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Lecture — 34
Numerical Analysis
So, let us continue the discussion on interpolation. So, we are talking about different kinds of
interpolation for function. And we have looked at a few different ways. Now we are going to
talk about the other one now.
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So, what we are going to talk about now the Piecewise and Spline interpolation, so which we
are going to like the other way of doing things. So, for example, piecewise and spline
interpolation, so, now in order to keep the degree of the interpolating polynomial small and
also to obtain accurate results, we use piecewise interpolation. So, now for piecewise
interpolation, what we do? Let us say, we replace f(x) on |x;_4, x;| with the Lagrange linear

polynomial, so that we can write

X — X X —Xi_q
FG) =P =————fint — /i

i-1 i Xi — Xj-1

i goes from 1 to n.

Now similarly, the Piecewise Cubic Hermite, so, if somebody write piecewise cubic Hermite
interpolation, so, in that case, we have the values of f(x) and f'(x) which are given at point
Xo, X1, X2, ... Xy, then we can replace the function f(x) within like this interval, like F;(x) isa

cubic Hermite interpolation polynomial.
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And we get
B . = (x = x;-1) (x = x;)?
1 (xi—1 — x;)?
and
B — (x = x)(x — x;-1)?
;=

(x; — xi-1)*

So, we note that this piecewise cubic Hermite interpolation requires prior knowledge of f'(x;)
fori1tonand also if we only use a f; the resulting piecewise cubic polynomial still interpolate
f(x) at x, and all this. Since P5(x) is twice continuously differentiable on a and b we determine

M; is using this condition. Such an interpolation is called the spline interpolation.

So, now we will look at this cubic spline interpolation, so we assume that continuity of second
derivative which is already given here. So, what we can write then that
lei_{% F''(x; +¢€) = 1613% F'"(x; — €)
and what we can get that
6

4 2
limF"(x; + €) = (fisr—f)——f ——f/
(e ivi” fiea = hi+1fl hipy "1

So, we can say that,
. ' 6 2 I 4 14
lel_r)réF (x; +€) = n? (fier = fi) + hifi—l + hifi

So, if we equate the right hand side what we get?
(Refer Slide Time: 06:04)
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That,
lfi'_1+(£+i)fi'+ 1 fi,+1:3(fi—1_fi)+3(fi+1_fi)
h; hi * hiya hiva h;? Ripq?

where i goes from 1 to (n — 1). So, these are (n — 1) equation and (n + 1) unknowns. So,
for fi, f2, - [, SO, these are the unknowns. But if not double prime or f,," are prescribed then
from these equations what we get is that

o1, 3(fi—fo) 1,
h_lfo +h—1f1 =T az 2
Similarly,
3(fn _[n—l) +1
h, 2

Here, the derivative of f; which goes from, i goes from 0 to n are determined by solving these

1 ! 2 1A 143
h_nfn—l +h_nfn = fn

equations and then we can determine other things. Now, for equi-spaced points, so this
particular equation here and this one, they will now, we can replace that thing.
(Refer Slide Time: 08:15)
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With the equi-spaced system, so we can write,

fl + 4f1 + fz+1 (fi+1 - fi—1)

where i goes from 1 to (n — 1) and
! ! 3 h n
2fo +fi = E(ﬁ - fo) —Efo

3 h
fri—l + ZfT{ = E(fn - fn—l) + Efn”
where we have, x; — x;_; = h where, i goes from 1 to n. So, this procedure here will give us

the values of a f;'.

So, this actually gives us f;'. Now, this one we substitute in the piecewise cubic interpolating
polynomial, we obtain the required cubic spline polynomial. Also, one has to note that here,
onehastosolveonly (n —1) x (n—1)or (n+ 1) X (n + 1), tri diagonal system for equation

fi. So, this method is computationally much less expensive than the direct method.

So, this is one of the biggest advantages of this particular method. So, similarly, here what we
have talked about here is that, this is for continuity of second derivative. Now similarly, one
can find out this cubic spline interpolation for fast derivative also. So, that one can look at some
of the textbook and find out that thing. So, essentially the point here is that you can also get
like cubic spline interval interpolation for continuity for first derivative, so that is what is there.
So, this can be, one can find that out too that, what would be that thing?

