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Linearization of Lateral/Directional Dynamics (Cont.)

In the last lecture, we have discussed how we can come up with the linearized model of
the equation of motion of the force equation basically in the y direction. So, we had the
force equation

Y + mgcosOsingp = m[v + ru — pw]

And through the small perturbation concept, we came up with the linear model, and we
worked on two more equations, which are moment equation in the lateral direction
motion which are

AV = Y,Av + Yo Ap + (Y, — ug )Ar + (Y + gcos 0)A¢ + Y5, A8, ... .. Eq(1)
=Pl — Tl + qrll — Ly — PGl - Eq(2)

n = —ply, + ly + pq[lyy — Lix| + qrly, ... .. Eq(2)

Eq.(2) represents moment equations which will be considered in this lecture and find the
linear model of this equation. And now let us start applying the perturbation variable in
this equation. The variables in Eq.(2) involve the reference values and perturbed values.

n=ny+Anl=10,+AlL,p=py+Ap,q =qy +Aq, v =15+ Ar

After applying the small disturbance theory to Eq. (2), the following perturbed equations
are obtained.

Al = LAp — L,AF ... ..Eq(3)
An = —I,Ap + LAF .....Eq(4)

I am not showing the full steps the same way you can proceed what you have done
previously. You can ignore the small the product of perturbed variables and the same



process we can follow what you have done in the previous lectures. We need to see what
are the moments, what are the variables are involved to generate this Al and An and if
you can find that error series of those variables | mean those variables which are
involved to find this Al and An then we can come up with the full equation model non-
linear equation. So, now as mentioned the perturbation Al and An happen to be variations
of v,p,1, 6,4, 6, SO, these are the variables actually involved to generate this perturbation
in moment Al and An. This is basically the control torque to the moment equation. We
can write the expression of Al and An in terms of Taylor series as

Al—alA +alA +alA + ol AS, + ot AS Eq(5
“ov T ap P T ar S T asa 00 T gy 0 9(5)

m= 0+ Pap+ Par + 2 as, + T ps, . Eq(6

navvaparaSaa&r ...... q(6)

Using Eq.(5), Eq.(3) yields
Ly,
Ap = IiAr' + L,Av + L,Ap + L, Ar + L5y A8, + LsypASy ... .Eq(7)

X

Where L, = Ii:—i and so on are the aerodynamic derivatives. Similarly using Eg.(6),

X

Eq.(4) yields to be

L

Ar =
T I,

AP + N,Av + NyAp + N, AT + NsgAS, + N5 A, ...... Eq(8)

Where N, = Ii‘;—: and so on are the aerodynamic derivatives
It can be noticed that the rolling and yaw moment equations are coupled with each other.
In order to yield the first order differential equation for Ap and A we need to do the
following mathematical manipulations, substituting Eq.(8) in Eq.(7) yields

I2 I
Ap [1 - lez l = % [N,Av + NpAp + N.Ar + NsgAS, + NspAS,| + L,Av + L,Ap
Xtz X

+ LrAT' + L5aA6a + LgrASr ...... Eq (9)

Consider n = [ - ﬁ]

Ily
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Ap = [L’;‘, + ﬁN;] Av + [L;; + ﬂNg] Ap + [L’; + ﬂzv;] Ar + [Lga + ﬂN;;a] A8,
L L L L
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Where L;, = 7” and so on

Similarly for Ar equation we get the following expression. The students are suggested to
derive on their own.

Ar‘:[zv +—L*]Av+[N +—L*]Ap+[N*+—L*]AT+[N5a "ZLga]M
+[N§r+%Lgr] A8, ......Eq(11)
X
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Where N, = 7” and so on

So if you notice above two equations are linear equations because the coefficient of the
variables are basically assumed to be constant for the particular flight regime which will
be derived from the wind tunnel testing so these are basically constant and the system are
basically linear LTI system. Let's stop it here we'll continue from the next lecture where
we'll be finding the state space model of the lateral directional motion of the aircraft and
how we can connect the control algorithm to the equation of motion which will be
defined in linear form. Thank you.



