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Lecture - 13
Ordinary Differential Equation

Let us continue the discussion on ordinary differential equation. So, we just started of
discussing of ODE and first thing that we have looked at how once when | mean these are all
linear first order ODE is where we can do the separation of variables. And then the next
situation which may arise is that when the form is not in a given situation where you can do
directly the separation of variable. So, but doing some substitution of variable you can finally
bring down to the separation of variable.

(Refer Slide Time: 00:55)
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So that you can reduce to the separation of variable this is where we stopped in the last thing
where if you look at the ODE directly which we cannot use separation of variable but we reduce
to that situation where we can use separation of variable from here and get the solution.
(Refer Slide Time: 01:17)
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Now we will talk about another situation where there is this is exact ODE which is where we
have integrating factor. So let us say any function which is y = f(x) which can be written in
another form like dy = f'(x)dx = (Z—i’) dx. So, similarly for function u(x, y) one can write

du =2+ 22
Y P Ty

Now if this function u(x, y) is constant then this du would be 0.

So, which means the one which you can write is that g—:‘dx + Z—;dy = 0. So this is in a form

something like if we consider the first order ODE of the type where we will write that
M(x,y)dx + N(x,y)dy =0

I mean let us say in a form where you have

M(x,y) + N(x,y)y' =0
So, this is the first order ODE if this is in form so we can write that
Mdx + Ndy =0

So, this is where we can do that now any ODE so essentially what it said that any ODE which

can be expressed in this particular form is called exact. So, what we can write

ou ou
Mdx + Ndy = o dx+@dy du

Now since du = 0 which means this guy is going to be 0. So, my M = g—:‘ and N = Z—;. Now one

can see that
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oM 0%u

W ~ 0xdy
And
ON _ 0%u
dx  0x0dy
So, the condition that
oM _ON
Jdy 0x

this is an condition that needs to be satisfied to write the exact ODE as such that u that function
u exist. Otherwise, system may not be exact but u does not exist. So, one thing is that when any

particular first order ODE which can be expressed in this Mdx + Ndy format then also it has
. oM ON
to satisfy that ™ would be P

(Refer Slide Time: 05:24)
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Otherwise, this is not exact now we have Z—Z = M which means

u=fde+f(y)

and
ou
@ =
which mean this would be

~ [ Nay+ £
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So, this is how you are going to find out the variable or the function. So, we take an example
and see how let us say

cos(x +y)dx + [(3y? + 2y + cos(x + y))]dy = 0
So, the equation already given in the form like Mdx + Ndy = 0.

So, this guy is supposed to be M and this guy is supposed to be N. Now here M as | said
M = cos(x + y)

So,
oM _
E = —sin(x +y)
and
N = (3y? + 2y + cos(x + y))
So,
ON
Friaie sin(x +y)
So that means they are equal so the condition of
oM 0N
9y ox

so, this is satisfied. So, which means u exist and the solution is available. So, this is one of the
conditions that has to be checked before we say anything about it.

Now what do we get

u=dey+f(x)

which is now we have so one is this

u= fde +f(y)
So, which is like
Mdx = sin(x +y) + f(y)
So, this is what we are getting from M dx integration. Now using this we can here if we get

au_ ,
oy cos(x +y) + f(¥)

So, we will equate that equals to N so which means

ou
N=E=3y2+2y+cos(x+y)
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that cancels out.
(Refer Slide Time: 08:46)
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So, what we end up getting is that

<210

fO=y>+y*+c
So, this is what we get sorry f(y) after getting integration. So, my u would be like if you see
that this is what is u
u=sin(x+y)+y>+y*+c
S0, this is the solution of that situation. Now we can see like another example of where let us
say you have
—ydx +xdy =0

So, hereM=—y,N=x,a—M= L

y — ,5—1.

So, this is a situation this is not exact so that system which is not exact cannot be converted to
the exact form but what we can do we can multiply the system let us say by since x not equals
to 0.

