Space Flight Mechanics
Prof. Manoranjan Sinha
Department of Aerospace Engineering
Indian Institute of Technology-Kharagpur

Lecture-59
General Orbit Perturbation Theory (Contd.)

Ok, welcome to lecture 59, we have been discussing about the general orbit perturbation theory.
And in that context we worked out with the Lagrange bracket and evaluated it and then found the
Lagrange planetary equation of motion. And then thereafter we wanted to describe the Institute of
perturbation potential, we wanted to use the perturbation force. Because many times the
perturbation potential is not available but because the force may not be conservative in that case

you do not have the ability of the potential, so we have to work with the force.

So, that we were trying to convert the potential model into the force model, so we will continue
with that.
(Refer Slide Time: 01:02)
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But before that one equation was left out last time, so we will complete that. So, if there was some
sign problem with this bracket perhaps there was a — sign written there. So, the correct sign is as
indicated here, ok and the corresponding equation for the Q where the problem might have
occurred, ok. So, this is given by sini times ok. So, once again | will write all those equations, so

that no confusion remains.



G = (1-e?)or . 2 OR
" na?e de nada

coti OR Vi1-e2? OR

@ = 2 _
na2vi-e? 0i na2e Ode

(Refer Slide Time: 03:03)

And sigma dot this equal to 1 — e?, so we have 4 equations here, a dot e dot ok small omega dot
IS remaining, So w, this is coti. This ¢ also it can be expressed in terms of m. And it can be written
as m equal to where m is the rate of change of the mean anomaly, n is the mean angular velocity
or the mean angular rate. This implies that you are keeping M constant whenever we put in bracket,
some partial differential and put like this, so that means you are keeping M constant and then you

are finding this.

1-e? AR 2 ,0R
naZe ode + na (aa)M

m=n-+
F = [EA, + Follg + Fyily]
So, either this or this, either of them can be used. Now here in this part what we are trying last time
that all these terms appearing here this need to be replaced in terms of we have replaced in terms
of we were trying to replace in terms of Fr, Fg and Fa where F we have described as Fii,., then
Fotig and F,1i,4. S0, the development we were following, so | will go along with those development
but before that I will summarize these equations, so that it is a ready for your reference.
(Refer Slide Time: 05:54)
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In terms of and we written as this was our Lagrange planetary equation of motion ok. So, g—i if we
replace in terms of Fr, Fo and Fa, so this will get reduce to the format 2esin 6 F; + 1 - e F, then a
dot already we have worked out for the g—i actually what we have done there the last time we have

worked out what will the equation for the F; ok, | will do it again.

. 2 OR 2e sin@ 2aV1-e?
a=———= E + Fo
na do  nvi-—e? nr

e = sinfF, +

na naze

vi-e2 Vi-e2 [az(l—ez—rz)] F
. r

rsinu

T na? (1-e?)sini A

o= - cosOF, + ¢ sing [1 +
nae a

e

T
a(1-e?)

n

r

0= a(l-e?)

—e? —p2)cj
. [(1 e?)cos6 Z_r] E — (1-e?)sind

|1+ | Fo

nae na nae
First we finish this sinu na?1 — e%sini Fawhere u=w + 8, 1 - e? Fy and these are the 4 equations
and last 2 were.

(Refer Slide Time: 09:46)
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So, these are the 6 equations which are once converted in terms of Fr, Fg and Fa. So, this is how
they appear ok. So, now we have start with what we have been doing. So, what we did that we
represented the reference frame first X, y, z and in that then we had the orbit and the projection of
the orbit represented like this. Then we had in this direction P cap unit vector we have taken in the

direction of &.

And then in the direction of Q we have taken the 7, so this is the reference frame in the plane of
the orbit. And then we indicated the satellite position somewhere, so along this direction we had
the vector ur perpendicular to this we have us where the angle theta is indicated like this. And this
angle we have represented as a w, this angle as Q when angle of inclination this angle is i,

inclination with the x, y plane of the orbit, inclination of the orbit with the x, y plane ok.

So, and then we had with other color we can show it and perpendicular to this then we have u A.
So, where g, 1, cross tig equal to,, so these are perpendicular. Means, if you have ur here,
this is ug, SO 14 is up, this angle is 90°, this angle also 90°, this angle is also 90°. And then what

we were trying to do is that we wrote F as a F.1i,., Fgilg and F,ii,.

