Introduction to CFD
Prof. Arnab Roy
Department of Aerospace Engineering
Indian Institute of Technology — Kharagpur

Module - 1
Lecture — 4
Classification of PDEs

In this lecture, we are going to look at classification of partial differential equations, but
before we discuss that we will have a quick look at the incompressible Navier Stokes
equations, which we could not complete during the last lecture.
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Incompressible Navier Stokes Equation in two dimensions
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You can see the two-dimensional incompressible Navier Stokes equations in the screen. It is

comprised of mass conservation and momentum conservation equations. So, the mass
conservation equation is more often called as a continuity equation because it is two-
dimensional Navier Stokes equation. So, you have 2 components of velocity respectively u

and v and both of the velocity components are functions of x and y.

You can see partial derivatives of the u component of velocity in other equations where they
could be derivatives with respect to x or y and similarly it is true for v. So, therefore, u and v
are both functions of x and y. You can see the first term on the left hand side which is called
as the unsteady term. That means any time dependence in the flow can be captured using

such a term while the other two terms are more often called as the advective terms.



You have a pressure gradient term on the right hand side of the equation like you saw in
Euler equation, but this is a term which is very typical of Navier Stokes equation, which is
arising due to viscous stresses in the flow, and therefore we often call these terms as viscous
terms. Note that they involve second order partial derivatives. You did not see second order

partial derivatives in Euler equation for example.

Incompressible Navier Stokes equations assume that the flow behaves without any effect of
compressibility which means that any variations in pressure in the field would be
accompanied by variations in the flow field velocities, but it cannot affect the density. That
means pressure and density are decoupled from each other in an incompressible situation. We
will look at incompressible Navier Stokes equations in more detail in due course.
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(] We need to classfy PDEs nto Eliptic, Parabolic and Hyperbolic type

 This classifcation helps in devising suitable numerical schemes for
their approximation) discretization

(] We wil see how to classify a single second order PDE

[ We wil also see how to classify a system of firstorder PDEs

We now look at how to classify a system of partial differential equations. When we classify
of course we recall having looked at these terms elliptic, parabolic and hyperbolic and we
need to know that when we are looking at a partial differential equation which kind of partial
differential equation it is, and this classification is very important for us to be known ad hoc

before we try to approximate the partial differential equation and try to solve it numerically.

Because the discretization that you apply would depend on the kind of partial differential
equation you are handling. We would first look at a single partial differential equation how to
classify that, and we will consider it to be a second order partial differential equation and then
we will have a quick look at how to handle a system of partial differential equations and

classify them.



But we would like to have such a system of partial differential equations as a first order
system of partial differential equations. So, note the difference; in one case it is second order
when it is a single partial differential equation, while in the other case where we handle a
system, we are looking at a system of first order partial differential equations.

(Refer Slide Time: 04:38)
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It can be shown that based on the value of b’-dac the PDE can be classified as follows

30 hyperbolic two real characteristics
=0 parabolic  one real characteristic
<0 elliptic nocharacteristics  H

When it comes to classification of a single partial differential equation, you can write it down
in a form like this, where you can see second order partial derivatives written of the
dependent variable ¢ and ¢ is a function of two independent variables x and y. In this case,

we are assuming that there are only two independent variables. In that case, you can have

. . — . . o’
these three possible partial derivatives of second order. One is purely with respect to x, 6—?
X

¢

> while the other is a mixed derivative
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another purely with respect to y,

Additionally, you can have lower order derivatives, which means first order derivatives in our

op 0

case x ,E and the variable ¢ itself with a constant coefficient and then this is a purely
X

numerical constant K or it could be purely a function of x and y that you have in a term like
this. The whole equated to zero gives you the partial differential equation. Now, if you bunch
all these terms comprising of first order derivatives, the variable itself and constants and
bunch them together as a term S on the right hand side of the equation, then you are left with

the higher order derivatives only on the left hand side of the equation along with their



coefficients, which will make a difference. These are the coefficients which will finally
decide the behavior of the partial differential equation whether it will be elliptic or parabolic

or hyperbolic.

