Smart Structures
Professor Mohammed Rabius Sunny
Department of Aerospace Engineering
Indian Institute of Technology, Kharagpur
Week - 06
Lecture No - 32
Constitutive Relation of Unidirectional FRP Composite Ply (continued)

Welcome to the third lecture.

In the previous lecture, we looked into the equivalent elastic modulus along direction 1, 2
and also the shear modulus in 1, 2 plane of a composite ply in terms of its same properties
of the constituents. We will continue from there today. Now we look into the Poisson's
ratio.
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So we have two Poisson's ratio one nu 12 which we call minus E2 by E1. So Poisson's ratio
as we know that when it stretches at one side it compresses at the other side or vice versa.
Now the direction of those two perpendicular stress with a negative sign is Poisson's ratio.
Now nu 12 is minus epsilon 2 by epsilon 1 which we call major Poisson's ratio and nu 21
is minus epsilon 1 by epsilon 2 which we call minor Poisson's ratio. Now again if we draw
the idealized diagram we have F at fiber at one side, M at other side and let us say it is
loaded in direction 1. So when it deforms it would deform in this way.

So it will expand in 1 direction contract in other direction. Now the deformation along the
fiber let us call it delta F and contraction along direction 2 of the matrix part let us call it



delta M and then we have this as our axis one and this as our axis two and again we can
write delta is equal to delta M plus delta F and delta M is equal to the epsilon 2 of the
matrix multiplied by bm. So let us write this dimension as bm and this as bf and this is
epsilon 2f of the fiber multiplied by bf and then here we have epsilon 2 multiplied by bm
plus bf. Now these strains can be written in terms of the strains in the longitudinal direction.
So epsilon 2 is nothing but minus nu 12 multiplied by epsilon 1 to bm and this is minus nu
12 for the matrix and for matrix, actually we can write nu 12 is just nu m and nu 12f
multiplied by epsilon 1 multiplied by bf and here it is an equivalent quantity so equivalent
nu 12 of the composite multiplied by epsilon multiplied by bm plus bf.

Then again we have epsilon 1 same here. We saw that when it is loaded in the longitudinal
direction, the strain along the longitudinal direction is same for matrix and fiber and that is
epsilon 1. So if we cancel epsilon 1 and bring bm plus bf in the denominator at the right
hand side we can write nu 12 is equal to nu m multiplied by Vm plus nu 12f multiplied by
Vf and again if we look at the variation of this quantity nu 12 with Vf it gives a linear
variation as the equation is. So when Vf equal to 0 it is just nu m and when VT is equal to
1itis nu 12f. So this is Vf equal to 1 here and we have 2 nu 12 for composites so nu 12
divided by E 1 that is equal to nu 21 divided by E 2. So E 1 and E 2 are different so nu 21
and nu 12 are also different and they follow this relation. So, if I know one of the Poisson's
ratios and if | know the elastic modulus along direction 1 and direction 2, we can find out
the other Poisson's ratio as well.

Vip = —
12 &
Vv = —
21 &,

§ = 6m+6;

Ez(bm + bf) = EZmbm + ngbf

_V1251(bm + bf) = —Ymé1bm — V12f€1bf
Vi = Vme + lefo

Viz V21
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Now we will talk about the stress strain relation and we will go towards the stress strain
relation in a thin ply. For that we need to define some quantities. We need to define
orthotropic material. We need to define the elastic stress strain relation for orthotropic
material in a 3D and then from there we will look into the stress strain relation in a ply in
2D. Now orthotropic material is material with 3 mutually perpendicular planes of
symmetry. So it has unique properties unique and independent also. We can just see unique
properties in 3 mutually perpendicular directions and then there is something called
spatially orthotropic where reference system which means the axis system, reference

system coincides with principal material direction. So x, y, z coincides with 1, 2, 3 and we
will see that when it is spatially orthotropic, some of the coupling does not exist.

We will see that later on. It is symmetric, so we can populate this side. So stress is equal to
C matrix multiplied by strain and C matrix is this. This is for an orthotropic material and
then comes another material which is transversely isotropic.

€11 €12 €13 O 0 01
Cyp Cp3 O 0 0
. cz3 O 0 0
[c] = cau 0 0
css O
| Coe
{0} = [c]{e}
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So it has one plane of isotropy which means properties are same in one plane. So for
example, in case of piezoelectric sheets, we saw that the properties are same in plane
direction but in the out of plane direction, properties are different. In this case the C matrix
becomes C 11, C 12, C 12 and then we have C 22, C 23, C 22. C 23 and this is symmetric.
So in this case 2, 3 plane is the plane of isotropy. So that is why we can see that C 22 and
C 23 are same and similarly shear modulus here and here are also same.