F = —[Fi, + Follg + Fyil]

And % we wrote it this way and this quantity is nothing but - F. So, force of perturbation on the
]

RTS particle the RTS planetary body, assuming it to be a point mass. And then of course we have



OR

6C]'

and what we were trying to do is find out this quantity. Because F is already described here in

this format, so we have to find out %. And once we do this, so we can take the dot product and
J

this quantity will be available to us where
1 ‘FL‘F
Ri= =6 Xjam, (2= 52)

j#i Ty

So, different models are required in different places say if we are looking for aerodynamic drag.
So, aerodynamic drag always by convention say if this is the orbit and then at point the velocity
will be tangent to this, velocity tangent we can show it like this, so this is the velocity direction.
And therefore drag will be opposite to this, this is by convention ok. And therefore we need to find

out the force along the tangent direction while here this is not along the tangent direction.

So, in this case it may be helpful to work with the other representation, like here we can have in
the tangent direction we can have ut as the unit vector. And perpendicular to this then we will have
Un as the unit vector and perpendicular to us and un we will have another vector which we can name
anything like say | name it uc or whatever. So, here in this case the drag will be model if properly
if we represent this in terms of the tangent vector, unit vector and normal to this, this called the

principal normal.

And the what is appearing here the as you see this is called a binormal ok. So, along the tangent
direction, along the principal normal direction and in the normal direction we require then the all
the forces. This model also we will look into shortly once we finish this part. So, let us go ahead
and finish this part first because each every model it is a useful in it is own place, it say depends
on the situation which will be more convenient to represent ok.

(Refer Slide Time: 17:53)
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So, thereafter we represented ur vector and ug vector and ua vector, this we represented in terms of
Q, w and i. So, these were function of Q, w and i, | will not repeat those equations again. So, i,
say if this is something times it was 7, then j and then k. Similarly iy was described and the same

way the i, also it was written ok.

So, thereafter we wrote,
r=tP+n0Q
and this model we have used earlier while evaluating the Lagrange bracket. And here we have the

¢ as atimes cosE - e and n is atimes (1 — e?)sinE. And what we require, we require this quantity
dou R by dou cj. So, therefore the first example we took off it was g—i and from this place then we

wrote it this way ok.

And thereafter we evaluated this term, so in that context we got Z—zas the quantity - Fr /a ok. So, till
this extent we have done last time and where this will go, this will go into the equation we have
written earlier g—i you see where it is appearing, so in those places we need to insert it. Here in this

place this is not there, here it is not there, here also it is not there, here also not.

or 0t 5 , 0N A
aa_aap 6aQ



So, if Z—z is present here in this place. So, we need to insert it here in this place, ok. Now once we

have done this the other part then one more | will do, which is g_(i' Because each of the derivation

it is a quite cumbersome and it is a long, so it is not possible to carry out all the things here in the
class. So, this will come as the supplementary material later on ok. So, this quantity is what this

we have to derive.

So, again we start writing & = a (cos E — e) and therefore we can see from this place that 2—2 how
much this quantity will be. So, this is a times here e will be this is - 1, once we differentiate and
this will be cosE once we differentiate this will be sinE 5—2. And why we are differentiating this

because we have M equal to E - e sin E ok, and M is the quantity which is written as n¢ - T where
T is a constant.

And therefore once we differentiate and M is also ok, so first we write this Z—A:, this quantity will

be. Now here if we look into n is a function of n equal to\/g So, n is not a function of e ok, only

a is appearing and therefore this quantity is 0. So, once we differentiate this quantity, so Z—Z equal

to 0 this will be equal to 1 minus and then we are differentiating with respect to sorry, this is yes

we are differentiating with respect to small e.

And therefore this will be

oM 0E . O0E
2 = Z _sinE — ecosE—
de de S ecos de

we combine the terms together and write it. So, this ok, so from here we have Z—i times1-ecosE

this equal to sinE with minus sign ok. Let me write it here, this place is getting sort.
(Refer Slide Time: 25:05)
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So, M we have written as M esin E and because M is a function of mean angular velocity - T and
mean angular velocity and then we are differentiating this with respect to E. So, this quantity will
be 0 because here these are not function of e. So, the left hand side then we have set it to 0 and

then work with the rest of the things. So, therefore

oM 9 ,

o = 30 (E — esinE)
oM  9E . dE
5 = 3e SinE — e cosE 5%

And then once we expand it, so this will be ‘;—5, Z—f e - sinkE and then - e cosE and this we combine

and write it as here we have (1 — sinE) this will be plus. So, the same thing | am writing here in a

little better way

oM  OE .
== (1 — ecosE) —sinE =0

0E _  sinE
de 1—ecosE

and this is the equation we are going to utilize.

