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Lecture — 29
Numerical Analysis
So let us continue the discussion on root finding so we have looked at how to find roots through
direct method and the iterative method.
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Now today we arm roots so we will

look at the iterative method for multiple roots. So, let us say you have an equation which is like

an equation is f(x) = 0 and if £ the root € is in a repeated root. So, what we can write
fG)=x—-8"gx) =0

Now, g x would be obviously bounded and on top of that, the g(x) # 0. So, the root ¢ called

a multiple root of multiplicity m.

Now we obtain the equations, which is like if
fO=f@=-=f"HH=0
And
fmé) #0
So now so far whatever we have discussed there while determining the multiple roots, so they
do not retain their order while determining a multiple root and the order is reduced at least by
one. So, if the multiplicity of m of a root is known in advance, then we use some different

methods like let us say we can do some Newton Raphson.
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Similarly, what we have done like they are done in this, when you have multiple roots or rather
the multiplicity of a particular root, then the Newton-Raphson becomes like

Jie

xk+1:xk_mfr
Kk

where k is 0 1 2 like that and the order of this particular method would be second order. So, it
does not hurt too much, because you still achieve the second order accurate things.
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Similarly, one can write the Chebyshev method so, in that case the function which is evaluated
will be

e mB-m e m f_]f_

k+1 k 2 fkl 2 fkl fkl

for k goes from 0 1 2 so on and the order of this particular method is p = 3 or an alternative

way one can write like we applied the previously that we have discussed let us say we define a

equation
G(x)=0
where
_fM)
G(X) - f’(.X)

So now it has a G(x) has some simple root design regardless of the multiplicity of the root
f(x) = 0. So, the Newton-Raphson when we apply Newton-Raphson it becomes so applying

Newton-Raphson we get

_ G (xy)
Xk+1 = Xk — m
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or one can rewrite this
e SO G
LT 0l — FOa) 7 Gk

so, where k is 0 1 like that 2. So, now, similarly, for this particular equation, what we have here

like this the secant method can be written as like
X _ Xie—1f Cad f' (i) — xpef =) f (i)
T O f Oo—1) — f G- f ()
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1 |
So, this is how you can write and similarly, you can write the like derivative free method so,
where you write

X1 = X — Wi (x) — Wo(xy)

And
F
Wi(x) = ggg
and
F —W.
W, (x;) = (xkg(xkl)(xk))
and
_ F(xp + BF(x)) — F(xz)
g(xg) = BF ()
and
) ()

T - f@) - f)
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So, here beta obviously is not equals to 0, which is an arbitrary constant so, this requires 6
points on evaluation per iteration and the order of this particular method is also part of them.
So, if you see when you have multiple roots, these are the things what you can write like for
different approaches.
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Now, we look at the iterative methods for a system of nonlinear equations so now, as we have

done the discussion now, we are going to a system of nonlinear equation let us say given a
system of equations, we can write

fi(x1, x5, %) =0

fo(x1, %9, 0, %) =0

fa(x1, %2, 0, %) =0

so, let us say system 1. Now, starting with the initial approximation, which is given at
2@ = (2,9, 2,©, .., x,©)

we obtain the sequence of iterations or iterates using the Newton Raphson method.

So, what we can write like if we do the sequence of iteration where we can write
28 = (2,0, 2,0, ___,xnac))T

So, what do we write for Newton-Raphson as:
x(k+1) — x(k) —]_1f(k)

where k is 0 1 2 so on and x® given like that,

FOO = (fl(").fz("), ___’fnoc))T

And
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k
fi( ) — fi(x1(k)»x2(k)' ___,xn(k))

where J is the Jacobean matrix and the functions f;, f,, f,, these are evaluated.