Now, how is it that a, b, ¢ are going to decide that. For this, we need a characteristic equation.
You may recall that when we were looking at the linear wave equation, we wrote the
equation in this form and we plotted the behavior of this equation using a line like this in the
x-t plane, where we said that this straight line has a slope dx/dt = a, this is a typical

characteristic curve or line.

Now, when you are looking at a solution of a second order partial differential equation like
we have shown over here, the solution will actually turn out to be a curve in the x-y plane.
So, this is a space curve. Let us say it looks like this and then you will find that on this curve,
which is essentially a solution of the partial differential equation, there are some specific lines
which exist which are responsible for carrying information in a way similar to how this line

carries information in a linear wave equation.

However, sometimes such lines exist while at other times they may not exist. So, they may or
may not exist and our job is to find out that for a certain partial differential equation whether

we have such lines existing on the solution ¢(X,y). We have to remember that the

characteristic equation of the above PDE would have to be obtained in order to extract

information regarding the behavior of the PDE.

So, in order to obtain the characteristic equation of the PDE, we make use of two very
important facts. One is that since we are handling a second order partial differential equation,
the second order partial derivatives are indeterminate along these specific curves, which we
are calling as the characteristic curves. However, the first order derivatives will remain

continuous.

Based on these two facts, we would be able to obtain a condition for which characteristics
either exist or they do not exist and that is the basis on which we have a certain determinant

shown over here. This equation basically is an outcome of the determinant. What you saw as



the dx/dt = a information for a linear wave equation is actually figuring in the form of dy/dx

information in the x-y plane for a second order partial differential equation here.

So, they are kind of analogous. However, it is a little more involved to obtain the conditions
under which you can have real or imaginary characteristics here. So, what you do is you
essentially look at the discriminant of this quadratic equation in dy/dx and then based on
b*> —4ac, you try to work out the conditions for the existence of real or imaginary

characteristics.

So, when you have the discriminant greater than 0, this leads to 2 roots of the equation, that is
typically the case for hyperbolic partial differential equations. So hyperbolic partial
differential equations have two real characteristics. When the discriminant becomes 0, then
you are left with only one real characteristic because there is essentially one root. When it
becomes less than 0, then it ends up giving you complex conjugate roots and that is the

situation for elliptic partial differential equations.

So, this is essentially the basis on which we try to classify a second order partial differential
equation where there are two independent variables. The question is that what would happen
if you have more than two independent variables? Is there a way that we can have for
classifying such an equation? To figure that out, we will have to do a little more work, but
before we do that, we work out a small problem based on what we learned just now.
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Here is an equation which is used to solve steady two-dimensional velocity potential equation
in compressible flow. So, ¢ is the velocity potential that we are talking about and this
equation certainly has dependence on the free stream Mach number, which we are calling as
M. If you take a ratio between local velocity and the sonic speed you get the local Mach

number.

And here you actually take a ratio between the free stream velocity and the free stream sonic
speed in order to get the free stream Mach number. Now, based on what we learned earlier,
we can figure out that the coefficients of the partial differential equation, which we call a
small a, b ¢ in this case would be looking like this. Only thing is that here we have written

them as capital A, B, Cs.

Now, based on this, you can of course work out what B*> —4AC is and then if you do this
exercise, you can get the behavior of the partial differential equation for a range of Mach
numbers. You can do this as a small homework problem and see what happens when you
have a Mach number which is less than 1, when it is exactly equal to 1, and when it is more

than 1. So, as you know that M _ <1, this would be the situation of a subsonic flow, M =1,

this would cater to sonic flow, while M _ > 1, this would cater to supersonic flow.
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We next look at a situation where you have a second order partial differential equation where
there could be more than two independent variables. There could be a fairly large number of

independent variables x1, X2, X3 up to xn, which means you have n independent variables. In



this case, the equation can be written in a manner where partial derivatives would be written

in the form of indices, where the j and k indices run from one to n.

Then you have these coefficients associated with the partial derivatives and a possible source
term like the one we had in the previous form of the partial differential equation, where many
terms were lumped together into one term, which did not involve second order derivatives.
So, remember that all the second order derivatives have to be expressed in the summation

form, while the other terms account for the S term.

