Computational Science in Engineering
Prof. Ashoke De
Department of Aerospace Engineering
Indian Institute of Technology-Kanpur

Lecture - 22

So we have continued the discussion on the PDEs and now we are going to look at the
solution of the first order PDE.
(Refer Slide Time: 00:20)
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So, what we do now we do the solving linear PDE, okay. And we can see how we can.
So, all the previous discussion where we have seen that there are two general
approaches for finding solution to the first or the second order PDEs either using the
characteristics curve that is one or looking for symmetric solution, okay. But in theory,
these methods could be applied to nonlinear or linear equation.

So here we will try to explore methods that exploit the special structure provided by the
linear PDEs, okay. So, like we will look at here principle of superposition. So, which is
the linear combination of the system like is a linear differential operator, L is a linear
differential operator. So, in principle, we can use super position to construct the solution
of this linear PDEs.

So, I will see how we can do that, and then we can find out this solution to that kind of,

fundamental solution to this. So let us, to start with let us again start with the diffusion

equation, where you have an equation of this kind
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for x belongs to R and t greater than 0.

So, this is a very special solution to this and the solution that we have already dilation
invariant solution that we have already obtained, which is

X
u(x, t) =C; fﬁe_ﬁ dz + C,

0

for x belongs to R and t greater than 0; C; and C, is constant. Now we can observe that

the function u is in R. So, which is essentially a C* function.

So, it then follows the fundamental theorem of calculus, the chain rule and then what
we get that
Uy = DUyyx
By the equality of the mixed derivative, we can write
(Ux)e = D(Uy)xx
which shows that wu, is also a solution to that one dimensional diffusion equation that
is given here. Now taking the partial derivative with respect to x we obtain another

solution to the one dimensional diffusion equation.

So let us set
v(x, t) = uy(x, t)
where x belongs to R and t is positive. So, u is already given. So using the fundamental

theorem of calculus and chain rule, what we can write that
2

C X
v(x, t) = \/—1?6_4_171“

(Refer Slide Time: 04:02)
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Now and some interesting property of the function, which is given here that v(x, t) is
that this integral of this like

f v(x,t) dx = finite
okay. And for obviously t greater than 0. And indeed, this integration that
J e 2’dz =1

So now here we make the change of variable like
X

V4Dt

So
dx = dzV4Dt

So, what we get that

oo C oo
f v(x,t)dx = \/—%\/4th e % dz = CiV4Dm

So, we can choose the constants C; so that in such a way that this integration becomes

ffooo v(x,t) dx =1 for all t greater than 0. So then or

1
C, = N
Now we substitute this value in the v(x, t) expression and what we get
1 _x*
v(x, t) = \/me 4Dt

which is for x belongs to R and t greater than 0.

237



Now we can express this

_x2
e 4Dt

1
V4rDt
So here p also defined as a C* function. So, what we get

9] 02
Pp_p2h
at d0x?

p(x,t) =

And it follows that

f p(x,t)dx =1

(Refer Slide Time: 07:00)
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And also,

f p(x—yt)ydy =1

for all x belongs to R and t greater than 0. So, in addition to this, P will have some other
properties like we can have some propositions let us say one, so this is the properties of
P. So let p(x, t) be defined like this where for x belongs to R t greater than 0. So p(x, t)
defined for x R and t greater than O, then p(x — y, t) is greater than O for all x, y belongs
to R and t greater than 0.

Second if x # y then the
tl_i)rg;r p(x—y,t) =0
If x = y then
Jim p(x —y,t) = +oo
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So now here we will show how to use this properties or this proposition to get the
solution to the initial value problem of

ou 0%u

at b dx?
where x belongs to R and t greater than 0. And
u(x,0) = f(x)

where x belongs to R.

And f is a bounded function that is also piecewise continuous, okay. So, there must be
some definition which are associated with that for piecewise a function f which is said
to have a jJump discontinuity at x belongs to R if the one sided limits like

S, f(¥)
and

Jm_ f(y)
one sided derivative exists and this limit

lim f(y) # lim f(y)
y-ox y-x

So, with that f is a piecewise continuous function, if it is a continuous except at an most
constable number if has jump discontinuities.
(Refer Slide Time: 10:40)
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So, like one can see some of this like if an x like this guy can come like this, then like
this, like this, this like this. So, this is a sketch of

u(x, £) = f p(x = y,6) F)dy

is a candidate for a solution of the initial value problem that is given. So we have to
note that p(x — y, t) is not defined at t equals to 0. So, we have that limit

fD 4+
2

for f has a jump discontinuity, where f (x*) is given that lim_f(y).And f(x7) isgiven
yox

tl_i)rgg u(x,t) =f(x) =

that lim f(y). So, this is an important definition that we will have. Now that would
y-x

also follow some subsequent propositions, let us say proposition number 2. Let u be
given like this

() = f p(x =y, F)dy

u is given like that where f is bounded and piecewise continuous function. Then u is
C%(R x (0,)).

ou N =D 0%u .
ar D =D (D)
for x belongs to R, t greater than 0. Furthermore, we will have the limit

lim u(x, 1) = fO)+f(x7)

t—0+ 2

f is continuous at x so that f has the jump discontinuity at x.