1 1
(;) (—y)dx + =z xdy =0

so, what we get

So, here we get
Yy =cx
that is the solution but however for a generic non exact system. So, if you have non exact

system then how do we deal with it.
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So, this is an example where the system is not exact. So, if you have a non exact system and
the system is in form of like
P(x,y)dx +Q(x,y) =0

So, if the system which is non exact then what we need to do in the both side multiply with a
factor ‘F’ to get

FP(x,y)dx + FQ(x,y)dy =0
So, this F what is multiplied is called the integrating factor and the system then which makes
the system to become exact. So, once it becomes exact then the solution is quite
straightforward.
(Refer Slide Time: 12:16)
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Now when you do that so what do we get
FPdx + FQdy =0

So, when this is this becomes exact now in that case the M becomes FP. N becomes FQ and

oM 0N

9y ox
is also satisfied. So, now using so this is going to be

d(FP) _0(FQ)
dy 0x

So, we need to find out the function f(x) now so this function would be for f is a function of

one variable it is not for like multiple variables.

So, from this condition what we can write
F,P +FP, = F,Q + FQy
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so, what do we have that F,, = 0 because the function is for the f is a function of one variable
and essentially it is in function of f(x). So, what it reduces it to
FP, = F'Q+ FQ,

So, what we get?

B _F 0
Q F Q
which is
F' B Q, 1
—_—= = =_ (P —
So, this is whole term let us say equals to R then we can say
1dF _
Fdx
So, which get us
F(x) = eJ Rax

and where R is % (P, — Q). Now this is when we say now F is a function of x. Now let us say

if F is function of y then what will happen? Then F (x) = 0 so, this particular expression which
come down to
FQ,=F'P+FP,

So, what do we get?

Q, F' P
PEETE
So, which is
F' 1
T (Qx—Py)ﬁ= R’
So, what do you get?
F) = el '@

and R prime is given like in this function.

So, this integrating factor could be one variable but it could be either x or y depending on that
the system will become or take the form of an exact system and then we can find out that
integrating factor.

(Refer Slide Time: 16:43)
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So, let us look at an example like
(e**V +ye¥)dx + (xe? — 1)dy =0

here
M=e**Y +ye¥ =P

which gives us

a—Mzex+y+yey+ey
oy
N=xe¥—-1=Q
So,
oN
Y

So, from this we can immediately say the form is not in the exact condition so this is not

satisfied.

So, once that is not done then we can try to find out the integrating factor. Now what is

P, = e**Y +ye¥ +e”

whereas
Qx=e”
So, what you can get so F(x) if we try to find out
F(x) = eJ Rdx
were
x
Rzé@ﬁ-)—i%j—i—ﬂ x,Y)
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So, here one can see R is a function of both x and y. But this is not possible because it has to

be variable.

So, we cannot assuming the integrating factor is a function of x. So, we will look at the second
option or like the alternative if it is a function of y. So, we will look at that (Qx — Py). So,
—pXty _ y
So that means we can find out
F(y) =elF® = ¢
So, this is going to be the integrating factor. Now once we multiplied with the system my
M=FQyP=e’+y
And
N=FyQ=x—e"”
from here now if we check that Z—A; which is 1, ‘;—: which is N, which is also 1 so they satisfied.

So, this is satisfied so that means the system is after multiplying with the integrating factor this

has now become the exact system.

So, we can find out the function

= fde FFO) = f(ex Fy)dx+ FO) = e +y* + ()

And

ou
N=—=x+ F®=x—¢7
dy

So, here x cancels out and if we do that f y would be
F? = eV +¢
(Refer Slide Time: 20:54)
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So, my exact solution would be it will be
u=e*+yx+eV+c
so that is the solution. Now if y(0) = —1 then one can write. So, this is c,
c=—-1-e
so, what we get? We get
e*+yx+eV=1+e
that is what we get. So, you can see even the system is not exact you can still convert the system

to an exact one and that it is quite easy to do that by doing getting some integrating factor.

Now we look at this first order linear system. Now let us say the system looks like
y' +p)y=r()
which is also non homogeneous. So, when you have this kind of system then we can write to a
homogeneous part can be written at
y' +p(x)y=0
So, this is the homogeneous part we will take it out. So, let us say that y;, y, are solutions then

y1 + ¥, is also a solution that is a linear combination.

