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Expressions of standard matrix norms

» Recall the notation: (for square n x n matrices)
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So, welcome to this particular lecture on we will continue our discussion what we have

been doing so far.
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Norm

» Eigenvalues of are real Their square roots

are singular values of A.

f |Al|2 == the largest singular value of A and ||Al|r =
the 2-norm of the vector of all singular values of A.

[#] Compute the p-norm for p = 1. 2, oo, F for the matrix

2
a=(g 1)
0l

[#] Show that p(A) < ||A|| for any matrix norm.




So, what are the information that one has to have? That information that one has to have
is that eigenvalues of A Hermitian A; so, this is a product of the matrices. So, the
eigenvalues of A Hermitian A are real; that means, they are all greater than 0. So, that is

an important condition that you have. So, that their square roots are singular values of A.

Secondly the A 2 or the magnitude A 2 is equivalent to the largest singular values of A
and A F is the 1 2 norm of the vector of all singular values of A. So, this is a very very
important information that is applicable while getting these different norms for the

matrix. Now, one can compute these things and show that the spectral radius is there.
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Norm
[#l|Ils p(A) a norm? @
(1 elES [l Wil A6 b RAGUAR = A & TG
~ for this particular case...
2. ... However, not true in general. For

e B
. <(') ()) ;
we have p(A) =0 while A Z 0. Also, triangle inequality

not satisfied for the pair A, and B = AT, Indeed, p(A +
B) = 1 while p(A) + p(B) = 0.
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Now, the important question which brings to that is a spectral radius a norm that is an
question. Now, this is possibly true for some particular cases, like spectral radius of A
would be | 2 norm when A is in Hermitian matrix. So, that is a very very special case, if a
is not an Hermitian matrix, this is not valid. So, this is a special case this validity can be
obtained. Now, in general this is not true as I said if you have a matrix like that the
spectral radius is 0 though a not equals to 0 and the triangular inequality not satisfied. So,
this is also there tho A plus B equals to 1 while tho A rho B equals to 0. So, that is why
for a special Hermitian matrix or the special case of Hermitian matrix this is possible,

this will become a norm otherwise in general they are not.
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'CFLOATING POINT ARITHMETHIC|- ERROR ANALYSIS

¢ Brief review of floating point arithmetic

e Model of floating point arithmetic

e Notation, backward and forward errors

Now, we have looked at some matrix property, then norms including the vectors norm.
Now it brings that once you know this properties how do you get the error calculations
and where do you get all this error? The error actually arises during the floating point
arithmetic calculations. So, what we will do? We will look at some floating point
arithmetic and what is the model for that and then we can look at some sort of a notation

and forward and backward errors which are associated with this floating point arithmetic.
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@and floating-point arithmetic

» The basic problem: The set A of all possible

representable numbers on a given machine is finite - o
o e =
but we would like to use this set to perform standard
arithmetic operations (+,%,-,/) on an infinite set.[The J/
oL — = —

usual algebra rules are no longer satisfied since results of
operations are rounded.)
SO D W S

» | Basic algebra breaks down in floating point arithmetic.

Example: | In floating point arithmetic.
a+(b+e)!'= (a+b)+c &=

[#] Matlab experiment: For 10,000 random numbers find
number of instances when the above is true. Same thing
for the multiplication..

e 34



So, again coming back to the story of the same thing, the when you are dealing with any
numerical system or numerical methods or approximations one of the crucial component
is roundoff error that happens because how the post decimal digits are rounding off to the
nearest possible digit and the error can be accumulated for certain problems. And that
can lead to a huge error in your final calculation or there are some errors which are

associated during floating point calculations.

So, what is the basic problem? The set of A of all possible representable numbers on a
given machine is finite, this is a very very important and I would say loaded statement
here. Set of A of all possible representable numbers on a given machine is finite, but
what we would like to use the set of the set to perform certain operations like addition,
subtraction, multiplication, division on an infinite set. So, what brings that the usual
algebra rules are no longer satisfied since results of operations are rounded. So, this is

where the problem comes.

