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Lecture - 57
Basics of Turbulence Modeling (continued)
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|Hal plate turbulent boundary layer
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Note that the appropriate velocity scale is the so-called friction velocity /.

u=Jrlp
Linear or viscous sub-layer "
WE . wp aw B b
r(_r|=/lgsru U= “ =y ) < e %
i _/ 77777

—

In this lecture, we will begin our discussion with flat plate turbulent boundary layer. So, in
the previous lecture, we already had started discussing about it and we had discussed about u
plus y plus as the non dimensional velocity and a distance away from the wall and also the
definition of the friction velocity. So, we will continue with that part to the different layers

that we can define within the terminal boundary layer.

So, the lowest layer which is closest to the wall and which exists up to y plus less than 5
which is a very small distance away from the wall, we get a layer which is purely dominated
by viscous effects. So, this is called as the linear or viscous sub layer. Now, in this region the
viscous law applies that your shear stress is defined by the viscosity coefficient times the

velocity gradient and it is essentially constant.

It is equal to the shear stress at the wall that means it is essentially a linear profile. So, the
profile will typically look like this. There is no non linearity in the profile and it is very close

to the wall. No turbulent effects or fluctuations are visible at this layer. Why is it? Because



you are at such small Reynolds number that the diss

ipative effect is large. And therefore, the

turbulent fluctuations will decay by the time they approach the wall so closely.

So, it essentially boils down to a viscous region. In this region, y plus is equal to u plus. And

then you can actually easily show this because a small calculation will reveal that. That is you

can express U as; and then you just rearrange it.
(Refer Slide Time: 02:21)
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So, what are we
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creating? We are creating the U tau the friction Reynolds number which

helps us to define the u plus and y plus. We show that they are equal. This is how it works in

the viscous sub layer. Now, as we move beyond that
30. That means y plus varying from 5 to 30 which is
(Refer Slide Time: 03:19)

Log-law layer - the turbulent region close to a smooth wall
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we find a region typically between 5 and

usually referred to as the buffer layer.

Al i
ocity-defect law is often




And in that buffer layer, we have the viscous and the turbulent stresses which are of
comparable magnitude. So, we just take note that there is a buffer layer which is typically
lying between y plus 5 and 30 where viscous and turbulent stresses are comparable. And then
beyond that we have a so called log law layer which exists between y plus 30 and 500 in

terms of the turbulent boundary layer thickness.

This is typically between 0.02 to 0.2 of y by delta ratio. That means if you have a turbulent
boundary layer like this and this is the total thickness then you now know that the log law
layer spreads up to just 20% of it. It starts from as small as 2% and spreads up to 20%. So, in
this region, of course, viscous and turbulent effects are both important but viscous effects

become weaker and turbulence takes over gradually.

And the functional dependence between u plus and y plus can be shown to be given by this
equation, where the values of the constants are given here for smooth walls. And you have
the von Karman’s constant Kappa given by 0.4 or 0.41. Beyond that you have an outer layer
which is essentially inertia dominated region and therefore, you do not any longer find very

active participation of viscous stresses anymore.

So, that region is given by this equation, which is often called as the law of the wake. So, if
you plot this variation with a u plus versus log y plot or log y plus versus u plus plot then it
looks more like this. So, you can imagine that this part is essentially the viscous sub layer.
And then you can find the next region up to 500 which means, it will be up to a log y plus
value of the order of this range which is essentially linear because you are plotting it on a log
scale along the x axis.

(Refer Slide Time: 06:37)
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are found adjacent to the wall where the large mean velocity gradients ensure that turbulence production is high. The)
eddying motions and associated velocity fluctuations are, however, also subject to the no-siip condition p condition at the wall.
Therefore all turbulent stresses decrease sharply to zero in this region. The turbulence is strongly anisotropic near thelf’;
wall since the production process mainly creates component L,'R “[see figure in next slide). U =
Turbulence is generated and maintained by shear in the mean flow. Where shear is large the
magnitudes of turbulence quantities such as the r.m.s. velocity fluctuations are high and their
distribution is anisotropic with higher levels of fluctuations in the mean flow direction.

Without shear, or an alternative agency to maintain it, turbulence decays and becomes more
isotropic in the process.