So, these are the function which are actually evaluated at point x,, x, ..., x,, like that. So, the
convergence of this method which is also is second order, so now, this is what you get. Now,
the other thing which may appear is if you have complex roots then what happens?
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So let us say if you have complex roots, we have been given an equation which is f(z) =
0, where z = x + iy. So, this equation we can write in the form like

u(x,y) +iv(x,y) =0
where u(x, y) and v(x, y) are the real and imaginary part of the f(z) itself. So, the problem of
finding this complex root f(z) = 0 is equivalent to finding the solution x y of system of 2

equations like u(x,y) = 0, v(x,y) = 0 and the initial condition would be x(®, y(©,

So, we can find the series of sequence of iterates like we can write by using Newton-Raphson

5 (k+1) 5 ) ) u(x(k),y(k))
(y(k+1>) = (y(k)) —J <v(x(k)’y(k))>
where k goes from 0 1 2 like that and the Jacobean is given as
Ju Jdu
dx 0dy
dv Jv
ax ox x(K) 5 (k)

what we can write is like
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So, this is the Jacobian so, the thing which we are written here we can this is one way one can
look at it, but alternatively one can directly apply the Newton-Raphson to this particular
equation.
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So, if we applied directly to the alternative approach, one can think about that directly applying

the Newton-Raphson to these particular equations where z = x + iy, so, if we apply directly
this that we can write

f ()

Zk+1 = Zk - fI(Zk)
Where k= 1 2 like that. Now, this is what uses complex arithmetic now, the initial
approximation here is it not is given that is also happens to be complex and then the secant

method can also be applied using complex arithmetic.

Now, once finding the one root which is let us say z; then we can apply this Newton method

for the deflated polynomials like
f(2)

Z_Zl

f(2) =

So, this can be repeated after finding every root. So, if k roots are already obtained then iteration
can be applied on the function like

f(2)
(z—-21)(z—2,)..(z—z)

and the new iteration of what we can write

fr(2) =

f (k)
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Now, the competition of this particular quantity

f*/_ d o~ d _ 1
= E(logf ) = E[f(z) —log(z — zy)] =

fr (z—2y)
S0, that is what you get.
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Hence, the computations are carried out like
f@) _f'e) 1
ff(z)  f(z) (2 —2z1)

So, there are some precautions one has to take like number 1 any 0 often by using the deflated

polynomial should be refined by applying Newton's method. So, to original polynomial with
the 0 as the starting approximation that is

i) Handling of zero

i) Computation of zero

So, the computation of 0 so, the 0 should be so, this is how one can get these things when you
have some complex roots. Now, we will talk about none slightly more about like similarly
iterative methods for polynomial equation. Now, we are slowly increasing the order of
complexity and polynomial equation. So, what it says that whatever we have so, far discussed
can be directly applied to obtain the roots of a polynomial of degree n like if it is
B(x)=apx"+a;x" 1+ +a,_x+a, =0

Let us say equation 1 for are all these a,, a4, ..., a, these are the real numbers very often we
are interested to determine all the roots whether it is with could be real, could be complex,

could be simple root or multiple roots. So, we have already seen all the processes or the
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methods that can find real root, complex root, simple root or multiple roots. So, then what do
we need to know

1) the exact number of real and complex roots along with their multiplicities

i) the interval in which each real roots lies

so, these are the things that one has to take care so, then what we can often using the Sturm
sequences that.
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Let us f(x) be the given polynomial of degree n an f; (x) denotes first order derivative, its first

ff(x)

order derivative, then what £, (x) the remainder o ) with the reverse sign and f5(x) is the

1x

remainder of £ 1((x)) like this. So, until we get the constant number is often the sequence of these
3

functions like

fGO, f1 (), f2(2), -, fo (%)

is called a Sturm sequence.

And the number of real roots for the equation f(x) = 0 inaand b equals the difference between
the number of sign changes in the Sturm sequence of f(x) = 0 sequence at x =aand X = b
provided f'(a) # 0 and f'(b) # 0. So, one has to note that if any function in the Sturm
sequence becomes 0 for some value of x will give it to the sign of the immediately preceding

term. So, what if f(x) = 0 has multiple roots, we obtain the Sturm sequence like

f), f1(x), (), . £ (%)
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And in this case, f,.(x) will be the constant, since f,.(x) gives the greatest common divisor of
f(x)and f'(x), the multiplicity of root f(x) = 0 is one more than the root of a f,.(x) = 0. So,

we have done a new time sequence by dividing all the function like

fr(x)
()

and using that sequence, you determine the real number of real roots of the equation f(x) = 0

£, 1), fo(x), ..

and the same way one can take into account the multiplicity of these f(x) = 0.