And while talking about different kind of errors under the discussion of numerical
schemes we have also discussed this roundoff error and that time we said the roundoff
error appears because of these rounding of the numbers after the decimal points. So, as
you rounding off and you go along with your calculation then these are problems because
one point of time this can be [ mean we concern compounding error and the error in your
final solution could be very large. So, it has to do with your, the backbone of that is that
the set of arithmetic operation that we are carrying out and this is not an usual algebra

rules which are followed that is why the rounding off happens.

So, that tells that basic algebra breaks down in floating point arithmetic. So, that is what
the problem is. So, the floating point arithmetic for example, what happens if you have a
number a and you do b plus ¢ and then a plus b plus c. So, this is where the problem
starts appearing and all your numerical system you are doing some sort of addition,
division, gradient calculations and all different calculations which are involved
calculations associated with this system. And Matlab one can do some experiment these
are some numbers for 1000 random numbers find number instance when the above is
true. So, one can find or carry out this exercise by himself and try to check this particular

problem.
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/p!";v\ ¢ | Machine precision - machine epsilon \
\¢¢ —7

» When a number « is very small, there is a point when .

| 1 + 2 == 1 in a machine sense| The computer no longer

makes a difference betwee/n[l_and/l_vﬂ

Definition: Ithe machine epsilon is the smallest number
€ such that

fl(1+e) #1
This number is denoted by u — sometimes by eps. — «

[#] Matlab experiment: find the machine epsilon on your
computer.

» Many discussions on what conditions/ rules should be
satisfied by floating point arithmetic. The |IEEE standard is
a set of standards adopted by many CPU manufacturers.
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Now, once you say that that rounding error that is appearing due to the calculations of the
after decibel points or then that has to do with the machine precision. So, now, you see
why we are talking about all this important property, because it is not only that you have
an governing equations or the partial differential equation. And you use your numerics,
discretize them get a linear system and you can straight away use some linear solver and
get the solution; that is not as straight forward as it sounds. So, all these when you use
your numerics you need to take care of all sort of uncertainties, all possible cases, all sort
of exceptional cases, treatment of proper boundary conditions and finally, getting a

proper discretize equations.

Now, when move down to the linear algebra or solution of the linear algebra these are the
issues associated with that. How to get an efficient linear solver which would be cost
effective which can give you accurate solution, but at the same time fast enough stable.
So, it just like you have everything at the same time in your basket and you need to some
sort of a maintain and balance to get an optimum solution for your system. And that is
where it is always challenging for the CFD code how good your linear solver is how
what is your order of accuracy of the numerics; that means, the discretize system is. And
they are connected with some sort of an calculations which is associated with your

hardware machine precision means these are hardware.



So, you may have a high end CFD code or the numerical method which is higher order
accurate everything is taken care of very nicely, but then you do not have proper
hardware or the proper machine precision then again you are going to get lot of errors.
So, it is it has to have some sort of a handshaking between both the hardware and your
set of mathematical instruction that you provide to the hardware through your coding and

that is where the precision of the machine becomes very important.

Now, when a number x is very small; so, there is a point when 1 plus x equal to a in a
machine sense. So, this [ mean to say in machine sense it is not that. So, the computer no
longer makes a difference between 1 and 1 plus x that is where the machine precision has
been taken care of and there is no error associated with this precision. So, in a nutshell if
I put them in a mathematical expression the machine epsilon is the smallest number
epsilon such that floating of 1 plus epsilon not equals to 1. So, this number is denoted by

u over sometime epsilon ok.

So, many discussions are going on and rules and all these things for this kind of

calculations how to get a precised machine in error.
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fl(x) =x(1+¢€), where (|| <u
poasve

AR
For all operations © (one of +., —. . /) il A‘"?\{udv;-

fllr®y)=(x®y)(1l+ez), where ﬂFle !