In regions close to solid walls the structure is dominated by shear due to wall friction and
damping of turbulent velocity fluctuations perpendicular to the boundary. This results in a

complex flow structure characterised by rapid changes in the mean and fluctuating velocity
components concentrated within a very narrow region in the immediately vicinity of the wall.

We have had a look at the different regions within the turbulent boundary layer existing on a
flat plate and within these regions we have certain properties which we need to discuss about.
So, we find high values of these parameters which are found adjacent to the wall where the

large mean velocity gradients ensure that turbulence production is very high.

And these are essentially stresses which are developing because of the fluctuations. Now, the
eddying motions and the associated velocity fluctuations are also subject to the no slip
condition at the wall. So, as we said that as they approach the wall, they also have to rapidly
decay down. So, turbulent stresses decrease sharply to O in the region as they approach the

wall.

So, on one hand, because the mean velocity gradients are going to be high, why the gradients
are very high? Because, you are seeing that the mean velocity changes from the free stream
value just at the edge of the boundary layer to a value of 0 as you approach the wall within a
very small thickness. That is the boundary layer thickness itself, which will give you a very

large mean velocity gradient.

And as you know that means heavy shear and if there is heavy shear, there is heavy
turbulence production, if there is heavy turbulence production, then the stresses are also
going to be large. It is all known to us. So, however, when you approach the wall again these
fluctuations have to decay. So, on one hand, they become very sharp as you get into this

region. And again they have to go to 0 after they grow rapidly.



They again have to become 0 as they approach the wall. So, as a consequence, the turbulence
becomes strongly anisotropic near the wall, because it has a strong directionality. And it is
seen that if you are talking about the U component of velocity existing near the wall, then it
will show that the main contribution will influence the u dash square quantity. So, we already
said it is generated and sustained by shear. And shear has to be maintained in order to keep
turbulence going.

(Refer Slide Time: 09:09)

The mean velocity is at a maximum far away from
the wall and sharply decreases in the region y/& <
0.2 due to the no-slip condition.

In the case of the flat plate boundary layer the
turbulence properties asymptotically tend towards
zero as y/6 increases above a value of 0.8, The r.m.s.
values of all fluctuating velocities become almost
equal here, indicating that the turbulence structure
becomes more isotropic far away from the wall.
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centre of a pipe. By symmetry the value of /')’ has Reynolds stress
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Now, this is typically a plot which indicates the variation of the stresses near to the wall. So,
most importantly we see the velocity profile over here. So, most often how we plot it is like
this. You might have seen plots of boundary layer being put like this. But here, notice that it
is the other way around. That means the plot is made like this. So, it is like turned around. So,

you have to interpret it that way.

So, velocity profile here as shown in this figure is like this, which means this is the edge of
the boundary layer and this is y = 0. It is like that. So, along this direction you have a 'y by
delta and the other direction you are plotting the different turbulence stresses, which are
scaled with respect to the free stream velocity. Now, as you can see that in the previous slide
we had talked about this quantity being more strongly influenced.

Because, the stream wise velocity is along this direction that is U. And therefore, it strongly
enhances this quantity while the others are smaller. Again as you get into the turbulent

boundary layer, you see that all these traces are growing because the mean shear is increasing



in the flow. And then where does it peak, where the shear is highest as you can understand

shear scales with the velocity gradient.

So, the gradient is most rapid as you approach the wall and that is where these values are
actually becoming much larger they are peaking over here. But then though it is not very
clear from the figure, you can probably understand that once it reaches the peak, it tends to
again drop. It is just around visible here at the corner that extending to drop. These are also
tending to drop and that is happening because they are approaching the wall.

So, this is typically how the stresses arrange themselves near the wall. Again remember that
as you approach the boundary layer edge, the turbulence becomes weaker, because there is
hardly any shear to sustain it and turbulence also becomes broadly isotropic. Now, if you
were to look at pipe flow, you will also see similar features in some manner. Again, an
interesting point to see is the contrast between how a laminar velocity profile will look and

how a turbulent velocity profile will look.

As you can see, the turbulence velocity profile is much fuller close to the wall. Why is it
possible? It is possible through the fluctuations in the velocity components which enable
mixing and therefore, percolation of momentum much closer to the wall. But then that means
much larger velocity gradients close to the wall. And therefore, there could be much

augmented stresses, which have to be encountered when keeping a turbulent flow alive.