(Refer Slide Time: 10:55)
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So, now, we look at some other thing like bivariate interpolation. So, here first thing that we
will look at is the Lagrange bivariate interpolation. So, if the values of the function f(x, y) at

(m+ 1) and (n + 1) distinct point are given then the polynomial
P(x.y;) = f(xy;) = fi,

where, i goes from 0 to m, j goes from 0 to n, so which could be given as the

Pon(x,y) = zn: i X, i ()Y, (%) fi

j=0i=0
Now, here we have
_ w(x)
Km0 = o G
And
B w*(y)
0 = 5 e )
So, where
w(x) = (x — x0) (X — x1) .. (x — Xp)
And

0 M =0=-y)@ =y . (v = ¥n)
so this is how one can. Similarly, | mean, there are Newton's bivariate interpolations also one

can find out. Now, there are other, I mean, these are different kinds of interpolation that one
can do and different techniques are used for different kinds of system depending on what is
user requirement.

(Refer Slide Time: 13:39)
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So, we will move to a little bit of talking about approximation. So, in that will, let us say we

approximate a given function f(x) on a and b by which has the form like

n

FG) = Pco,cy ) = ) i)

=0
and this ¢;(x) goes from i = 0 to n or (n + 1) approximately chosen, linearly independent
function. So, these are (n + 1) linearly independent function and c,,c,., these are the

parameters to be defined such that E which is defined

n

) =) cbi(x)

=0

So, this is minimum where, this guy is the norm which is well defined. By using these different

E(f;c) =

norms, we can find the different type of actual approximation like once a particular norm is
chosen, there is a function chosen, the function which minimizes the error here, | mean, let us
say, this is function 1 and this is 2, called the best approximation and the function ¢;(x) is

called a coordinate function.

Now, one such thing is that one can say is that, you have like, least square approximation, so

what you do here? We determine the parameters ¢, to c,, such that

2

1o €mes6) = D W) [f(xk) -> cicbi(x)]
k=0

i=0
so that is minimum. So that is what we get. Here the values f(x) are given at (n + 1) distinct
point.
(Refer Slide Time: 16:18)
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Now, for function which are continuous on a and b, we determined

b n 2
I( Co,C1) +ny Cn) = j- W(X) [f(x) - z Cid)i(x)]

i=0
This is also minimum where W (x) > 0 is the weight function, so this is the weight function

The necessary condition for, let us say, we say this is equation 3 and this is 4. So, the necessary
condition for 3 and 4 to have a minimum value is that
ol

—=0
aCi
forigoesto0,1ton

So, which gives a system of (n + 1) linear equation and where we have (n + 1) unknown and
which takes the form like

| W) [f(x) - e

i ]cbj(x)dx =0
i=0

where j goes from 0 to n. So, the equations are called the normal equations these equations, |
mean, either this or one can write in this equation like that

N n
z W (x) [f(xk) - Z cidi(xx)
k=0

i ]d)j(xk) =0
i=0
So, these are called the normal equations
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Now, for larger normal equation become ill condition where ¢;(x) = x* and this difficulty can
be avoided if the function ¢);(x) are so chosen that, they are orthogonal with respect to the
weight function over on a and b.

(Refer Slide Time: 18:36)
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Such that what we write that

N
> Wi () = 0
k=0
i not equal to j or one can say

b
jww@m@mw=o

where, i not equal to j. So, if the function ¢;(x) is orthogonal then, what we can get? That
C = =0 W (xi) d; (xi) b (x)
‘ K=o W (6) i (i)
where i goes from 0 to n and from other expression like from this one we can get from this guy.