J/ For| +. x operations
Tl

Flla®@b) = fl(b®a) = o {*")

[#] Matlab experiment: Verify experimentally Rule 3 with
10,000 randomly generated numbers a;, b;.
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So, once you talk about the errors which are associated with the machine precision you
have certain rules to follow and rules number 1, which says {1 x equals to x into 1 plus
epsilon where epsilon is going to be very small, here u sometimes epsilon this is the

number ok. So, the epsilon satisfy this; rule number 2 for all operation, like any



arithmetic operation addition, subtraction, multiplication, division f 1 x dot y must be x
dot y one plus epsilon dot where epsilon dot is again less than equals to u. So, this is
again an important rule which takes care the basic arithmetic operation. So, that takes

care of that thing.

Rule number 3; which is very very specific to addition and multiplication operation. So,
the floating point a dot b equals to floating point b dot a. So, this is only true for this dot
belong the set of plus and multiplication only. So, these are 3 rules which are very

important for handling the precision of the machine.
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Example: | Consider the sum of 3 numbers:|y = u;l;—('.‘

PR Sy £ e
p Sone s Sl v G-
/«’l:.f](”+")=(u—b)(1——(;l)/
= flin+c¢)=(m+c)(1+e)
L =lle+b)(1+ &)+ (1+e)

=[(a+b+c)+ (a+b)e)] (1 + €)

a+b
=(a+b+c) |1+ €1(1 +€2) + e

a+b¥+e- —— -

So disregarding the high order term

3= fU(flla+b)+c) = (a+b+c)(l+e3)
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Now, one can take an example and quickly glance through the things you can consider
the sum of 3 numbers which are very simple, I mean these are some sort of an school kid

they do y equals to a plus b plus ¢ you given a 3 numbers you just get the addition ok.

So, what you do done as floating point of floating point a plus b plus c. So, your eta
equals to floating point a plus b which is this component, this is my eta which is
equivalents to a plus b 1 plus epsilon; now y 1 is floating point eta plus c. So, that is the
total component this is your y 1. So, it is eta plus ¢ 1 plus epsilon 2, now what is eta? Eta
is a plus b 1 plus epsilon. So, I am putting back the values of eta here. So, eta is a plus b

1 plus epsilon plus ¢ into multiplied with 1 plus epsilon 2.



So, if you just rearrange this stuff I mean essentially some sort of an algebra it turns out a
plus b plus ¢ plus a plus b into epsilon with the whole thing the bracket gets multiplied
with 1 plus epsilon. And if you take out that a plus b plus ¢ out 1 plus a plus b divided by
a plus b plus c epsilon 1 1 plus epsilon 2 and epsilon 2. So, they are terms which are
associated with epsilon 1 epsilon 2. And then if you disregard those higher order term;
that means, the product of epsilon 1 and epsilon 2, if epsilon happens to be small. So, this
would not contribute too much, then the whole calculation of that which is essentially

your y 1 1is a plus b plus ¢ 1 plus some epsilon 3.

So, epsilon 3 is nothing, but a plus b by these epsilon and epsilon 2 and we have actually
discarded the values for higher order terms epsilon 1. So, these send you back the

property of this. So, that is what it satisfies.
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» If we redid the computation as y» = fl(a + fl(b+ ¢))
we would find e
65‘3:-1-"“’
\ flla+ fl(b+r¢c)) =|(a+b+c)(1+¢€)
—— o=c
[ €1 + €2
a+b+c

» The first error is amplified by the factor (a + b)/y in
the first case and (b + ¢)/y in the second case.

> In order to sum n numbers more accurately, it is better
to start with the small numbers first. [However, sorting
before adding is not worth the cost!]

> But watch out if the numbers have@

So now, if you redo the calculation or the computation as y 2 equals to floating point of a
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plus floating point b plus c. So, you need to do that algebra here.

So, if you need to do the algebra, then what you get the floating point a plus floating
point b it would be a plus b plus c into epsilon 4. So, this also satisfied. So, the first error
is amplified by the factor a plus b by y in the first case and b plus ¢ by y in the second
case. And in order of to sum n numbers more accurately it is better to start with the small
numbers first ok, but one has to be careful if the numbers have mixed sign. So, that is

also an important condition to be noticed.