Now we have to work with this equation, we have to find out what will we do those ¢ by da and

on
da’

(Refer Slide Time: 27:12)
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So, we look for :—Z, this quantity because psi is a times cos E - e and therefore once you differentiate

this we can write it as a times. So, this is a quantity already we have worked out on the last page.

So, we need to insert that value sinE and this is - = = - and this is- =2 = - S0, one more point this

IS a e is missing, so here we are the small e also present, in this place also small e is here.

And we recast this equation into little different form. So, that solution to the problem becomes
little easier ok. If we take it a inside, now a sinE if you remember n we have written as equal to r
sin theta is equal to a times 1 - e, sinE. So, a sin E this quantity is r sin 8 divided by /(1 — e2).
So, a sin E we will replace by r sin 6 divided by 1 - e under root then sin E and rest of the term we

have to copy here.

_ [ a asian] _ rsin@sinE
1—ecosE J1—e?(1—ecosE)

So, let us say this is our equation A, the same way we have to work out the eta term. So, n is a

times 1 — e? sin E and therefore Z—Z this quantity will be a times 1 — e? - 2 e, 2, 2 cancel out this

is esin E with minus sign here. And then the other term this is + a times 1 — e? Z—i, so we need to

sin E

replace this quantlty — already we have written on the previous page, T ok. Again some

of the terms we will change and write it in a proper format.
(Refer Slide Time: 32:34)
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Therefore we have Z—Z this equal to the first term here if you see a 1 — e? sin E is appearing, so this

4
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quantity is nothing but rsin 8 ok. So, the second term will be replaced by r sin 6 ok, first we take
into account this part. So, the asin E, asin E already we have written here, asin E we will replace
with r sin theta divided by 1 — e?2. So, for the first term then gets reduced to see here itself let me
do it.

So, it will convenient for me to work out, - asin E is r sin 8 divided by 1 - e2. So, r sin 8 a we have
taken, this is e r and then 1 - aZis already there and this makes it 1 - a?here. And plus this part, a
times 1 — e?sin E from this place this is r sine theta, so this becomes r sin theta times cos E divided

by1l-ecosE,sorsinfcosE1l-ecosE1l-e?.

on _ ersin@ = rsinfcosE
de 1-e? 1—ecosE
rsinfcosE

So, let us summarize it here, so this becomes ———. Now we can utilize these terms in finding

§

out g—: which we have written as g—eﬁ + Z—Z Q. So, inserting the values P and Q, it is available to us,

we have P equal to ur cos@- iisin® already we have worked out this things in the previous lecture.

or 0t = 0N A
Z_=22p+=
de de aeQ

So, we will utilize this information here in this place, this time we are picking up % a’sinEl-e

cos E and we have replaced asin E is 1 — 72 ok. One more replacement it is a possible here in this

place.
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And we can because later on again we will have to replace the term, so better we do it here in this

place itself. This sin E also from this place if you see sin E we can write it as r a. So, here this

r2sin%6

, 50 and this equation let us write this as a’. So, this equation will
a(1—-e?)(1—ecosE)

because then the

be required either we replace write in the beginning or later on but it is required ok.
P = 1, cos® — iy sin 0

Q = 1, sin0 + 1y cos O

or r2sin%6 ersinf rSinfcosE| ,~ _- ~

de [ a(l e2)(1- ecosE)] (ur cos§ — ue sin 9) + [_ 1—e? 1—ecosE ] (ursm 0+ UgCOS 9)

So ’sin®0___times P which is nothing but (2L, cos 6 - @i, sin 8). And plus 2L, so the term
" a(1-e2)(1—ecosE) 9 r 6 ! P de’

ersing | rsin0cosE and this then multiplied by (i,sin 6 + figcos 8) ok. So, we will

which is here, so —;
1-e 1-ecosE

continue with the same equation in the next lecture, we stop it here and thank you very much.