Then y; + y, would be also a solution. Now if you go to multi-dimensional system we are
talking about here linear system let us say in multi dimension u; + cu, = 0 this is an ODE in
multi dimension but this is a nonlinear but what we are talking about here is the linear. So,
linearity of the first term is the determining factors that whether the system is linear or not.
Now coming back to this particular example so, we can get this one into two components one

iIs homogeneous components so this would be the homogeneous part.
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So, we will get solution for that and the non-homogeneous part would be y' + p(x)y = r(x).
So that homogeneous component the solution of that part is quite straightforward or it can be
done easily if you look at from here that one can write

dy
— = —p(x)dx
y

So, one get
y = e_fp(x)dx

that is the homogeneous part but now when you look at the non homogeneous part.
(Refer Slide Time: 24:28)
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So, non homogeneous component we can write like

dy + [p(x)y —r(x)]dx = 0
so, we will write in this fashion. So, once we write in this fashion, we can try to see whether
the ODE is exact are not. So, this should be in a form of like if it is in exact then it has to be
from Mdx + Ndy = 0, or rather we can look at show whether exact or not that we can identify

if it is exact then the solution is quite straightforward.

If it is not exact then we can use now some integrating factor to bring it to the exact and get the
solution. And then finally the total solution would be total solution will have the homogeneous
component plus the non homogeneous component. So that will contribute to the total solution.
So, this essentially if you look at this and you try to correlate with the concept of the linear
system so this linear combination of the homogeneous and non homogeneous is going to be

the solution.
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So, which is follows the fundamental law of or other fundamental principle of non spill solution
and particular solution this is what we have seen in LA linear algebra the total solution is the
particular solution and pre solution due to free variable solution due to preferred variable. So,
there is also similar kind of situation here homogeneous and non homogeneous. And so, to get

the free variable there in linear algebra used to solve Ax = 0.

So that will get us a solution for this free variable and then the other one we will find out from
there. Now obviously when you talk about all these what is important here is the domain
definition which has to be provided. Now let us see there could be when you talk about this
non homogeneous let us say if r(x) = 0 that is the simple case if r(x) = 0 that means this

leads to homogeneous equation.

So that is become a homogeneous equation for the non homogeneous part we will solve this
guy
dy + [py —r]ldx =0
So, which we compare like
Pdx +Qdy =0
here P = py —r, and Q = 1 then we look at

1
R=5 1B -&]=pr0

then we can write

1dF
Fax_R=p®
So,
F = elpax

Now if we multiply that what do we get
efpdxy’ + efpdxp(x)y = efpdxr(x)

here we can write it is

d
= [efPdxy| = el Pdxr(x)

So that gives us
el Pdxy = ol Pdxy(x)dx

(Refer Slide Time: 29:01)
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Now let us consider that
fpdx =h
then we get the non homogeneous component solution
yp=eh U ehpdx] + cye™h

and homogeneous solution which is there

Yn = C1e_h

then the total solution would be
y=y,+ty,=e " U ehrdx] + cze™h

so this is another constant.

So, this is how we can find out both the solution of homogeneous and non homogeneous

components we can quickly look at an example like

Y —y=e*
So, we get
y'—y=0

that is homogenous component. So, from here so

d

2 dx

y
so, we get

— X
Yn = 1€
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and the other part we can write
dy +[-y—e*]dx =0
So,
P=—y—e*
and Q is 1.

So, R would be minus 1 so

1
§=5 0= R1*fW)
So, integrating factor would be
F =elrdx = g

once we get that so this multiplying by this

e—xyl _ e—xy = ¥
So, this will come
d
Lleyl=e

which gives us an solution non homogeneous is so the total solution would be
yp = e** +e*

y: = e** + ¢ e

So, you can see that you can have two components and then kind of get the solution for both
homogeneous and non homogeneous component. And if it is non homogeneous then split it
into two segments and get the solution. So, we will stop the discussion here and continue it

from the next session.
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