But while we say that it you start with the smaller number first then the sorting also takes
some sort of an computing cost. So, everything comes with some sort of an computing
overhead and all these computing overhead is associated with your final output. So,
given a option you need to have a very good code or numerical methods which should be

efficient and should be fast enough.
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i
YRS sl pkion)

» For a given vecto@ || is the vector with components
|i|, i.e., || is the component-wise absolute value of z. <
% cc
» Similarly for matrices:
ey
|A] = {|aijl}izmtom: j=1 B

» Obvious result. The basic inequality

‘fl(”'l) = ”’/‘ su ”’,/|

translates intoe ———
( fl(A)=A+E with g |E| < u |A}
» A<B means@ foralll1 <i<m: 1<j<n
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Now, moving ahead with this discussion of norms and others; now you can find out the
absolute value notation. How one would define? You have certain given vectors x and
mod x x and mod x is the vector with components x i. So, you have two different things
that is x is the component wise absolute value of x. So, if you look at the similarity
property of the matrices. So, mod of A equivalent to a i j mod of that. So, these are the
two things one is applicable for vector other is for matrix and most of the time these
properties are using the properties of vector. So, the obvious inequality that turns out to
be floating point of a 1 j minus a i must be less than of u bar alpha i j which translate into

floating point of A plus E with mod e is this.

So, the arithmetic operations the errors which are associated with the vector that we have
seen can be extended now for matrix. And there could be also similar sort of errors and

which means a less than equals to b means a i j less than equals to b 1 j for all i and j ok.
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Error Analysis:\ Inner product

» Inner products are in the innermost parts of many cal-

culations. Their analysis is important.
y p SW‘"‘ V\'V“""'f(

Lemma: If |§;/ < u and nu < 1 then
— : nu
IT?_,(1+6;) =1+ 6, | where | |6,| < =
i 1 —nu

—

=¥

nu

» Common notation|~,, =

[—nu
Main result on inner products:
| |7U(xTy) — zTy| < v, |z|T |yl

» Absolute value notation used
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So, again one would like to look at the error for the inner product. So, we have defined
the inner product earlier. Now, one would like to see the error product which is

associated with these inner products.

So, inner products are in the innermost parts of many calculations, because if you are
dealing with vector or if you are dealing with rather matrix comprises with some row and
column vectors essentially or whether directly or indirectly you deal with lot of vectors
calculations. So, that is where the inner product becomes an important key component,
what is the lemma associated with that if delta i mod of delta i less than that small value
u bar n into u bar less than 1. Then product of 1 plus delta i equals to 1 plus theta n where
theta n must be less than equals to n multiplied with this u bar divided by 1 minus n u

subscript.

This is the small number associated with machine precision. So, the common notation is
that you can define gamma n which is essentially this particular term can be equivalent to
gamma n. So, the result of this inner product is that floating point x transpose y minus x
transpose y the magnitude of that satisfies less than equals to gamma n x transpose mod
y. So, this is an very very important theory that is required for this computing of this

matrix system.
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» When ~, g 1 ()lnu then
|f[ zTy) —xTy| <1.01 nu |z|T |y| ]

> Yn S 1.01nu means(k /(1 —nu)] <1.01

> For u = 2.0 x 10716, assumption|~, < 1. Olnujholds
for/n < 4.46 x 1013,

» Consequence of lemma:

[[A%B - fuA+B)| <. ||+ B

» Another way to write the result (less precise) is
N Ufl(-r".u) —afy| < nu |zf" |yl + O(u"’)\

¥
posvee
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Now, one can look at this using some sort of an numbers. Let us say when your gamma n
less than equals to 1.01 n u then floating point x transpose y minus x transpose y would
be less than that. So, whatever we got here, it just uses that value and gamma n less than
equals to 1 point means 1 by 1 minus n u less than equals to 1.01 or 1. So, every term
which are associated with all these calculations gamma n and all these they have certain

significance or physical significance.