Therefore, it takes more power to drive a turbulent flow. But turbulent flow is very robust, it
is less susceptible to flow separation for example. So, when you have flow past a car or a bus
or an aircraft, on one hand, you spend more fuel to keep that flow going that means to make
the vehicle propel through that region, but then at the same time, the flow will not very easily

separate from that surface and therefore, produce a large pressure related drag.

In the pipe flow, a very important aspect is that you can see that the Reynolds stresses are
becoming larger as you get closer to the wall. They are peaking here in this region and then
again rapidly falling to 0 as you approach the wall. Viscous stresses on the other hand tend to
remain constant. And as you approach the wall viscous stresses become more active. Again in
the pipe flow about the symmetry axis, there will be certain stresses which will change sign.

For example, the u dash v dash over bar will change sign at the centerline.



(Refer Slide Time: 14:14)

= ________— W
I Reynolds-averaged Navier---Stokes equations for incompressible flow |

¢:(D+¢' ‘;:Q) J:O \/ ulz\{’+,//' l;=\l’ (/7:0 \/ W:QH\{I

[@;‘1"§+W‘/> o =0y ﬂ‘:ug’—\
! 7

¥ o T
e Is = I(]) s
os 0s V\ j ¢( ¢ 'S

Since div and grad are both dhfmnﬂatlons, the above rules can be extended to a fluctuating vector

quantity d = A+ " and its combinations with a fluctuating scalar¢ =0+ ¢':

diva = divA div(ga)=di(®0A )+ (Ii\";ra') £ div(gradg)= div(grad®)
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Fluctuating velocity and pressure fields

u=U+id v=l+v  w=W+w  p=P+p “

We come back to the Reynolds averaging concept which we had discussed in one of our
previous lectures and we try to now apply it to Navier Stokes equations for incompressible
flow. So, we broadly review the idea behind Reynolds averaging. So, if we take two different
flow properties, phi and psi, these are already known to us. And then if you combine phi and
psi and take Reynolds averaging the mean values the sum of the mean values would be

available.

The most important and distinguishing fact comes in this box where you take a product and
then what comes out of it is a product of the means and then a time average of the
fluctuations. This is a very important fact, which will be seen how they affect the equations,
when we do a Reynolds averaging of the equations. In this what we are doing is we have phi

times the mean of psi which gives you a mean of phi times the mean of psi.

And then here it is the fluctuating part of phi multiplied by the mean of psi which will give
you a zero. When it applies to differentiation or integration the rules similarly apply. So, what
you see is primarily the mean quantities are essentially making it to the final forms. So,
divergence or gradient these are also differentiation operations. So, things work very

similarly.

And then these rules that we have discussed above can be extended to a fluctuating vector
quantity a, and its combinations with a fluctuating scalar phi. So, we were previously

discussing about primarily scalars combinations of scalars, but here it could be a combination



between a vector and a scalar also. And vectors are the ones which we are more often

handling in conservation equations.

So, these are the rules of the game. And as you can see that this looks very similar to what we
saw in this box. And that is going to be a very important fact for us, when we look at Navier
Stokes equations. So, just like the way we look at these scalar or vector variables being
decomposed using Reynolds decomposition, we can do it for our velocity components and
pressure as well.

(Refer Slide Time: 17:03)

Continuity equation for the mean flow
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A similar process is now carried out on the x-momentum equation, The time averages of the individual terms in this
equation are: ——
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So, if you apply these rules to the continuity equation for the mean flow, you will find that
this is how it shows. Here U is of course written in a vector form. So, in general U is a
combination of different components. And putting these things together, if you now look at
the x momentum equation, the time average of the individual terms in the equation will be
like this.

This is the time average of the unsteady part. This is divergence of the convective term, the
time averaging of that. And as we said that this is the additional term which is being produced
the pressure gradient term and the diffusion term. So, the time average momentum equation x
momentum equation shows up like this and as you can see that the third term is the new
entry.