Now, one thing is that while obtaining this Sturm sequence, any positive constant common
factor in any Sturm function f; (x) can be so that has to be neglected. Since the polynomial has
degree in so it must have exactly n roots, the number of complex roots equals to the n number
of real roots, that the real root of multiplicity M is counted as m times. Let us say, x = € is a
real root of P,(x) = 0, then x — & must divide B,(x) exactly. So also, if x =a +if is a
complex root of B,(x) = 0, then the complex conjugate a — if is also a root.
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So, what we can write like that,
{x—(a+ip)Hx— (@ —if)} = (x — a)* + B?
So, this is going to be
x% = 2ax + a? + p?
which is going to be
x2+px+q
something like that where p and q must divide by P,(x) exactly so, this quadratic factor may

have a pair of real roots or pair of complex roots. Hence, the iterative method for finding the
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real and complex roots of B,(x) = 0 are based on the philosophy of extracting linear and

quadratic factor of B, (x).

Now, we assume that or rather assuming that P, (x) is complete the polynomial then it has n +
1 terms, if the terms is not present to introduce it today, we can introduce that on with proper
replacement with sort of an 0. Now, we will discuss different approaches or methods like first
one is that Birge-Vieta method. So, in this case, we seek to determine the real number P such

that x - p becomes a factor of B, (x) starting with P(0).

So, you can find out the sequence of iteration like p;, so, this is let us say

Pk+1 = Pk — _Pn,(pk)
Pn (Px)
where k = 0 1 like this or one can write
Prk+1 = Pr — Cot

so, k =01 2 like that, which is also a sort of an Newton-Raphson method. Now, the values of
b, and C,, are often from the recurrence relation, like

b; = a; + prbi—1
wherei=0ton,

Ci = by + piCiq

wherei=0ton-1and

and

b_,=0=C_,
So, we can also kind of obtain by using synthetic division method.
(Refer Slide Time: 25:21)
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So that is another option that we can have a now when p has been so, what we have that when

there is a limit

Ill_r)lgo b, =0
and in the limit,
lm p, =p

so, the order of this method is also the order is second order. So, now, when p has been like in
a synthetic now, P has been determined to desired accuracy, we expect the next linear factor

for deflated polynomial like

Pn(x)

xX—p

Qn—l(x) = = boxn_1 + ot bn—l

so this can also be obtained by first part of the synthetic division.

Now, synthetic division procedure for obtaining b,, is same that honours method for evaluating
the polynomial p,,(p,) which is the most efficient way of evaluating the polynomial. So now,
we can exact a multiple root of multiplicity m is in Newton-Raphson where we write

by,

Pk+1 =P —M oy

for k goes from 0 1 like that. So, in this case also one has to be careful while finding the deflated
polynomial for example, m = 2, as k tends to infinity, f(x) becomes b,, which tends to 0 and
f'(x) becomes C,,_, tends to 0.

(Refer Slide Time: 27:40)
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So, now, there are other methods which one can also like use for example, Bairstow method

with can also be so, this method is used for find to real numbers p and g such that
x2+px+q

is a factor of p,, (x). Now, we starting with p, and g, and iterate over p, and g. So, what we

can get is that

Pr+1 = Pk + Apk
and

Qr+1 = qr + Aqy
where k goes from 0 1 like that and Ap,, is given as
ann—B - bn—lcn—z
Cn—Zz - n—3(Cn—1 - bn—l)

Ap, = —

And

_ bn(Cn—l - bn—l) - ann—Z
Cn—Z2 - Cn—3 (Cn—l - bn—l)

So, the values of b; and C; which are obtain 2 recurrence relation like

Agqy =

b; = a; — pxbi—1 — qibi-2
where i goes from 1 to n.
Ci = by = pkCi-1 — qiCi—

where i goes 1 to n-1,
and

b_1 =0= C—l

So, I mean one can also kind of get these coefficients using the synthetic division.
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But this is how one can use this method to find the there are other methods like one can use
like Laguerre method. So, here we define the parameter like A, which is

- _ pn’(xk)
pn(xk)

And

AZ _ pn”(xk)

pn(xk)
So, this method which leads to the getting the iteration like
n

+A +/(n—1)(nB — 42)

Xk+1 = Xk

these parameters are obtained using synthetic division method.