So, once we prove this proposition, then we can have a solution for u and all this. Now
and we can have a solution in this nature like u(x, t) given to the initial value problem.
(Refer Slide Time: 14:41)
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And the solution would be in kind like, so the map would be (x,y,t) = p(x — y, t) for
all x, y belongs to R and t greater than 0. So,

—(x=y)?
e 4Dt

x; 1t -
(x.3,0) VarDt

for all x, y R. So, this is called the usually the called the Heat Kernel. So, and we can

also call it the fundamental solution to the one dimensional diffusion equation.

Now if we denote this kernel as a K (x, y, t) where K belongs to R?, then this

1 -(x-y)*
e 4Dt

K(x,y, t) =

4Dt

for all x, y belongs to R, t greater than 0. So we can reiterate the properties of the heat
kernel so that we have already said here, so that K(x,y,t) if K is symmetric, if K is

symmetric then K(x, y,t) = K(y, x, t). Now there are some associated propositions.

So, like for this heat kernel if let K (x, y, t) be defined for x, y belongs to R and t greater
than 0, then we have K(x,y,t) = K(y,x,t). This is for all x, y belongs to R and t
greater than 0. We have K(x,y,t) > 0 for all x, y belongs to R. Then we have

f K(y,x,t)dy =1

That is also for all x belongs to R and t greater than 0.

If x # y, then the limit
tl_i)rggr K(x,y,t) =0
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If x = y then at the limit
tl_1)r51+ K(x,y,t) = +o0

So now this is what is going to be the property for the.
(Refer Slide Time: 18:12)
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Now, there are another thing which so which would be that also | mean involve some

of the function called error function which is Erf which is also defined in R and

2 (* .
Erf = NE e * dx
VTt Jo

where x belongs to R. So, error function also had certain properties and like let Erf is
given like this, then it has Erf(0) = 0.
}ll_r)‘glo Erf(x)=1
Jlim Erf () =~
So, these are some of the properties of the error function. Now also like the definition

of the p(x, t) that we have used. So, we can have some properties for that too. Like for

limit

tlirggrL p(x,t)dx =0

8
tl_i)rg;r Joop(x, t)dx =0

So, p(x, t) is already defined.

So now one can see this group which would be kind of like straight forward | mean
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And so, we have used the error function definition here.

So, this is what we get. So now if we take the limit

tllgl_/; p(x,t)dx =0

So similarly, the other one, one can show that how we can prove these things.
(Refer Slide Time: 21:16)
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Now there is another situation where let p(x, t) has the estimate as
f‘” dp . | Jy < 1
o at (x y' ) y —_ t
for all x belongs to R t greater than 0. So, this also and second one is that

[ Bre-volo=7
—(x — ) —_ —_—
Mo E TN =

So that also for all x belongs to R and t greater than 0. So these are other two estimate

of p(x, t) which again one can prove these things.

So now all this proofs actually this requires some sort of an involved mathematics. So,
but anyway since we can have this from textbook also and so we are not going to carry
out this proof or the detailed proof here. Now one here and there with the small ones

we can do but the other ones we can have it from the.
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So, we will finish this discussion with a small example like let us say we have an initial
value problem of f(x) which is given as 1 on 0 if x less than -1 or elsewhere. So, the

function if we plot, so this is the function looks like, this is f.
1

u(x, 6) = f_lp(x —y,0)dy

for x belongs to R and t greater than 0. Or

1 T —@=»?
u(x,t)=mj e 4Dt dy

for x belongs to R, t greater than 0.

So, change of variables we use,

X—=y
r =
V4Dt
So, what it becomes
1 x+1 1 x—1
VaDt _..2 VaDt _..2
u(x,t)=—j rdr——J e " dr
Vr Jo Vr Jo

where X belongs to R and t greater than 0.
(Refer Slide Time: 24:28)
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So, if we use the error function here then our solution would be

=3 ()~ )
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So, for x belongs to R and t greater than 0. So, the solution if you look at, the solution
would look like this. This would be now this will go like this. Then like this. So this
would be the solution and for the limit

tlim u(x,t) =0
for all x belongs to R.
So, this is what you can find out and you can see how this error function and other

things become handy in defining this thing. So, we will stop the discussion here and

look at the things like uniqueness and all this in the next session.
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