(Refer Slide Time: 18:20)



It is important to note that the terms (1), (Il), (IV) and (V) also appear in the instantaneous equations, but the
process of time averaging has introduced new terms (ll) in the resulting time-average momentum equations. The
terms involve products of fluctuating velocities and are associated with convective momentum transfer due to
turbulent eddies. It is customary to place these terms on the right hand side of equations to reflect their role as
additional turbulent stresses on the mean velocity components U, Vand W:
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So, we have indicated the third term here separately and we would like to expand it now. And
again apply this concept to the y and z momentum equations as well. So, it is usually
practiced this way that this additional stress term is taken to the right hand side. So, at source
though it has a convective connection, but it actually shows up as an additional stress. And
therefore, we would like to club it with the viscous stresses on the right hand side as a source

term.

And therefore, that term when we take it to the right hand side and we express it, we usually
put it this way. We generally get density associated with it so that we can keep parity with the
remaining terms as you can see that all these terms are actually divided by the density. And

therefore, comes these respective terms which we call as the Reynolds stresses.

Now, incidentally you will find that there are essentially six independent Reynolds stresses
which are produced as a consequence. So, three of them are normal stresses. So, these are the
three normal stresses while the rest are shear stresses. So, this is one this is another third one
would be this. Now, of course, this and this are identical. So, are these and these and
therefore, they are not independent. So, in all you have 3 + 3 independent Reynolds stresses.
(Refer Slide Time: 20:22)



{ The extra stress terms have been written out in longhand to clarify their structure. They result from six additional
stresses: three normal stresses and three shear stresses, These extra turbulent stresses are called the Reynolds stresses

{ The normal stresses involve the respective variances of the x-, y- and z-velocity fluctuations. They are always non-z
because they contain squared velocity fluctuations. The shear stresses contain second moments associated W
correlations between different velocity components.

0 Correlation between pairs of different velocity components due to the structure of the vortical eddies ensures that B
the turbulent shear stresses are also non-zero and usually very large compared with the viscous stresses in a
turbulent flow.

0 If we only need to solve for steady flow or quasi-steady flow, where the unsteadiness is slow compared
to turbulence, the whole turbulence fluctuation needs to be modeled. I such situations, the Navier-
StMns are Reynolds averaged. Solving for the Reynolds-averaged flow field is referred to as
the Reynolds-averaged Navier-Stokes computation or the Reynolds-averaged numerical simulation

/,/(RANS) It should be noted that there can be large-scale fluctuations caused by coherent flow
structures that RANS needs to capture.

O Similar extra turbulent transport terms arise when we derive a transport equation for an
arbitrary scalar quantity ¢, e.g. temperature The time- average transport equation for scalar ¢

+ln(ll)U ——Lln(]onmlﬂ) {-M—)-—M-((“ﬂ} &~
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So, we already talked about these points, which have been highlighted here. So, the normal
stresses essentially are the respective variances along x y z directions. And then the shear
stresses are the second moments associated with correlations between different velocity
components. So, correlations between pair of different velocity components are nonzero

because of the nature of fluctuations in a turbulent flow field.

So, if you have a u dash produced somewhere that may induce a v dash as a consequence.
Because there are also mass conservation issues which will drive such fluctuations. And
therefore, often there are strong correlations between them. That is why both the shear
stresses as well as normal stresses may be produced in a turbulent flow field. Now, if we need
to solve for steady flow or quasi steady flow where unsteadiness is slow with respect to

turbulence, then the whole turbulent fluctuation needs to be modeled.

In such situations, Navier Stokes equations are Reynolds averaged. So, that is basically the
idea behind why we are pursuing Reynolds average at this point to be applied to Navier
Stokes equations. So, solving for the Reynolds average flow field is referred to as the
Reynolds averaged Navier Stokes computations or Reynolds averaged numerical simulation
often written as RANS.

Also note that large scale fluctuations caused by coherent flow structures need to be captured
through the RANS approach. So, this is the basis on which we are taking forward this

Reynolds averaging to be applied to Navier Stokes equations and therefore, coming up with a



possible way of tackling turbulence. Now, in turbulent flow fields we may also be dealing

with scalar transport, let us say we are talking about transport of temperatures.

So, we were some time back talking about exchange of energy through turbulent fluctuations.
So, that could be heat and therefore, there will be temperature differences in the region. And
then you would have a transport equation associated with such a quantity a scalar quantity
like phi which will look like this. You can have additional source terms like this. But
importantly, there would be correlations of this kind between the scalar fluctuations and the
velocity fluctuations.