So, let us say this is 5, this is 6, so, this is from 6 now, from 5 what do we get
b
o _ Ja WS ()dx
L — b
J, W) d;* (x)dx
so now, this is what | mean, you get on this.
(Refer Slide Time: 20:29)
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Now, we can look at in Gram Schmidt orthogonalization process which is also you have talked
about this. So, given a function ¢;(x) the polynomial ¢;"(x) orthogonal on a and b, then we

can find out we have like, ¢, (x) = 1,
i-1

b0 =2 =) 4y ')

r=0

where,
[} W()xi e, (x)dx
Air =
LW (9, (0) dx

where, i goes from 0 to n. So, what a discrete set of points we replace the integrals by this

essentially the summation.
(Refer Slide Time: 21:55)
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Now, another thing which is possibly can happen is that uniform or minmax polynomial
approximation, so that is another thing. So, taking that approximating polynomial for a
continuous function of f(x) onaand b in the form like
P,(x) =Cy+ Cix + -+ Cpx™

So, we determined C,, C,, ... C,, such that the derivation which is

Ey(f,Co, Cy, .. Cr) = f(x) — By(x)
which satisfies this condition that

max |E, (f,Cy, Cq,...Cr)| = ar?xigblEn(f, Co, Cy, ... Cp)|

a<x<b

So, what if we denote

en(x) = f(x) = B (x)

and
En(f,x) = max e, (x|
then, there are at least (n + 2) points like in a = xy < x; < -- < x,41 = bwhich would be

where Chebyshev equi-oscillation theorem says.
(Refer Slide Time: 23:51)
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That if

i) e(x;) = £E,, where, igoesto0ton

ii) e(x;) = —€(x;4+,) Where, i=0ton.

So, the best uniform or minimax polynomial approximation is uniquely determined under the
conditions of these 2. It may be said that, | mean, it may be the second one actually implies
that, ’™*9 = 0 for i = 1 to n. So, this is what it implies. So, this is what another thing that one

can get is that Chebyshev polynomial.
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So, the Chebyshev polynomial of first kind T,,(x) which is defined on [-1, 1] which can be
written as that

T,(x) = cos(ncos ~1x ) = cosnd
Or

0 = cos !

x
Or

X = cos@
So, this polynomial satisfies the differential equation

1—x?)y" —xy' +n?y =0
So, one independent solution gives T,,(x) and the second independent solution is given by
u,(x) = sinnd

we note that u, (x) is not a polynomial.
(Refer Slide Time: 25:40)
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The Chebyshev polynomial of second kind denoted by the second kind is denoted by, u,,(x)
which is
sin(n +1)0 _ sin((n + 1)cos™'x)

sinné V1—x2

So, this is a polynomial of degree n. So, Chebyshev polynomial of T, (x) satisfies the

un(x) =

recurrence relation like,

n+1(x) = 2xT, (x) — Ty- 1(x)
where,
To(x) =1
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and T, (x) = x. So, you can similarly extract the other, if T,(x) = 1. So, also, what you can
have been that

T, (x) = cosn® = Re () = Re (cos § + i sin )™ = 2" 1x™ + terms of lower degree
and the Chebyshev polynomial T, (x) has certain properties which like, one can see.

(Refer Slide Time: 27:28)
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In any of these books that this will follow some properties one | quickly like to touch upon is
that the, so this Chebyshev polynomial approximation. So, let us Chebyshev series expansion
f(x) belongs to C[-1,1] which is written as

F0) =24 ) alio)
i=1
then the partial sum would be

n

P() =24 ) aTi(®)

i=0

It is very nearly the solution of the min max problem where

f(x) — Zn: Cix;
i=0

So, to obtain the approximate polynomial of B, (x), we follow certain steps like, we transform

max = minimum

-1<x<1

the interval [a, b] to [-1,1] and then using linear transformation like
_[b-a)t+ (b +a)]
B 2
and then obtain a new function f(t) on (-1,1). Then obtain the power series solution for f(t)

and then we can write each term.
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Like,
F© =) T
i=1
and the partial sum like
n
PO = ) CTi(0)
i=0

and then the good uniform approximation of f(t) is, in the sense like

_q1<al)<(1|f(t) - Pn(t)l < |Cn+1| + |Cn+2| +-<e€

So, this is how the Chebyshev polynomial approximation can be obtained. So, you can see

there are different interpolation function and how the approximation is done.
And these are useful for different applications. And user has to decide which is best suited for

this particular approximation. So, we will stop the discussion here and continue with the other

discussion in the next session.
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