So, the sign in the denominator of the of this particular equation is taken as the sign of A to
make the denominator here largest in magnitude and order of this method for convergence is
also second order. Now, what we can now look at is that another method which is called
Graeffe’s root squaring method. So, this is a direct method and it is used to find out all the roots
of a polynomial. So, this is a direct method of with real coefficients, the roots could be real and

distinct, real and equal or complex we can separate the roots.

And then, so let us say &5, &5, &5, ..., &, our roots of equation of this polynomial equation these
are roots of this
B,(x)=apx"+ +a,_.1x+a,=0

so, these are the roots of this equation.
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Now, we are separating the even power of x,, squaring, we get

(apx™ + a,x™ 2 4+ )2 = (ax™ 1 + azx™ 3 + --+)?
Now, once we simplify what we get in

ag?x®™ — (a,% — 2a9a)x*" 2 + -+ (-1D"a,2 =0

Here we substitute

what do we get
boz™ + byz" 1+ -+ b, 1z+b, =0

So, which has a root this guy has root of —&,%, —&,%, —&,2, ..., —&,°.

And the coefficients which can be obtained like can one can see like a,, a4, a,, as, ..., a, like

this is ay?, a;%, a,?, ..., a, 2. So, how do we find the k + 1 column in this particular table which

is a tricky term so you can see the each terms in each column alternated signs starting with the

positive sign. So, the first term in the square of the k + 1 coefficient is a k, the second term

would be twice of that.
(Refer Slide Time: 35:09)
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And so, once we repeat that procedure for m times, we can obtain an equation like
Box™+Byx" '+ +B, 1x+B,=0
So, what do we get, so the roots are R, Ry, R, ... R,, Where R; = —&7™, i=1,2, ... n. So, we

can obtain from this particular equation that

| B

|R;| =
"Bl

= l&lm
So,

log|$;| = 27™[log|B;| — log|B;-4]]
So, this determines the magnitude of the roots and substitution this in the original equation with
the sign of the root. Now, we can stop squaring process when another starting process produces
new coefficients. And after a few squaring actually, the magnitude of the coefficient By is half
the square of the magnitude of the corresponding coefficient the previous equation, so, which

indicates that B is a double root we can find the double root by like

By
Ry = —
T Br
and
Bk
Rgyr = ———
where
Bgi1
RxRk4+1 = RIZ( = B
K-1

(Refer Slide Time: 37:14)
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Or one can write

BK+1
By

IRg|? = ¢ 23" =

like this so, this gives the magnitude of the double root substitution this in the given equation
you can find it sign. So, double root can also be found directly since Ry and R, converge to
the same root after sufficient squaring. Now, if & and &g, ; form a complex pair then this
would also cause the coefficient of x™ % in the successive squaring to fluctuate both in

magnitude and sign.

S0, if &g, Eky1 = Br exp(Lidy) isacomplex pair we are in the coefficient would fluctuate in
magnitude and sign by amount like 2™ cos(mdy). So, a complex pair can be spotted by

such oscillation like for m sufficiently large is the

BKZ(zm) ~ BK+1
BK—l

and which will be determined like

BK+1
BK—l

26, cos(my,) =

so, if the equation has only one complex pair.

Then we can first determine all the real roots and the complex pair can be written like

$kékv1 =P L iq
and the sum of the roots would lead to like & + &, + --- and so on &, = —a4. So, this will

determine P and we also have like B> = p% + g2. Since magnitude of By is already determine

these equations provides g.

334



So, this provides g this provides p so that is how you can find out so, that is pretty much actually
gives you an idea of how you can find out roots for I mean when you have real root for a
polynomial and the functions are distinct root or complex. So, we will stop here and continue

the discussion in the next session.
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