(Refer Slide Time: 23:32)

With our brief study of turbulence we understand that it produces vortices/ eddies in a flow with a wide range of
length and time scales that interact dynamically in a complex manner, In most engineering applications, the large-
scale behavior of turbulent flow is sought, instead of the full turbulence data in detail. Experiments and theory have
demonstrated that farge-scale vortices in the flow are strongly influenced by the boundary geometry, while the
small-scale vortices are more universal, isotropic, and dissipative. For the purpose of engineering calculations,
capturing the large-scale vortical fluctuations is important since they affect the average flow quantities. Using the
Reynolds averaged equations which we derived earlier, we can relate the averaged flow and the turbulent vortices
using turbulence models. These models are required because it is evident from the Reynolds averaged continuity
and momentum equations that there are many more variables (due to the fluctuating velocities in Reynolds stress
terms) to be solved than the number of equations. This is called as the CLOSURE PROBLEM in turbulence modeling.
The turbulence models/ turbulence calculation methods can be groupeéd into the fallowin three categories:
O Turbulence models for Reynolds-averaged Navier-Stokes (RANS) equations:

In these models attention is focused on the mean flow and the effects of turbulence on mean
flow properties. Prior to the application of numerical methods the Navier-Stokes equations are

. . 0 . )
time averaged or ensemble averaged in flows with time-dependent boundary conditions. Extra
terms appear in the time-averaged or Reynolds averaged flow equations due to the ifiteractions

between various turbulent fluctuations. These extra terms are modelled wi i bulence
models. The best known models are the k-¢ modeMind the{ Reynolds stress model (RSM).\The
computing resources required for reasona rate flow c s are moderate, so this

approach has been the workhorse of engineering flow calculations over last several decades.

So, till now, we have discussed a little bit of basics of turbulence already and we have
understood certain behaviors of turbulent flow fields from which we can at least conclude
that any turbulent flow field produces an array of vortices of varying sizes and they have
wide range of length and timescales. And in engineering applications, our intention is always
to come up with the large scale behavior of turbulent flow instead of looking at full

turbulence data in detail.

That means instead of looking at the whole range of vortex structures, their fluctuation data
etc, which will be an enormous exercise to do and computationally very challenging. We try
to extract the broad features of the flow. That is how it is relevant in engineering applications.
And experiments and theory demonstrate that large scale vortices in the flow are strongly

influenced by boundary geometry, the nature of the geometry of the problem.



While the small scale vortices are more universal isotropic and dissipative and they are not
essentially influenced by the geometry of the problem. And in engineering calculations, the
purpose is always to capture the large scale vertical fluctuations and try to come up with
average effects of those large scale structures. Now, in order to do that we seek turbulence

models.

That is because the exercise that we did just one or two slides back that Reynolds averaging
brought out one fact that due to the presence of many of these fluctuation velocity
correlations, which figured as the Reynolds stresses, there are many more variables to solve,
then the available conservation equations that we have. So, this is because of the correlation

terms. And therefore, we need some way out of it.

And this is essentially what is meant by the so called closure problem in turbulence modeling.
So, we need to have a supporting number of variables and equations, which equate each other
at this point it is not there after the Reynolds averaging exercise. So, we will seek turbulence
models of suitable nature in doing that. And at this point we have already discussed briefly
about the RANS approach.

Before we finish this lecture, just a minute we discuss about the two main categories of
RANS based models one is the so called k epsilon model and the other category is the
Reynolds stress models. And in these models, attention is focused on the main flow and the
effects of turbulence on main flow properties. So, here the Navier Stokes equations are time

averaged or ensemble averaged in flows with time dependent boundary conditions.

And extra terms that appear in the time averaged or Reynolds averaged flow equations due to
the interactions are essentially taken care of with some model equations. For example, in the
k epsilon model, they are all accounted through an equation for turbulent kinetic energy k and
one equation for the turbulent kinetic energy dissipation epsilon. And these models are not

very expensive to run.

And therefore, they have remained the main stay for engineering turbulent calculations. So,
with this we complete this lecture we will discuss further in the next lecture on other

turbulence models. Thank you.