Now, to classify this kind of a partial differential equation, we have to obtain a matrix and
then that matrix would essentially comprise of these coefficients, which we have associated
with the different second order partial derivatives and using the matrix, we can obtain a
characteristic polynomial which looks like this where A is the matrix which is comprised of

all the terms which come from the coefficients.

So, the matrix which comes from Ajk terms and then A will give you the eigenvalues and I is
an identity matrix. So, if A is a NxN matrix, then obviously I also has to be a NxN matrix.
After you work out this characteristic equation based on the determinant, you will be
essentially having a polynomial whose roots have to be obtained. Roots of that equation will

be the eigenvalues.

So, you will have a fairly large number of eigenvalues if N is large. Now, you look at how the
eigenvalues are like. So, if any of the eigenvalues happens to be 0, then the partial differential
equation will be characterized as a parabolic partial differential equation. If all eigenvalues
are nonzero, and all values are of the same sign, then you have an elliptic partial differential

equation.

Again, if all eigenvalues are nonzero and all but one value is of the same sign, then the partial
differential equation is a hyperbolic kind. So a good exercise to do would be to go back to the
previous example that we saw in the previous slide and try to put it into this framework and
solve for the nature of the partial differential equation and see whether your solutions match
by the two approaches. You could of course take even other equations and try them out.
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Two principal categories of physical behaviour:
+ Equilibrium problems
* Marching problems

Equilibrium prablems

U The problems in the first category are steady state type. Laplace’s equation, which describes
irrotational flow of an incumpressiblé_ fluid and steady state conductive heat transfer are
examples, These and many other steady state problems are governed by ELLIPTIC PDE.

U An important feature of elliptic problems is that a disturbance in th}immmion
affects and alters the solution everywhere else.

U Disturbance signals travel In all directions through the interlar solution, Consequently, the
solutions to physical prabm elliptic equations are always smooth even If the
boundary candlitions are discontinuous, To ensure that information propagates in all directions,
the numerical techniques for elliptic problems must allow events at each peint to be influenced
by all its neighbaurs,

The physical behavior of the different types of partial differential equations:

We know that partial differential equations primarily cater to these two types of behaviors,
the equilibrium type of problems and marching type of problems. So, what do we do in
equilibrium type of problems? Let us see. The main thing is we use them for steady state kind
of problem scenarios. We have had a look at Laplace equation previously, which models

irrotational flow of an incompressible fluid.

You saw that it actually gives you a steady state solution of the velocity potential of the flow
field. You also saw the steady state heat conduction equation. So, these kinds of steady state
problems are often called equilibrium problems and they are modeled using the elliptic partial

differential equations.

A very important feature of elliptic problems is that if you have a disturbance anywhere in the
interior of the domain where you are solving the equation, then that disturbance affects and
alters the solution everywhere else in the domain reaching farther out towards the boundaries
and the disturbance signal propagates in all directions through the domain and they

essentially propagate at infinite speed.

So, there is no delay for propagation of the disturbance to all regions of the domain where
you are solving the problem. So, these are very important characteristics of elliptic partial
differential equations which are used for modeling equilibrium problems. There are another
class of problems which we often call as marching problems and we will see that parabolic

partial differential and hyperbolic partial differential equations fall in that category.



(Refer Slide Time: 19:50)
Marching problems

U Transient heat transfer, unsteady flows and wave propagation phenomena are considered as
marching or propagation problems, These problems are governed by parabelic or hyperbolic
equations,

01 Flow direction acts as a time-ike co-crdinate along which marching is possible,

PARABOLIC PDE

U Parabolic equations describe time-dependent prablems, which invalve significant amounts of
diffusion. Exarmples are unsteady viscous Taws and unsteady heat conduction [unsteady feat
tonduction equation). Mathematically,iF%s an itial-boundary-value problem

0 A disturbance at 2 point in the interlor/ boundary of The solution region can only influence
events at later times, The solutions move forward in time and diffuse in space.