Now, for the smallest number being 2 into 10 to the power minus 16 the assumption
gamma n less than equals to 1.01 holds for n less than equals to 4.46. So, one can always
do some sort of an back calculation of all this. So, what is the consequence of this
particular lemma is that A star B A multiplied with B minus floating point of A multiplied
with B which must be less than equals to gamma n mod A multiplied with mod B. So,
that is what the so, one can write in a other way (Refer Time: 24:37) floating point x
transpose y minus x transpose y the magnitude of that less than equals to n the u
subscript x transpose y bar which is order of small u square. So, u subscript square so

that is the order. So, one can obtain the value separately.
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[#] Prove the lemma [Hint: use induction]

Assume you use single precision for which you have u =
2. x 107% What is the largest n for which v, < 1.01nu
holds? Any conclusions for the use of single precision
arithmetic?

[#] What does the result imply for the case when y = =7
[Contrast the relative accuracy you get in this case vs. the
general case when y # z]

e 42
So, this is some.
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Backward and forward errors "} 3

» Assume the approximation| y to y = f(x))is computed
with arithmetic precision €. Possible analysis: find an upper
bound for the Forward error

» This is not always easy.,

Alternative question: Ifind the equivalent perturbation on

the initial data () which produces the result 3. In other
words, for what Az do we have: i

> The value of |Ax| is called the backward error. An
analysis to find an upper bound for |A x| is called Backward
error analysis.
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Now, once you move so, you got to know by this time how to calculate the error. So,
now, one can say how we define forward error, how we can define backward errors. So,
the definition is like these assume the approximation y hat to y, where y is a function and
it can be computed with some arithmetic precision epsilon. So, the upper bound for the

forward error would be delta y equals to y minus y hat or the magnitude of that.



So, that is the upper bound of for the forward error. So, this is not always easy. So, one
has to note that. So, the alternatively one can find some equivalent perturbation on the
original data or the initial data which produces the result y hat. So, in other words if |
have to write I can write f x plus delta x which will lead to my upper hat ok. So, these
this is the problem statement the approximation of y hat to y. So, the what we are doing
that approximation to y. So, the initial data if it is perturbed it will lead to that. So, the
value of delta x is called the backward error and you can do certain analysis and find that

bound of the backward error.

So, when you talk about the forward error; that means, I am going from these to this. So,
I am straight away finding what is my final these things and the difference of that is
going to get me the forward error and when you are trying to do the backward error

initial data is perturbed such that you get to the y hat with less error.
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7 Example:

_.1:(” l)) B:(d 4)
@) 0 ¢ aain f
Consider the product: fI(A.B) =
) (ad)(1 +e€1) [ae(l+e2) +bf(1+e3)] (1+ €s)
g { 0 o T }
with for i = 1.....5. Result can be written as:
a b(1+e)(l+eq)]| [d(l+er) e(l+e)(l+es)]
- G e /

» So|fl(A.B) = (A+ E,)(B + Ep).

\

» Backward errors E 4. Ep satisfy:
NG CWERN DA, B SALISTY.

[ 1EAl < 2u4] ~0(?) i) [TEsl < 2u|B|+0(?
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So, take an again an example which will allow you to understand that thing in a much
clear way, let us consider the matrix a having 2 by 2 matrix; obviously, you have ab 0 c
B another matrix which is also 2 by 2 you got d e 0 f. So, the similar elements like
second row first element are having 0 values. So, you consider the product of the floating

point product of a dot b.

So, how what do you get first term you get a d 1 plus epsilon 1 second term you getae 1

plus epsilon 2 b f 1 plus epsilon 3 and the whole thing multiplied with 1 plus epsilon 4.



This exactly follows the multiplication rule that we have discussed earlier, this term
would be 0 because they are both having 0 and this term the last term would be ¢ f and

this would be also a 2 by 2 system c f 1 plus epsilon 5.

So, all this epsilons 1, 2, 3, 4, 5 they are basically some small numbers. So, this results
one can write you use some property of the matrices and write that A in the first matrix
which you divide by 2 by 2 and the second one 2 by 2 you write a b into 1 plus epsilon 3
1 plus epsilon 4 0 ¢ into 1 plus epsilon 5 d into 1 plus epsilon one e into epsilon 2 epsilon
4 0 f. So, what you get floating point A dot B is A plus E A B plus E B. So, the backward
errors E A satisfy the criteria less than second orders and this is also less than B. So, this
is what you get when you find out the forward and backward error. So, we will stop here

and take it up in the next lecture.



