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Linearization of Longitudinal Aircraft Dynamics

In this lecture, we will be starting how we can find the linearized equation of motion of
the aircraft. Before we proceed, let me rewrite the trim flight condition of the longitudinal
equation because it will be required while deriving the state space model. So, the trim
flight condition for the longitudinal motion, we had

XO —mg sin 90 = muo
Zy+mgcosfy = mwg ... .. Eq(1)
mO = O

Now, we will start to find the what type equation of motion of the original equation, the
force equation in the longitudinal motion force along the x axis will start.
Let us begin with considering forces along in the x axis or x direction, we can write

X—mgsind =m(u+qw —1rv) ...... Eq(2)
We know from previous lecture
uU=1uy+Au,v=vy+Av,w = wy + Aw
p=po+Ap,q =qy +Aq, v =19+ Ar
X=X+ AX, Y=Y, +AY,Z=7Zy+ AZ
m=my+Amn=ny,+An,l =1, + Al
0=0,+A00,p=0¢y+AD, Y =1y +AY

So, this is basically the first term indicates the reference model and the second term
perturbed variable. And if you substitute these terms in the Eq.(2), we get



XO + AX - mg Sin(eo + AH)
d
=m [d_t (ug + Au) + (go + Aq) + (wy + Aw)
— (ryg + Ar)(vy + AV)| ... ... Eq(3)

And if you ignore the product of perturbed variables and if you assume the trim flight
condition,  okay, let me write during trim flight we know that

Vo=DPo=qo=To=¢Pg =3P =0

So, we are neglecting the product of perturbed variables because the magnitude of these
terms are very small. So, after introducing this condition in Eq.(3) and solving, we can
write

Xo + AX — mgsin 6, cos A8 — mg cos 0, sin A8 = muy + mAu + mAqwy ... ... Eq(4)
Further, if we assume perturbations are small
cosAfB =~ 1, sinAf = 1
Xy + AX —mg sin8, — mgAB8 cos 6, =miy + mAu + mAqwy ... ... Eq(5)
Using Eq.(1), Eq.(5) can be written as
AX — mgA®f cos 8, = mAu + mAqwy ... ... Eq(6)

Okay we'll proceed with another assumption. If we align the body x axis along the
direction of airplanes velocity vector in that case we can write w, = 0 (stability axis)

AX — mgA@ cos 8, = mAu ... ... Eq(7)

Here the force AX is the change in aerodynamic and propulsive force. Because already
we have discussed X actually is the total force which is coming from the aerodynamic
and propulsive forces and AX is the change in the aerodynamic propulsive force in the
body x axis or x direction we can write and this AX can be written in Taylor series form
in terms of perturbation variables. So, let us write

AX = f(Au, Aw, Aq, AS,, AS,)

X X X X X
=%Au+%AW+%Aq+a—6eA(Se+a—6tA5t ...... Eq(8)
Where AS, and Aé, are the perturbation variables in elevator input and fraction of
maximum thrust. These are basically elevator deflection. So, this causes to deflect the
body from the reference point to different point and if it is going to control the AX then
we can say this is the favorable control input to the system which is going to control AX



or which can control indirectly actually we are controlling Aui. So, how we can make
time rate change of Au to zero with the application of control input and perturbation
under the maximum thrust. So, we'll be looking while designing the control algorithm.
Let me write

0X 0X 0X 0X 0X

represent the stability derivatives. This can be found from the wind tunnel testing
basically which are evaluated at the steady state value. Basically these are the matrices
if you look and generally if you remember while studying of the state space
representation we considered the Taylor series expansion of the system of the pendulum
system the value of this expression at the equilibrium point or the trim values this is what
you have done for the pendulum system. Now the aerodynamic forces and moments can
be expressed as a function of all motion variables. However, generally we're gonna use
almost all variables are involved to generate this force and moments but we will be using
which contributed most so we can write however in these equations only the terms that
are usually significant have been considered or have been retained. Another
assumption, is the effect of, piece rate g on the X which is basically X, + AX X is
negligible, because they are in the same direction, we can say that. | mean, we are
assuming the rate along the y axis to be zero, we are assuming, and that's why the effect
of the force along x direction will be negligible.

And therefore, Eq.(7) reduces to

OX i+ X pw + Zns, + 9% s A8 cos 8, = mAi
gu -t T aw Y T s, 00 T s, Dot T gAY cosBo = mAL
(d 1ax) 10X o, 10X o 10X
dt mou) "t maw W T IRT S =5, % T mas, ot

. 10X 10X . . .
And if you denote X,, = —— Xy = —— and so on are the aerodynamic derivatives

divided by the airplanes mass

(% _ Xu) A — X,,Aw + gAB cos By = Xs,A8, + XseAS, ... .. Eq(10)
So, this is basically the linear model of the system because these terms are constant, they
are perturbed variable. Eq.(10) is actually the linear equation of the forced equation in
the X direction. The stability derivatives we find from the wind tunnel testing. So, now
we will be moving to the next part of the forced equation along z axis and how we can
find the linear form of the force along z axis. So, that part we will continue from the next
lecture. Thank you.