And isotropic materials are same material property in all three directions. In this case the
C matrix turns out to be C 11, C 12, C 12, C 23 and then we have C 11, C 12,0, 0, 0, C 11,
0, 0. Here we have 0, C 11, C 12 by 2 and here we have C 11 minus C 12 by 2. This 0 we
do not need to write because it is symmetric and this is symmetric. So, this is our isotropic
material.
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€11 C12 Ci2 0 0 0
C11 Ci2 0 0 0
C11 0 0 0
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Now, we are in a position to find out the constitutive relations in a thin ply. So, we have
seen that the stress is equal to the C matrix multiplied by the strain matrix for the
orthotropic material and our materials are orthotropic. So, C 12, C 13, 0, 0, 0 and then we
have C 21, C 22, C 23 it is symmetric. So, C 12 and C 23 are same. C 31, C 32, C 33, 0, 0,
0.0,0,0,C44,0,0.0,0,0,0,C55,0.0,0,0,0,0, C66. And this is multiplied with
epsilon 1, 2, epsilon 3, epsilon 4, epsilon 5, epsilon 6 and here we have stress. Now, in this
case we assume that there is a plane stress condition that exist.

So, we have plane stress condition because it is thin ply. Because the plies are thin. So,
when it is plane stress condition we can say that sigma 4 is equal to sigma 5 is equal to
sigma 3 they are all 0. So, any stress in the direction 3 is 0. So, we have sigma 1, sigma 2
then 0, 0, 0 and sigma 6 and sigma 6 as we know it is nothing but tau 12.

So, if we follow this equation what we get here is sigma 1 is equal to C 11 multiplied by
epsilon 1 plus C 12 multiplied by epsilon 2 plus C 1 plus C 13 multiplied by epsilon 3. And



then we have sigma 2 is equal to C 21 multiplied by epsilon 1 plus C 22 multiplied by
epsilon 2 plus C 23 multiplied by epsilon 3. And here we can see that there are lot of 0s
and that gives me that 0 is equal to C 31 into epsilon 1 plus C 32 into epsilon 2 plus C 33
into epsilon 3 and from here we get epsilon 4 equal to 0, epsilon 5 equal to 0 and finally,
have sigma 6 is equal to C 66 into epsilon 6. Now we will keep this equation. This is finally,

going to help us derive the stress strain relation for a thin ply. Now before that we have to
know what this C's are.

017 [C11 C12 C13

0 0 07,8
02 €21 €22 C3 O 0 01]e
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01 = C11&1 + €126 + €383

Oz = C31€&1 T €267 + €383

0 = c3181 + €326, + C3383
&4, =¢6=0

O = Ce6€s
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Now if you want to know the C, first we would write the relation in the inverted form. So,
epsilon 1, epsilon 2, epsilon 3, epsilon 4, epsilon 5, epsilon 6 is equal to a S matrix
multiplied by sigma 1, sigma 2, sigma 3, sigma 4, sigma 5, sigma 6 where S matrix is
written as 1 by E 1 minus nu 21 by E 1 minus nu 31 by E 1. And we have nu 12 by E 1.
So, we have minus nu 21 by E 2 and we have minus nu 31 by E 3 and here we have minus
nu 12 by E 1, here we have 1 by E 2 and here we have nu 32 by E 3 and then here we have
nu 13 by E 3 minus nu 23 by so, thisis E 1, E 2 and here we have 1 by E 3.

S0,000we have 000,00 0and then 00 0, here we have 1 by G1200,00 0, 1 by so,
this is G 23 and here we have 1 by G 31, 0 and here we have 000 0 0, 1 by G 12. Now,
that is our S matrix. So, if we compare the relation that we had before, there we had sigma
is equal to C multiplied by epsilon. So, that gives me that C is just inverted form of S
matrixX. So, we need so, with that we can we can know C in terms of this material properties
E1,E2E3 G112 G23, G3landnul2 nu23andnu3l.

So, then if we combine everything so, we know the C matrix in terms of those E's, nu's and
G's and then we have this relation. So, using these relations and these C matrix in the form
of those E's finally, we get. So, we can say that satisfying the plane stress condition, we
can write thisas Q 11, Q 120, Q 12 Q 22 0 and we have 0 0, Q 66 which is equal to epsilon
1, epsilon 2, epsilon 6 and epsilon 2 we can write gamma 12 also, this we can write tau 12
also. So, these Q's come in terms of the C's and we know the C's in terms of the E's, nu's
and G's.
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So, finally, that expression looks like the expression for the individual components of that
Q matrix looks like this Q 11 is equal to C 11 minus 13 square divided by C 33. So, we
have E 1 divided by 1 minus nu 12 nu 21, Q 12 is C 12 minus C 12 C 23 divided by C 33
and that comes as nu 12 E 2 by 1 minus nu 12 nu 21 or we can write nu 21 E 1 by 1 minus
nu 12 nu 21 and then we have Q 22 is equal to C 22 minus C 22 square by C 33 which
looks like E 2 by 1 minus nu 12 nu 21 and then we have Q 66 which is just C 6 and which
is just equal to G 12. Now this generally is called stiffness matrix Q and this can be written
in the inverted form as these also epsilon 1 epsilon 2 epsilon 6asS11S120S12S220
0 0 S 66 and here we have sigma 1 sigma 2 sigma6.S11is1by E 1, S 12 is minus nu 12
by E 1 which can also be written as minus nu 21 by E2,S22is1byE2and S 66 is 1 by
G 12. So, Q is often called stiffness matrix, but do not confuse it with stiffness term which
we define as load by displacement and this is often called compliance matrix. So, now we
have defined the stress strain relation in a thin ply in the principle material system.
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Now, later on we have to convert it to a global x y system. So, that we will do in the next
lecture. So, let us end this lecture here.

Thank you.



