually.

So, this is the different alternate form, but - I mean - to my knowledge and many people
will also prefer that the prediction correction form actually is very intuitive and easy for
programming thing like that actually. Alright, so this particular lecture is good enough
for understanding this, what you discussed here is continues time linear system, and
revisited all that, and then using those derivation ideas we had derived these same things
for time varying linear system as well, then we went to this the discrete time form and
then we have this derivations of all these equations, where we have an idea of how to

implement it, both in prediction, correction form as well as this direct form actually.

Alright, so in next class onwards, we will go back to the real problem of non-linear
systems, and try to see what way we can extend these ideas for these external kalman
filter and beyond actually which is, what is used in practice actually, alright so this much

in this class; thank you.