0 The occurrence of diffusive effects ensures that the solutions are always smoath in the

interiar at times ¢ > 0 even fthe iitial conditions contain discontmares
U The steady state i reached after TTong tme and (e equation ten displeys ellptic behavior
p—

)

In marching problems, we can be solving transient heat transfer or we may be solving
unsteady flows or wave propagation phenomena, where we can see the solution changing
with time. These problems are governed by parabolic or hyperbolic equations and in these
problems sometimes a particular flow direction can also act as a time-like coordinate along

which we can march the solution. So, this is what we see in say boundary layer equations.

In parabolic partial differential equations, we look at time dependent problems and those
problems involve significant amounts of diffusion. These problems are used for solving
unsteady viscous flows or unsteady heat conduction and these are mathematically stated as
initial boundary value problems because the solution depends both on initial condition as well
as boundary condition and when you look at the solution, you will find that a disturbance at

any point in the domain can influence events only at a later point of time.

They cannot influence backward in time, but they can influence events forward in time and
they would diffuse the solution in space. So, these are very typical characteristics of parabolic
kind of problems. Solutions always remain smooth in the interior and even if initial
conditions contain discontinuities, they will never create discontinuities in the solution within
the domain. The steady state may be reached after a very long time, and then the behavior of
the equation maybe gradually approaching an elliptic one.
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HYPERBOLIC PDE

U Hyperbelic PDEs dominate wave propagation and vibration problems. These processes are
assaciated with negligible amounts of energy dissipation. The linear wave equation is non
dissipative, Hence the wave amplitude defined at t=0 would not attenuate over time,

0 Hyperbalic prablems are akso  Initial-boundary-value problems.

U Discontinuities can be an:umrnndel'ue_g_b1,J these equations, .. shock waves
ol La_’_ T

U Compressible fluld MG srspeedreose to and above the speed of sound exhibit shackwaves
and inviscid flow equations are hyperbolic at these speeds.

U Computational techniques for solving hyperbolic problems are designed to allow possible
existence of discontinuities in the inferior of the solution,

0 Disturbances at a point can only influence a limited region in space leading to zones of
influence and dependence.

0 The speed of disturbance propagation in a hyperbolic problem is finite and equal to the wave
speed ¢, However, parabolic and elliptic equations accomodate infinite propagation speeds,

In hyperbolic partial differential equations, which could be used for wave propagation
problems and vibration problems, one very important characteristic is that there is negligible
amount of dissipation and therefore what happens is that if you have a certain disturbance
with a certain waveform and amplitude, then there is no attenuation of the amplitude as time
progresses, but you would find that the wave form would be propagating through the domain

spatially without any attenuation or diffusion.

Hyperbolic problems are also initial boundary value problems and they can accommodate
discontinuities. In compressible flows, we can have discontinuities like shockwaves and such
discontinuities can be accommodated in hyperbolic problems. A very important feature of
hyperbolic problems is that the disturbances propagate at finite speed, whereas in parabolic

and elliptic equations, the disturbance propagation speeds are infinite.

Therefore, in hyperbolic equations, it depends how quickly the wave would be able to reach
out into the domain to carry along with it information coming from a certain region of the
domain to influence certain other.
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Parablic PDE

Here we have a curve drawn in two-dimensional space and we are trying to understand how
an elliptic partial differential equation would behave when we are solving it in a domain like
this. So, in this domain if you look at a certain point you will find that information is
propagating into that point from all directions and also information from this point can affect

other points in its vicinity.

That means, different disturbances can propagate and reach out to every corner of the domain
and that too at infinite speed. For example, when you are solving V>¢ = 0 where ¢ stands for
velocity potential, then you will see that with the given boundary conditions, it will give you
a steady state solution. This means that from the solution of ¢ you will get a unique u and v

field and it takes no time for the flow to reach that steady state u and v field.

How does it happen? In this model of the flow, the disturbances can propagate out into the
domain at infinite speed and therefore the flow would reach equilibrium in no time, and
therefore you get a steady state u, v distribution instantaneously. If you look at it from heat
conduction perspective, then in reality it may take some time for the temperature
redistribution, especially if you are starting from a temperature distribution along the

boundaries of the domain, which are different from inner part of the domain.

However, the way we look at this problem here is that we are only concerned with the steady

state solution of the temperature and then as long as V°T =0is concerned, you just look at



the equilibrium state. We will discuss about the parabolic partial differential equation in the

next class.



